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..FogEWORD

This is b. programmed textlxiok. it is designed to teach. The reader who wishes
to survey or review the material it covers, or to look Up references, should consult
the companion-aunkaary textbook; then rkit.u.clii unfnffiar material by working on
the appiapriate hi ectibns of this pr9gram. . .

These course materiald were produced under a -project i taated by Profcssor
Paul e. Roseinbloom. The assistance of the following people-in writing and
editorial work is. gratefully acknowledged: Philip.R7 Carlson, Bruce.P. James,
Myra .McFaddn, Richard S. Presser, Harry,L. Pa terson, and Sara H. Page.
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i research assistants, voluriteer ;students, and self-sa iiicingi typisti.. We thank

them, all. .
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.INTRODUCTIOX

Alf

.

This coerse is desigied -to intrefte your understanding ef KA of the basic ideas
of elgebra. Some genera experience and manipulative skill with respect to high
schu-ol aleebra is presume6 on your part-. Emphasia'has been placed ugon
deVeli)pment of the logi&I fitructure. An effort has been made to give a fairly
rigoroue development of the rules of algebra based upon precise definitions and
clearly stated basic assumptions (or postulates).

Special emPhasIs has becri placed upon the real number system. Various
mathernatical syltemsiyItich are different from th4.reill numbet system but which
share some it properties are compared and contrasted with it. In this way the
properties of real numbers should be made clearer. For example, there is a
definition, often given In algebra textbooke, which says that a negative number
is a number Which carries a minus sign.' This definition is seen to be entirely

, unsatisfactory when we examine systems in which addition, subtraction,
multiplication, and division are-defined but in which the ions of "positive"
and "negative" have no meaning.'

i
I

There s, of course, some arbitrariness in our choice -14 iasic assumptions or
pastulatds. In choosing a set of postulatet for the rai-tiumber system or for any
other mathematical system opt is utatallygguided by several criteria7 First, and
most importantly, the postulates should conipletely describe the appal in
question. The set of postulates should, lie complete.in the sense Viet all of the
essential properties of the real number system should be derivable from them..
No property should be aseumed which .is not coniistent with properties which
'mathematicians generally regard as being true abeut the system. Second, 'sbme
attempt should be made to choose a set of postulates which is few in number. It
is not always wise to choose a.minimaleet of postulates for a system. Attempting
to do this Might make the task of deriving theorems too difficult: However,
there should not be needless duplication. Third, it is often desirable to Choose)

the postulates in.such a way that theorems proved for the given system will`
autornepcally be known to hold for related systems. For example, the set of

- pustulaift- whicb we will give for the real numbers includes a certain set of .

postulates which are tli"Zi basic properties for a type of methernatical system
called a field. Any theorein which we can prove for the real numbers, and whose
Proof depends only' upon this bet of post'ulates, will automatically be known to
hoklor any field: 'the proof does ne(t have' to be repeated.fer other fields.

. a
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V.

. .
A

Em4 wi the use of the above criteria tor choosing a skt of postulates for a
matheniaticid system, there is still soinearbitrariness iri"*e choice. You may
find tiat the set of postulaieS for the real =Albers given in other books differs
in certain respects frem th.at,Which we give hdre. The important thing to

. -reinember is that in developing a mathematical system in a logicarWay, every-
thing you prove must depend ultimately upon the postulates for the system and

. the generol rules af logic.; Yon cannot be sure that a;statiment is true about the
system unless you can give a proof which depends upon the postulates or upori
thearemit which have been previously proved from the postulates. Because Of
this restrictioniyou .yfih find that sometimes you are askedio prove 'statements i
;which seem os&Ous. , An example of this is the statement "). is greaterthan cr.!

. .

This statemeht is obvious from your previous experience with real.numbers.
However, it is not one of the beide assumptions tlat we make al;tout the real

what 'Ought to be true, is_p inv A la* part
t

able tool for the.
numbers and in our development requires a proof. Intuition, or the "feel" for

of the trainirig of a stud* in mathematics should be devoted to the develop-
ment of his intuition. But along with this he must develop the ability to give
logical proofs of propositIonshiclrare Suggested by his intuition. This is
necessary, if for no other reason, beaause intuition sometimes leads to conclusions
*hich are erroneous. .

It is assumed that you are able to recognize certain subsets of- the' real numbers,
although thetrsets are covered in some detail in the course. The seta in question
are listed beloW. -

.1. 'Natural numbers or counting numbersthese are the numbers used in
Counting-71, 2, 3,4,.....
A

'Inteike--:this set is made up of the number,O, the natural numbers, and the
additive inVerses of the 'natural numbers. . . 3, 2, I, 0, I, 2, 3, . .

The positive integers are natural numbers, the negative integers are the*
additive inverses of thatural numbers. (We note here that the nuMber 0
is not Oositive or negative.

a. Rational numtters--,this set 'consists of all numbers which are )oq tientsor
ratios, of integers. The set of rational numbers contains the set Or integers.

*
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required for this course, they yvOuktbe valuable aupplements to it. Extensive
use of thew materials will be of great benefit in increasing your undenstanding of
Mathematics, and of algebra in particu/ar.

#
1. Bell, E. T. Men of Mathematic's.; New York: Simon and Schuster, 1937.
2. Brumfiel, C. F., Eieholz, R. and Shanks, M. E. Algebra II. Reading,

Mass: Addison-Wesley Publishing Co., Inc., T962. (Ball stilit`a Curriculum'
materiata.)4 .1

3. &urea', R. and Bobbins, H. What iaMathematics? New York: Oxford
- University. Press, 1941.

4. Coxeter, H. S. M. Introduction to deometry. New. Verk: John Wiley and
:Soma, 1061. 1.

5. Haag, V. H. Shwas in Mathematics, Volume III. Structure of Pementcuy
Akgebra. New Haven, Conn.: Yale University (SMSG), 1960.

6. Johnson, R. E. First qww-in Abstract Algebra. Enelewood emirs, New
Jersey: Prentice-Hall, rm., 1953. .

7. Keedy, M L 4 Modern Introduction to Basic Mathen4çiós, 2nd Ed.
Reading, Mass.: AddisOn-Wesley Publishing Co.i

S. McCoy, N, H. Introductin to Modern Algcbra. Boston: Allyn and Bacon
1960.

9. MeServe, B. E. and Sobel, M. A. MathematiCs for Secondary School T
Chaptera 1-4, 6-9. Englewoed Cliffs, N. J.: Prentice-Hall, Inc., 1962.

10. Polya, G. How; to Solve It. Garden City, New Jersey: 126ukleday'and Co.,
Inc., 1957. .d

11. Sawyer, W. W. A Concrete Approact to Abstract Algebra. San Francisco:,
W. H. Freeman and Conipany, 1959. ,

12. School. )athematics Study. Group. MathemAtice for High School, First tourse
in Al NeW Haven, Conn.: Yale University (SMSG), 1960.

13. University Ilinois Committal on School Mathematics. High School
Mathematics. Urbana,' Univeriity of Illinois Preis, 1960.

14. Vance, E. P. An Introduction to Modern Mt:the:maks, 2nd Pl. R'iading,'Afaas;:
Addison-WesleY Publishing Co., Inca, 1968,

va

. 4)



- gihismourse is pregrammed for "E;elf-instructiop". It/onsists of shut sections of
..text,sometimes just a sentence or*two, sometimós several paragraphsinter-
spersecl with questions which axe designed to com'rinde both You and the author -

-that you understand what he is trying to-sa3ff How well the program works will
depend to, a large-etent im -how you use it. *hen you begin to-work you will
see a few paragraphs of text followed by a question, a space .(or spaces) signilling
the need for itn answer, and a dotted line:

11 STUDY. ONLY THE MATERIAL. ABOVE THE. DOTkED LINE,
USE A-.P1ECE -OF CARDBOARD TO COVER:* UP.. ALL OF: ME

. PAGE BELOW THE ZIN E.
2. AFTER YaU 'HAVE STUDIED TfiE MATERIAL . -WRITE AN

. ANSWER TO THE .QUESTION ON A SPARATE SHEET OF
PAPERA A 3.X 5 NO'T1 PAZ Is HANDV). .
PUL. L DOWN THE CARDBOARD MASK TO THE Ntrir13orrk,D

THIS' WILL. .EXPpSE THE AUTHOR'S ANSWER. '

,4. cOMPARE YOUR ANSWER:WITH THE ANSWER GIVEN .-By: THE
AUTHO,11 AND JUDGE WHETHER OR NOT YQUR ANSWER IS
CORRECT. YOUR A.NSWER MAY NOT BE' THE StarME AS. HIS IN
MRY DETAIL, -BUT jT)rtivi- STILL. BE CORRECT. IN ANY-
CASE, MAKE SURE YOU UNDERSTAND HIS ANSWER.'

5. PULL THE 'MASK 'DOWN .TO. THE NEXT DOI I .t,D :UNE; STUDY
THE TEXT, ANSWER THE NEXT QUESTION, AND SO ON..

It is important to follow theseinstructions exactly, to.use the cardboard mask,
and,rto write out your answer completely using proper notation, Each time.you
turn a page slip the mask in so that ,it covers all of the next page before you can
BIN it. Then puli the mask down until you come to the first dotted line. This,'
will keep you from glancing at the answers unintentionally. You May find this'
routine a bit tedious at ,first, but it will soon become habitual, and it6will pay off
ix! the'iong run., , . ./

-
Some of the questions rimy be difficult, and you.will hare to Work hard to
answer them. It is.importafit that y6t force yourself to do so. Do.not look at

.9
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the author's answer until Sfou havegnade a'reasomible attempt to answer the
ques.tion yourself. This is esP9Cially important'ili proofs Of theorems. Before
giving up-,-take tim6 to .. digest the meaning ofthe.i.hearem and to fad out exactly_
What the-hYpothesis is and what:is to be proved. Often it Will be helpful to
'review previous material which,eaems to berelated to the theorem.

.

It is,important that you schedule a regular tine to work on these materials. 'You
ahould allow yourself lit least an heir at a aitting, and You will probably niat

Want to work much longer than two hottrs. You'can exPect the entire course io
require about -100 hours of work. Each time you begin work it is wise lo 'review
the prbieding material in the unit. Thifis where-the summary.textbook will
&owe in handy. .

To conserve space ,. postulates and theorems are often referred..t.6 bY number., 7
The folloWing list shod provide a coilvenient.reference to use as -you work,l

s
4
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PPSTUIAATtS \ANP THEOREMS

II . ALGEBRA OF REAL NUMBERS

POSTULATES.

We assume that we have a set R called the real number set upon which are defined
twp closed binary operations; addition and multiplication, hailing the following

.ProPerties:. e
Names of the
Properties Addition Fro

Associative A : FOr all c indg
(a + c - a + (b + c).

Conimutative A.: For all a, 6 In R
a + b + a.

Idegtity A R 'Contains an element 0
such that a + 0 a
for all a in R.

Inverse

Pistributive

A, : FOr each a in R there
exists -a in R such that
a + (-a) -a + a - 6.

Multiplication Pror;erties

M.: For all a, b, R
(a 6) c a (6 c).

M.: For all a, &in R
ab...b a.

Mid: ft contains an element
J.'0suchthat t
a l - ' a a
for all a in R.

M..: For each a in R,
a pi 0, then; ekists
a--1 in R suCli that

Addition and Multiplication

0: For all 'a, 1,1.c in R, a (6 + c)' (a 6) + (a -
and (b + c) a - (6 a) + (c a).

a-1.a -

THEOREMS 4

2.1 If a, b, and x are real numbers and either a 41- x b x or x + a x b,
then a b.

4.

22 If a, b, and x are real numbers, with x 0; and if either a x or
xuauxb1tbenab.

2.3- If x is a real number, x . 0 Ilk. 0.

2.4 If a and b are reaj numbers and a 6 0, then a 4. 0 or b
1 2.5 The additive inverse of aeal numiliter uxiique.

1.5

. I *

I
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24 The multiplicative inverse Of a non-zero real, number biuslique.. -..

:2.7 If 4 and li,are reat.numbers, there is a unique'real nuniber d such that
d + a = ,b; and furthermark d = b + (-,.a..

2.8 If crapd b are real /pipers and a p.d- 0, there id alinlque re.al number q
such that 9 a - bi and fartherincire q. = *b ; (a-1).

I III. ALpEBRAIC SYSTEMS

THEOREM§

3.1 If a and S ate real numbers, - (a + b) = (--"-:b).

3.2 If a andeb are non(zero real numbers, (a = a-1 b-1.
3.3 - 0. a.

3:4 1-1 1:
3.5 ICa is a real dumber, then

.
(-a) a.

3.6 If a is at non-zero real number, then (a-
3.7 If a and b are real numbers.

(1) a (-b) - (a b)
(2) (-.a) b. - (a b)
(3) (-a) (-0- = a b .

3.8115 is.0 non-zeroyeal number, (1-b)71 -:(b-1).
3.9 If a, 5, and c are real !limbers, then a (5 c) = a S = a .c.

3.10 If a awn are real numberiandb-pl 0, then
(1) (-a) 4- S - (a 5)

(2)
(3) (-a) 4- (-b) a± b. .

3.11 If a, b, c, and d are real nurnbers with b 0 and d
a c ad+c,-b

+
b d - byd. ,

3.12 If ab, c, and itare real numbers wi h b 0 and d 0, then

0, then

6

c c b

dI
a c ac

'3.13 If a, b, c, and d are real numbers 'with b 0 0 and d 0, then b d bd

3.14 If a, b, c, and d are real numbers with b 96 0, c 0'0, and d 0, then
a c a d
b b c

- 4:
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r c
345. If ri, 6, e, and d,are real numbers with b 0 tpul d 0 0, then if-.. -ci if apd -. -.. . only if a d ... c - b,

. 1 . .

3.16' Let G.ba i kroup
.

ve operation "o" ana 0^be a group wiSh bperatiaOn
.74,7 and gsaume ihaef is-ait isoniaiphism of G ontG', then: . .

i. If e is the idefitity of G ancl_f(e)':- e'...,,then.e" is the-identity element
of Cr . ,

- -
\:. t

,

ii. , The image of the invirse of an Zement a of `0 is theinverse of the
image of a.

Nk)

IV. ORDER IN T E.Ft-EAL NUMBER SYSTEM

POSTULATES

t.

6.
7

01 Trichotqnly (or coniparisoti property): If a and b are reai nUmbers,- hen
one and only.one of the following is true: .a < 6,,a b, a

02 Traositive property: off a, b, c, are real nurnbeta scieh that a < b and b < e.
then a c. t

vt.

b3 Addition propertY: rf a, b'c are real rnimbars s'uch that a <,b then
. a < b 4 c.

,

. 04 Multiplication property: If a, b, cure real nanbers such that a < b and.
. 0 < c, then ac < bc.

THEOREMS a

. 4.1 If a, b, c, d are real numbers such that a < b and c < d, then
a + c < b + d.

4.2 If a, c and d are positive real numbers 's,:rith a < b and e < d, then ac <

4.3. Ftir real nunThers a and b, a < b if and Only if a - b < 0.
4.4 Por real numbers a and b, d > 6 if and only.if a - b,> 0.
4.5 For any real number b,.b > 0 if and only if -b < 0.
4.6 For idly real number b, .< 0` if and only if -b O.

4.7 For real numbers, a and 6, a < b if and only if -6 < -a.
4.8 F'or tital nuMbers a and b, if a > U and 6> 0, then a b > 0.
.4.9 For real numbers a and. b, if a < 0 and b < 0, then a -V h.< 0.
4.10 For_real numbers a and b; if a > 0 and b> 0, then a b > 0.
4.11 For rOal nuMbers a and.b, if a < 0 and b < 0, then a b > 0.
432 For real numbers a and II, if a > 0 and b < 0, then a b < 0.
4.11 If a is a real number and a 0, then a2 > 0.

a".
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4:14 For real vunLikers a, b, c, if .a+ 'el< c heti a < b.
4.15.-For real numbers a, b, c, if ac < bc and 6 > 0 then < 5.
4.16 For reaLnumbers a, b, C, with'c 0, ac < bc irand only if a >

1 .

4:17 If a is a real number and if a > 0,.then > 0.

, . . 1-
4.18 If a is a real number and if a < 0, then- < 0.. .aa .

' 1 ,
.4.19 Fur real numSers a and 6, if a > 6 0 then

1
>

i b a
a c.

4720 If a, b, c, d are real numbers with 6 > 0 and > 0, then > if and only
dif ad

4.21 Fur real numbers-a-and.b f b >:0, then (a ? 0 and 1) 5: 0) or..(a < 0 and
b < 0).

4.22 For real numbersia and b if ab < 0, then (a > 0 and & < 0) or
(a- < 0 and b 0).

.

4 .23 POI' rea hnilin ben} a a hd b, a b ?' Cri f and Only if > 0.
b .

4,24 Rit real numbers a and b, . > ;0 if and only if (Ift > 0 and b > 0) or. .
a. b

(a, < a and b < 0).

4.25 For real numbers Is and ts,
a

< '0 if and only if (a < 0-and 6> 0) or

(a > 0 andb < 0).
4.26 For real numbers a lid b, if a > b > 0, 'then a2, > 1.
fr4.27 Fvr realiiurn-bers dand b, if a2 > b2, a > 0, and .b > 0, then a .> S.

A

V . ABSOLUTE VALVE,

THEOREMS

6.1 If a and b Are real numbers, then la., bi jai

6.2 If a and x are real numbers and a > 0, then lxi a if and only if
a < <,a.

6.3 .1f a and x are reel numbers and a, >. 0, then Ixi >, a ifand only if x > a
' or a < x.

Corollary .to Theorem 6.2: If a and x -ate Teal numbers and a > 0, then I < a
if and only if < x < .d

v 44

xiii 1
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EorolLary to*Theoreni 6.3: If it anii x are real tlumata epd a > 0, then
.

if and only it'xi . ft or.x > a.
r,

4.4 If x and y afe real nUmberri, then ix + Y1 5_ 1;gf +

°1
/

VII. COMPLETENESS OF THE REAL *TM ER SYSTEM
I

THEOREMS

7.1 1fasu,etSofRhasa1eastupperbound, t7hert it.kas
7.2 If a subset S of R has a fcreatott4a Ikuusd,qheiZ

- 6

N4;11E/HAL NUMBERS

POSTULATES

(e) 1 is a natural number. - .

(b) If n is a natural number, then n. 4- 1 is natural number.
. .

(c) If n is a natural number, then n > 1.-
(d) If h natural number, theri there is no natural number between n and

n 1 ; i.e., 'for no natural' m ill it true,thaf'n < m and //i < n

;

.THEOREMS

8.1 in is a natural number and,n 1,tbenn ii natural number.
8.2 The set N of natural.numbers is well-ordered.

83 (Induction PrinCiple).if S is a sUbset Of N such that
(a) 1 is in S, and
(b) if kis anY iumber in S; then k 1 is also in S;then S ia hll of N.

8.4 The t, of natural numbers is closed under addition. 7 I

8.5 The.'set of natural.numbers istcloaed under multipheation.'
8.6 If ni and g ire natural ;lumbers and m < qi then q m is a natural

number; Le., there is a,natural number p, such that q ut p.
8.7 If, nris a natural 'number and n a - b, where each' o.f and b is a natural

number different from 1, then 1 < a < ti and 1 b < n. '
8.8 Every nhfN,n 1, is either a prime or has a factorization as a proauct

of priziat which is uniqueexcept for the order of the factors.-
Let'n be a natural number, :n ?' 1: -If n isiôt a prime then tt has a prinie
divisor p suel that

r .

4,
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8.10 The fiat 'Ai a natural iumbér s has no upper kund.
.8.11 (Archirmadeln y) if a and ii re poaitive real num

nAtural numher n such that.na '5. b.,
8.12 If a is fr positive reaj nuthafir, there is a natural nuMber n

jfn < a.- -

IX.. INTEGEhS

I'llEOREMS

1 I

v.

9.1 If a and, b are In i, b 0, than there exist q and.r in
and 0 <'r <

9.2 if b is any integer qdater than 1, then any posl
representedin base 6 as follows:
.d cu + c 16 + c2b2 ± + chb',
witereco, CI, : , c. are integersagreater th
than b. . 4

9.3 If a bq + r, b 0, then b) g. (b, r).

9.4 If d g.c.d. (q, 6), where a ii 0 and 6 then there exiat integers k
and 1.such that d .ha + lb.

such that a r

mte,ger d ingy be

or equal to zero and less

ft

L

X. itATIQNAL NumpEIts

THEOREMS

10.1 There is no rational number.12.such

*r-

XI. COMPLEX lIUMBERS

THEortEm§ .

11.1 If cis a comPlex. number, then c..sc s a real numb'er. If c then?, B > 0.
11:2 If c is a complex =unbar than . (The conjugite-of ihe conjugate of

c.)

11.3 If c and d are complex numbers, E +
114 If c and d are complex nuMber, -th E..

11.5 If c is a complex number, then (Z) 7, for each natural number n.

. . -

;

V %,



. * e

11.6
'11

1s-.7 If c and'11.8 If c and

U.9 If e and

160 If e and

<

.0.10

'or each boniplex number
, .

d are complex numBers,.d piE 0,-then --
. d d

. .

dre co.7.1ex numbers,

d are clomplex numbers?

d are complex nuMberi,

.POLY.NOMIALS....

THEOREMS

d ,14 0, -then

then jt +141 5_

4
-

13.1 If P(x) tinci N(x) are polynemials end N(x) pi 0, then there are unique
polynomials i(x) and R(x) such that P(x). Q(x) N(x) R(x) where-
R(x) is either the 2teki polynomial or is a non-zero polynomial wilt:me
clegree is less than-the degree of may:

.13.2 Each non-constant polynoinial P(x) hos S uniqu; standard factorization
of tlje forni P(x) c4r P1(x) P2(x) . Pk(x), whete c is a unit and each

Pl(x),. P2 (x), . . . , Pk(x), is en irredueible polynomial whoop loding
coefficient is one.

1 .3 (Remainder Theprem) If P(x) is a (real) polynomiil ond c is a raid
number, thenifie remainder r upon division of P(x) by x c isa constant .

polynomiel, and r P(a).
13.4 (faetor Theorem) If P(') ip a nork-onstant ireal) polynomial and c is a

real nujnber, then c is a root.of P(x) if and only,if x. c is a factor of P(x).
.13.5 If -r(x) is a polynomial if degree n 0, then P(x) has at most n roots.

-..,13.6 If P(x) anx" 4 a_4x".7,1 ± aix ± at, is a polynomial with integer ,

coefficients, (1,, iiO 0, Cli) PO 0, iind if is a ratienal roof.of.P(x) written asIl
fraction in lowest ¶erms1 then u is a divisor of so spd v is a divisor of am.

13.7 (Fundamental Theorem.of Algebra) If, P(x) is a non-constant polynomial
with complex number wefficients then there is a complex number e such_
that' - 0; i.e. P(x) has a root in the field of complex numbers.

13.8 If P(x) is a 1;eal polynornial and
p(x), thp i; is also a root of P(x).

a.cpmplex number which is-a root of .1

f.)
13.9 Over tho fields otrational numbers, real Rumbers, and comMex numbers,

if P(x) and Q(x) are differeni polynomials then thsky deterwine dIfferent
polynomial functions.

xvi
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XIX.' EQUIVALENCE .RELATIONS ANP GROUPS

THEOREMS ,

14.1 .If a and b are integers and m Is a positive integer greater thip 1, then
" % NW ft (mod m)if and only if a - b a ciNisible,by m.

1# ""

14 If ?,14 and c ire iAtegersan$ if m is a poshlie integer greaterthan .1, then
ao-r. 6.(mod m) if OKI cse,\if a -1-,cwa 6+0 (mod m).4).

..._ . .
. i

.14.3 If a, b, lind c are integers and m is a positive integer greater than.1, and if.. -
a b (mod m), then ac i.:= be (mod m). . - - .

. ,,,,
14.4 ',If a, 0, anci e are integers, m is k1 positive integer greateithan 1, ithel if rn

and c are relatively prira'e and ac fi.a. bc (mod in), the a 6 (mOd m).

14.5 If X is a 'non-empty set and (. is the set Of reversible fuilctiom-from X
onto X, then 0, together with the operation of compotItm of functions,, )

is a group. .

14:6 If a and% areielementstf G such that a . b = b,Iihen a = e. (1
.

14.7 If a and 0 are elements of 6,and a 4 - e, then b.= a--' anal= b-i
. 14.8 If a, 0,,, ancix are elements of G And a o. 6 = a c, thei) b = c. .

(. 14.9 If a and 0 are-elements of G.there exists a unique element x. of G such that
a ex - b alith a unirviie element y of p such that. y a ..;. 0.

14.16 If d and b are' element; orG, then (a 6)-1 = b-1

``it

11/4

s

1



RFIITIONS AND FUNCTIONS

# INTRODUCTION

. / r
:The notiad ef.4 "function is one of thmmost importantim.ell.mathe-

,

4,You uidoubtedlytaVe somp idaw SE to law A function.is;
A

boWever'the'definitLana given'in,high pelletal text books oftenAiffer

donsiderahly iron ano book to another. One definition given in missy'
A

trOitional texts is the-following:, "A variable i:is,aeld tO be.a.

-fuaaion of a.varialide x provided that if a'value fot

then:e'valui for is determined."/P Although definition-is in-

adequate in several reepects,it doeS.conteinthe efeential idea'Of

a functionl.that ii, that for any.given "vglius" fot .a there ls

paired with it Nile- "value" fot: y. It is'thisidea et paixingSet-.

objeets with certain.other Objects which'islundadentat in any

definition of function.. Thedefinition that-we will give in.thie ,

unit ii.ane which brings out-moat clearly this,Wring idea; it ie

used in many of the.newer texte.', 1.

AhotWer notion, similat in Some reipects to that of functioa, is the._

nOtion,af a'yeletion. You calv,think.of many Situations in raathemat-

fqs in which there i; saMe kind of4elationship between mathematical':
. .

Objecta---.(1) leris than or- greater thiiin for numbers,. (2) congruence

of.polygans iu geometry, (3) Perpendicularity of liaise it geometiPyi

__etc. We introduc'e the concept of "relation" tairoVide.a.fremework

for.asystematic studehof 80R5 of.these relationshipp. The defini-

tions of filattiOmamdilelation which.wegive have the advantage that
.,

I fund4on leTaspecial.ki4d.of relation

In the definitions of function and relation We %till uie the ietme.set

and oideled Pair. We vill.make pa attempt tedefine these terms, but

A

..

V
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, .

, we will give txamPlks ao that you'dinAleVelop staintuitive.feel for-
' -.o ip.

What they Mean. Inmathematics we hav to take certain:terms as basic
.g. . -,t.,'

. .

and undefined, otherwise we get ihto cular reasoning...Consider the

r
folt:tWing liat7of "dictionary" defin*ons:..

. .
.

.. .
...,

"number , a collectiop of units or ihdividuals."
-

"c011ection ---.a group of- oblecte or individualS."
"group 7 a number-of persips or thingS."

:

., .

Do you think- that: one can find'out what the word number means.frOM the

abovedefigfions?
,

As indicatecrebove we take the term$ set.and 'ordered pair as undefinedl

and define fnnctionviend relation in.terms of these.. .To a 4tairLex:

tent, which terMs-we'take es-undefined is a-matter of ehoi4la or.taste..4

.We could define ordered pair-An terms efset. This proceduxe uses r

.fewer'undefined terms, but th(vdefinition is'samewhat artifici4 4 Ye
. lib

could'take relattpri as-Undefined andlefine the O..er teras.in terms

-of thik

- 4

A dAinition,ift neithei.true nor falseo We c#n, HoweUer, JUstifyithe

AicelA a particularkefinition by showing that the Zontept'We de-.

fine hasthe prOperties.We would intuitively expecl'. $ome'tammonly

ssed texts use.definitions of,function which;are incorreCt in the

sense that the.conceritso defined does not.agree with the One eVery,.

body,nses: Here is an example.:

y is'a function of x if to every change in x there is a corre-
sponding change in y "

.The function E defined by:- f(x).-: 1, for: al x, is noX afür-
tion acCording to this definitiOn:

In the first part of this unit sets arediscuseed. We will not,gilye

.a detaiied exposition-of the theory %If sets bdtwi1l simply in4rodUEe

some notation and terminology wichwill prpve-useitil lafer.

pl mathematics the word set is used, to refgr to a.c011ection or aggre-

c.
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gate of objects. Thus the Words..set, collection, and aggregate are -

cal or,conceptual. For example; we speak of ta%et 4 lettfirs ihthe767

synonyms, The objectalhemselves'may be of anypature ifher physi7

, . .

alphabet, the set of states%in the United-States, the set'of points on
. ..---------'

a line (in.teoMetry), tho slticof weal numbers, Che'set of'solutions
.. ;.

(pr solution.set).of an algebratce,Ruationeetc. The'objects,or

-t4ings Which make up.the CollectiOn or set are,called'elements Of the
. . . ----7---r-

set. Thus we'say thst k is an element of-the set of letters in. the
r . ,

- alphabet, 5. is an element of the set of real numbers,- etc.

List the elementt_of,the set of positIve integers less than 6.

ANSWER:

1,42, 3, 4:
4

f

Sets may. be described in various ways. One

offthe oet. Thus we will use the netation

the'set whose elements are the numbers 1, 3

the liatedelements'in,brace

listed IS unimportant; (1,

set,.

1
psing thi4 notation...the set

would be.denoted by ,

way 40 tolist the members

(1, 3, 5, 7) to rePresent*.

5: 7; i.e ye enclose

'The order'in whi.Ch the elementa are

5-,* 71 and: (3, 7, 1, 5) are the same.

of letters Wield in writing the word number

ANSWER':

m, n, r, u) , ior {n, ii, ,13, e, r) , etc.

-wlhich the members are li:Sted4is:not tmportant.]

rr 4

[The order.ill

When listing the elements of a set we never list an. eleMent more than. .

-e

nCe. Thus the set of digit(Used in writing ihe number 30253 wauld

be denoted by



?-7

0, 2, 5

once.
2

--* '

, t
We ,n a sp describe a set-by giving a distingUishing,property of the"

. .

elementsof.thia t. Thus the set 11, 3, 5; 71 may he described as

l'thi.iet di oddw;41e nUmbers between...0 end 8,7. The-Idistinguishing

5 , etc. The digit is lised only

-

'properly 1 0.thi of "being an odd.whole numher_between 0 and 8." The

seeconsists Of.pregiseli thOse.ofejects.Which have Chls propeity.

,Why-is it not correct to describe 'the set (1, 41; 9, 16, 5) as "the'

set of integers iligh are perfect squares"?' (By a "perfect square"

we mean the square of an integer.

I.

ANSWER:
V g.

The property given is that "of being.en integer ,crhich is a perfect

square" and there are other numbers which havethis property but are

not in the given sat --- e.g., 36, 49, etc.

To describe a set by a distinguishing property we =Us; ch ose a prp-
- .

-party which ii possessed by*ery member of the set and b no element

. 4dt in the set,

-*scribe the set (3, 6., 9 1 ) by giving e distinguishing proPerty

of the yet. I

AN3WER,t._
*.

The set of positive integers lege than or equal to 12 which are multi-
.

plea of I. There may be other correct answers.'

4 4 -

We will often use Siingle capit41 lette ,to represent a set.

ample we might write;

2 2.
..4 'SETS, RELATiONS AN0 FUNCTIONS

J .4

'For exf.:



(21 4, 6, 8, 10)

end

1.

"t

. 0 the Set of pp itive even integer* less than or equal tn.10.

,gare.,A1 represents a set and icrqpresents a set.. Is the deL'

the &he as the set. i?
..

ffe

ANSWER:

_

-If' 4 Aind B are sets we say.tat . "A iS a subset of:8" if.every

element'of A'is also an element of B. 'Sytabolically we write- "Acn 8"

.1.:8 A"-.--fdt "A is a subset of Bild. In this treatment we

tonlider every set to e a.sUbset of itself;. .e., A' A fat' e.);er.
. .

sei

-
-Which of-the. following statements are.true?.

No

'The,set pf integers is a BA et of the set of rational numbere...

(2). (2, 5, 8, 9) .m (2, 5,8}.

( (I) {-1, 2, 3) ,C the set'of !positive-Integers.

(4) b, a, k4 M the set of letters in the word "bank".

-
__ ____

ANSWER:.
*.

(1), (2), and,(4). (In (3), -1 is not a positive integer.)

-Is (2, 9} asubset "of.theset (2, 5, 9, 114? . . Is. ,{101 a.

subset of the set 42, 5, 9, 11)? . Are (2, 1) and {9.,. 2)-
.

different. sets?

_ -

ANSWER:

Yes.'

Yes.

Sine.

7

5



No.. .

- .. - -- -- ------

List all.theosubsets of the.set (2,

elementi..

-- --

AIL -ANSWER:

II, 5 ll}; 5, 9), {, llf, (97 11L

0

ordered pair (5, 3)?
4

qt.4

1; II} which have exactly twg

J.
.

. 41m 01.e.

rf a get A is a subsii of a et B and B is alSo a subset of A,

what can you say about A and B?

-- ---

'ANSWER:

'A qpd B

----N.-
*

a'

are the.àme set; 11,

ORDBRED'..PAIB$ AND CARTESIAN PRODUCTS

RecaiLl that'ifi graphing on a. coordinate plane With rectangular poor-

"dinates it is customary to sesociate wi$h each ordered pair. (x, y)

of reiLnumbers x and y a point ifi the'plane. "lhe.fiumberS. x ..and

'y are Called coordifiates.of Ole point or,members of the ordered.pair.

Jo the. OrderL1 pair (3, 5) associated with.the same point as the
. .

ANSWER:,.--

No;`

:We speik of "ordered' ita4r becOuSe it ia,.ñecessary tb, distingyish be-

tween. pairs With the same members when 'ale members oCcur.in different

orders; %Thus (3, 5) .and (5, 3) ..are regarded as different ordered

4
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pairs

0

amk...

ihe firot inemharof the.ordered patr (

ifYt e'second-mamber_ is the number. ..

ANSWER:

5, 3

"00
anoN

.is the nulber .

, .

.Which,one of the orde lpairs (

itia-first. Member from the set

the set- {3 4)?

.2)",. (2. 4). 13.. ?I.' (4,'3) has

2, 3) and Itia second mealber from

,

AVSWER:

(2, 4)

------
The'first and seOontl me mbers of an ordered.pair may be the,eame. as

sir example in thiaordered.pair (3,

4

'List all the two-elament sets that can be formed with one-element

00, am. awe. -
.0

-- -

from thieset

careiul.)

ANSWER:

{1, 31. {1,

included since it has only one element, 3. The notatipn (3, 3) is

(1, 2, 3) and one element from,the set. 13*. 43. (e

41; (2, 3),

I,

(2, 4) (3, 4). Note-that {3, 3) is-Aot

a:violation of pm- agreement aot to lisi an element-of a set more

, -than on-L.

,

,4 will save Youaome confusibn if yoU will try to use consietently

..thik.notatiOn that we have adopted. Alwayamenclose the liOtedele-

Inents of a set in braces while using parentheses to enClose ihe mem-

4



hers of an ordered pair.. You should thus Write "the set t2, 41" but

"tht ordered pair (2, 4)". The chOice of this natation is of .course

arbitrary but consistent itai lilof it will 'help to prevent your conies-

ingl"set" with "ordeyed pair".

List all the ordered paiis that can be fotmed with first meMgera from

the iet U, 2, 31_ trad wittz secOndrmembers from the set (3, O.

41P.

ANSWER:

<1. 3) 4) (2,.4), , 3 . 3, 4).

41

st,

The ordered pairs in the diScUssion above .have members which are. met-

beri.. Mere cen speak-Of ordered pairs whose'members..
A ,

ate pbjects 'of any kind. ; We will see exaMples of ordered. pairs whose.

members *re oot' nUmbers A. little 'later.

In:mathematics We are often concerned.wi h .sets of ordered pairoi;

Lae., sets whose element* are ordered pairs. .Consider tie set
. .

; J(1, .2), (34., .(-4, 2)). 'The elemenxs of this set 4.ordered

s the nuMber 3 an element of the set?

ANSWER:

No (3 Is, not am ordered pair ). The ordered pai (3, 5 .14 an element

of the set.

-1 L

How many elements a e in the set of oriered pairs i(1, 2), (2, 4),

(3, 2), <4, 3V?
2

ANSWER:

Four; the enti are ordered pairs *Id .t ere are four 'ordered pairs.

______ - - _ _ - .: -
. i 44. -

DiFINITION 1.1: Akeume that each o X, ,ano. ii i$ a se.t;
.

a SETS, RELATIONS AN% FUN.CTIONS
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may be the same set or differept sets. The Cartesian ,product of X

and Y is tile set of all order.ed pairs (x, y) such that x 141 au

eleient of X and y j. an element of Y. We denote the Cartes an

product.of mX .and by X x Y Iread "X cross Y"),

The Cartesian product X x Y of sets X and Y should not be con-
,141

Jused with the ordinary product of muTripkication of numbers.
.

Let X 2, 31 .and Y (2, 3, 5)

X x Y. is a set iiind each element of' X x i; aln). .

ANSWER:

ordered pair.

S.

(1, 2, 3) .Y (2, -3 51

Which of the fpllowins ordered paireare elements of -X x Y? .(2,

(3, 1), (3, 3), (2, 5), (5, 2.).

ItNSWEA:

and'(.2, 5).

X (11, 2, 31 Y 4. 52, 3, 51

(1) List all the'members of x x y.

(2) 'tist all as members.of I x X.

ANSWER:

(1)

,(2),_

(l,

(3,

(2,

(5,

2),

5):

1),

3)-

ci, 3)0

(2, 2),

(1,

(4

5 ),-

3),

(2,

3,

2):,

1),

(2,

(3,

3), (2;

2),(3,

,

3),

(3, 2),

),

,

5

3

2

t
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w

If,. X 44 .6 ;Set with two elements an4. 1 is 4 4fe.'witb three ele-
how eis4 ordered paris ire 4i the .a%t/ X xY? the set

a
Y x 1

,1A . f

ANSWER:

6,
6.

Let X

Whi?

..... . .. _

.f1 4}. Is the set { 3, 41 subset of X x X?

ANSWER:

Nn, because the elements 1, 3, and 4 are not ordered pairs.
(1, 3, 4) 'Ls a subset of X.

. ........... *IT Me MEP

Find Jets Xi and -`1 `ajuel that
X x Y t{(1, 1), (7, 3,) (3,.3) ( , (7; 1), (3:. 1 ).

ANSWER:

X se f 9 .3)9 {1, 3)

r .

'If (x, .y) is an, element of the Cartesian product.of ..the set ,of in-
tegers and the set. of, rational nUMbers, then x is a(n) and y

'is a(n)

ANSWER:

integer;
rational number;

10 SETS , RELATIONS AND FUNCTIONS
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ln'granhing on a ceordinate plane With rectangelar coordinatea an er-,

dered pair. (xi y),whIch gives the coordinate* of a poInt is

:Aiwa of the Caresian preduct of the set of real 'limbers and.the.set

ANSWER:

orrsal numbers.

t_

..... . ..

RELATIONS

One of the most important ideas in matheMatics is that ef"a-correspon-

'dance between the-elementd or a set X and & et Y (whefe X and

may be the same Ix or different sets). We rpeak of such a =gra-

efondance as a relation between the elements of X add Y. 9gnsider

the sentence "A. is the father of B". This eentenee will he erue

for many orderedpairs ES) of people and false for others. "Is:

the father of" describes a relation between peofle.

As another example, consider the sentence At is less than y'. where ,

x is in. X, y is in Y, and Y the set of al; real. num-
-

bers. The sentence determines a subset of X x Y which id the set or
0.

allordered pairs (X, Y) for which the sentence is true. "IS less

Ow" describes a relation between numbers. -.Relations involving the.
, - /

comparison of a pair of elements are known as binary relaiions. The

WO examples discussed above are examples of binary relation*.

Thus far ye have been discussing thrconcept of relation io.s gerieTO

way, without making a formal definition. We nom proceed to do this..

uhrisIalaa l.j: A (binary) relation R between a sei X smd a iet

Y, is a non-empty suboet of X x \bus a relation is a Set of.

ordpred paire.

(Note: The term nonrempty".above simply means that the subset can-.

tains int least one element.)

4-

4



: p

'If R is a relation batsreen X and y, we ;ay X Le R-telatedto
y and %alio x R y if and only if x is In Xj y is in cf, and'
the ordered pair (k, y) is in the subsitt.,,of X ;(- Y Which is the re-;.
lotion, i.e.. (x, y) is in. R.

Let (1 2, 3, 4), .(2, 3,,4), and let R.be, the se i. of..alL
ordered pairs,: (x, y) -where x is in X, y is- in ..Y; 'and x y.

t .

1Does this define a. binary relation between X and Y?..... . .... .... es
4

ANSWpit:

Yes..

met . .. . 4.7 ...
Let .X 1, 2, 3, 4) Y {2, 3 4}, and let R. be- the set of
.111 ordered pairs(x, y). whdre ly is in X,. y. Y; and
x > y.

List ,the element!: o the sat R.

ANNEX:

*R* (3, 3), 4,

ale fee

Give the subsets of X ).Y which are the relations def ned by the
following 'sentences, w ere is in X and y is in Y.

X (3, 5) and Y {1, b, 91.
(a) < y.

X- (3, 5)
(b) 4 y..

,

.12 SETS RELATIONS ANp FUNCTIONS
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jANSWIpt:.

(h) ((3, 1),. (5' 1))

es

x\ 7 3 And Y. is (1,. 6: 9)..

.(c)_ 0 10.

ANSW4:

(e) niers are no cordoned pairs (x, y) Y such that
10. Therefore no Ite1atioh efeciste.

h h h h.
01,

-- - .. 4;0 r ea.

X (3, 5), and Y
(C) X + 'Sr < 104.... he* h

ANSWER:

'CO a 1 (3, 6); (5, 1).}..

1, 6, 9h

15.t Y

e.t

3, 5) and Y (fi, 6., 9),

(a) x2 Y.

-

ANSWER:.

.(e) 1(3, 9) Lei
I. . .......... . ma.

. VINO imi

(3, 15) and Y

(f) x is a facior of ley.

6

ANSWER: ,

(f) ((4, 0 1 (3, 9

766

;.

.. 7 maw



The elements x and 1p the-orde ed pair (ko- y) are cal ed the

Met memlietiind the. second member, reipectively, It May hap en 'that
. .

In the Ordered Oairs'that make up a-relation between'a set X and a

set. Y, notall the elements/of X Or of Y will appear. Spee we

'will want to.reier io the set pf.alI first members and th: set of all

second mgmbers thai actually do appearein the ordered.pairs in the re-

lation, it will be convenient to.have names for them. Accordingly, We

16-Make.the following definition.

DEFINITIdN'14: If R is a relation'between X, and Y; then 'the

set of 911 firstmembers of, orgered pairs in R is,called the domain

of R and'the set of all second membefs..fs called the rime: Of- R.

Let {-q -4, P (q, 1, 2 3, 4), and let ik be

,the'Ast .04 all ordered:paita..(x, y) where f m is in X, y,
A

Y, and'. x 3y

(a) I...1st the elemenls pf theset R.

(b) List the set of elements Which is the domain nf R-
.

(t) List the set of elementk which'is the range of R.

4.1

ANSWER:

a) 2 1(74, 0), (.2 , , 3

(b). (-4, -1, 2, 5).

(00 (0, 1,.2,

(k(eMember_Zo enclose the listed.elements of a set in-braces.)
0-

. 6

DEFINITION 1.4: For any binarystvlation R between' X and Y, con-

sibting.of. A.set of ordered parits (x, y), there-is a seconitselation

obtained by reversing the iskmbers in each of the ordered pairs of R,

and thus obtaining the set o4ordered pairs. (y410.4,..-lis new rela-
4

-tion R-I- js ,said:to be the,inverse of the.relation R. The.ordered

oair (3i,; RT1 ieand only if (x, y) is in R. That is,

, yR 'Ix .if and onlY if xRy.

The toles of the domain and-range Are interchanged for the inverse of

SETS, RELATIONS AND FUNCTIONS
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,

*- a relation so that the.domein o

0 ie the' range of

'

ANSKR:

Mass

doiain

sot 44.

Let X

1

R-1 ig tu

4

.. .... .

of R and the

44,

4

(3 7, 111, Y (4 .111, and lets

.ordered pairs .(x, ..Y.) 'in X x I ouch that, x <

be L;he set of ,all ordered pairs

(a). Ligt the ordered pairo in

(1) List the ordered. pairs in

(c) What isthe domain of le?,

(4) r. What is the ,range of R?

. . _ .... . _
AN'SWER

(a) {(3, 4), (3, 11), (

(b) R-1 s, 1(4, 3), 4 ,(11, 3), (11, .7)1.
(c) (3. 71; -14, 111.

.(d) ..{4, 11r;. (3, 7)..

AMR"

of R7I7

linn ARM

R be the get of all

y. Then R-I would

y x x such that

4.

! ! !

.0
A relatton is often defined .bi means of an equation- or an inequality.

The equation or inequality may contain variables, and y, which

ref ei tR sets X and Y of real-numbers. The set of Ordered pairs

(x, Y) for which the-equitioi or inequality is a- true statement is a

subeat of X x I, nnd \f a relation.. The relt!tion may be graphed in a

cOordinate fAane, since it is i set of ordered pairs of real numbers.

Suppode X (2 4, 61, Y (1 }, and the relation is the set

a all ordered pairs, (X, Y) iohere x is in X, Y is 'in .Y, and

0 2y.



(a) List the'ordered pairs in the relat on.'

. (b) UraW a graph of the relation.

(c) What La the domain of the relation?

td) What is the range of the relation? -4

ANS ER:

(a) (2 1), 0, 3).

''(b) The graph consista of jusI. two points,

,13 (6 3.)

.A (0.)

le 5 6

(c) The set (2, 6).

(d) The set (1, 3).

2; 1) anit (BO,

Suppose )( Y im.,the set of. all ral numbers;iandthe xelation

ialhe set Of all ordered pairi (x, 0 such that x .2y

(a) Three ordered pairs, in the relation, R, ake, (0, ),

0) ehd (4,

(b) Draw the graph of R.

ordered pairs (x, y) such thia '2y - 3.)

1Be careful to note that R contains all

ANSWER:

(a) (0 3/2),- 0), (5 4

i SETS, RELATIONS AND fUNCTIONS
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Refer to the preceding example. Three ordered pairs in,he re...ation

RI ate (1, )1- 8), end

7

ANSWER:

(1, -1),

Ink

0,

To sketch the graph of en equation in x and .y it
A

dure to:construct a table'of vaiuee for x and- y.
I

we were interested in sketching the graph of the eq

neat:the prigin.we might construct the following tab

is common.proce-

For iirple, if

tion: - x3

-
17



In constructing this table we have actually found seven of the order-
,

ed pairs in.the relation R consimetni of all nrdered.palvs x y)

,of real numLerm much that y x3. To r:Icetch the'graph s,;e pIot the *.

points in the xYi-pline.determined.by the seven ordered pairs (0, 0),

(1 1), (-1, -1),0 (1/2,, 1/8), (-1/2, -.1/8), (114,.'11.64), and (-1/4,

-,1/64).. Then we dravi a smodth eurve.passingthrough.dieplotted

poilite. .Note'that we coul n wot possiblywrit6 dowall the ordered
(la

pairs'in the elation. R' si ce there are an'infinite pumber of

ihese. .

4' :
t

'Although n algebra-We are primarily'concerned wit re.1,ations involv-

/. ing n
IP
berme the corr.eptef,.relation 'ermeates all o athernatics' and

,. may olcur in many'different ways,: 41 geometry, for exam le, we find

rel tions 'between points,'lines, planeti, angles, segments, polygons,
. ../

etc. As an 111uStration, conAder the sentences:

(a) Line AL "is parallel to"

.(b) Triangle ABC., "is congruert .tall triangle .DEF..
.

(c) -Amgle A "is supplementary.te 4141 B.

.Each of che sentences'.(a),.(b), (c) desi bes a relation: for ex-

ample; in (a) we ire deacribing the set of'all ordered pairs 1.(2.,.m)

such that 2, and m* are 1,ines and 2,11m.. In (b) weware describing,

the set.o ordered,pairs of tria4les, (ABC, DEP),; suCh that

A-ABC A-DE

What relation
.

described i.n ex'ample

ANSWER:

AO' deftibes the Set-of,all ordered pairs ofengles A, B such

that A kand B are tupplemedtary to each other..

In he.preceding examples the words in quotes are -61 defining words

-of the'relations. The phrase "is vertical to" in geometry describes-

a relation between a set of angleS and

18. SETS, RELATIONS ANO FUNCTIONS
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ANSWER:

set Of =RI

. Why does-the sentence "Angle
-. .

relatiOn

ANSWER.:

4

A is 4 yertics angle" fail. to:difine a-
.J

41.

?-

,.....
.

It does nt give-a propex.ty of ears.of elementS., The.potion of.er7

. tical angie 'always involves $peir of angles sqX;he.given-sentenee is

meaningless..
.,.

_..
- . . .

Of the following seniences, some describe relations ar4 some do not.

The voriableM x exid' y refer to tbe.set of real numbers.

Check the sentences which.do not describe rellitions.-

(s) YI4 -1

(b) Itiong1e(ABC -is-isosceles..

() Angle A is sn-alternate interior angle.

.,gdy Triangle. IBC is.siiilar, tb triangle DEF.'

(e) LCre m is perpendicular.

(f) Angle A is a right angle.

--
ANSW

4
(b), (c ), (f).

ft

In sentence .(a) ebovei describe the relation comp etelv in Vbrms Of

ordered pairs..

ANSWER:

The relition is the set of all o

smd y are real numbers and y2

ered Airs (x, y) such.that x

(It is also correct to write,

.%

19
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\
"Thelelation it the sat of all ordered pairs (y, x) such that x

and y are, real numbers and 57, .X.". The 'Initial notatj.on for writ-

ing ordered pairs involving .x .and y is to write X as theVirst

member and- y as the second. Although we will adopt this conVentien
-,)

.
, .

41eig, it ihould be noted-that the decision.as to which varilble As to

d

ce written.first ia entirely arbitrary, Once the variables in the dr-

red 'pair have film' specified, however, the Ordered pairs in-the "rE7 .

lation nmet conform to this Specification.) .-16

-

FUNCTI4N$

V v v

A .

DEFINITION:1.5: A functional relaqon or ,fUnction'is. a relation in

which no two ordered,pairs have the smite first member..
..

4
-

Frem!the definitione see that for no X ',can we have ordered pairs

(x, yi) and, (x, y2) in a function if `157
i

Which of the-foliowing relations are functions?

4

-(4) .-the .relation (-(-.2$ 4), (-1,.1), (0,

HY-
(b) the:relation [(4, (0

0), '(1, 1), (2, 4)1

0),. (1; 1), (4, 2))

(c) the set of ail ordered pairs. (x, y) of integers x and .y'

'such that- x, 2y. 9.

(0) the set of all, ordered pairs x y) of real numbers" x and y

such that y2 ,x.

*).
..ANSWER1

(a). and (c). n (b), -1) and (1, 1) are different pairs with the
4.

same first ember. In (d ), these same two pairs occur.

Since a funct 'on is a special kind of relation, the notions of domain

and range are already defined for.functione. .What are -ihe domain and

range clf the function given in:part (c) of the previous queStion?

20 .SETS, RELATIONS AND FUNCTIONS
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Anwar
domain: th's set uf even integere:

'range: the set of integers.

4 (It should be noted that thejunction in part (c) is defined over the

integeFs, and not the real iumbera. TIIZSdefining sentence x 2y

guaranteee that for any choictif integer for the ser..ond coordinate
y in the ordered pair (x,'y) the first coordinate 'x will be 2%

times an integer, and hence an even integer.)

- --- . - --- --
Is the folloWingrelation a fUnction

The met of aid ordered.pairs ,*y.) inOgers x and y such

that' y 2x + 1?

-

ANSWER:.

,Yes,

4What are the &Amain and range'of the above function?

Atikr

ANSWE4:

domain: the vet of integers,

range: the set of odd integers.

4

We can.tompletely describe a function by specifying its domain and a

rUle of corresPolidefice which pairs with each element oi:ihe domain.

--

some unique element. The fuaction-sO described ronsistaaed all.or-

-dewed pairS (x, y). suCh that: x .is in the domain and y is thet 4

.element paired with x by the rule.
A

'Consider the function described as followS: the docp:ain of tile func---

tian is the set. (1, 2, 3, 4, 5, 6, 7, BY anCthe rule is --.pair up

with each element of the &main the number of its posit ve integral

:3 9
. 21.



.*

diviiors. For axample,_the ordAed pair (6, 4) -is lb the funetiol4

becadas the as 6 has 4.positive inte ral. divisors, viz.-1 m2, 3;.

and 6. Li.t,1
tte

ordered pairs in th 'action.

ANSWER:

(1, 1),, 2, so (3. f (4T
%

5, 2), (6. 4) < 8.4).

Deicribe the function .{12, 4), 1 4,, 16),, (6..36),

ing:its domain and a rule of correspobaence. '

(8, ) by 611.,-.

')

ANSWER:
.

. ,
. 1

Domain: {2, 4, 6,. , Rule: iskir up with each element of ihe domgin .

--------
.3

its square.
x

we! .. .

We have discussed.preViouslithe idea of constructing graphs of rela-

tions whose elements are-ordered pairs of numbers. We cab often tell

immediately from.the graph of such a relation whether that relation is

a function.

Whet property will the graphs of functions have td distinguish them

from.the graphs of rplations'which are not functions? (We assume that

the ordexed pairs. (x, y) in the relaiion are graphed in the usual

way on a rectangular coordinate plane.)

ANSWER:

Novertical line will contain two oi more points of the graph.

ts

Wilith of the following are Draphs of,funetions?

AO'

22 sgTs, RELATIONS.AND FUNCTIONS
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AN'swER:

(4), (b), and (0.

In aaanpina .(n) and (e) the y-axis contains tibio points.

Thus.egch of tliese relations contains 'two' ordered Pair&

member Q.

a.?

'FUNCTIONAL NOTATION

If f .idesnotee,a 'Cirtain fu tion and,if' x is an element of the do,-
. .

nAin pi f, then . f(c) ad f of x")' q ea to denote the element

of the ilinge ich itpeired with x, Thus, lf the ordered

pair '( in the fundtion f,ve would-hdVe E0)

the'graph.'

with. filet

--

18.

'4*

-. ft
,

Thexeeder is warded against, interpreting f(x) as ,the product of.. f.

with x,' Ai. stated eboVe, the symbol ,"f(xr is'simplly a convenient

notational symbol used to denote the eleMint of.the range of f whick

.1e.paired with x. Thus if x. is:enoleinent's(,the doiain Of .f,.

the Ordered paii f(x)).'wonld denote.an ordered'pair in :f.

What difficulty would we ncOunter iUwe triad to use the-notation

fix) for ejelation f which wes not'a fundtibn?

40, *A mot 'we.

.. --- ------ ---- -- - -- -
ANSWER:

-

.f(!). would not beunizie y defined: for some x. For.a51.1east one x

. in the domain there would be:two or more Ordered pairs. with x as:

first.member.

emi

N.m.07 ,

the aLovenotation is very hellittil in givifig.a rule,of..Cor pOndence

24 . SETS, RELATIONS AND FUNCTIONS'
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which describes a function.

Let f be the function described by;

f(x) x2 * 2,.for 41 real numbers x.
. .

The domain of f iethe set of all real numhers and the rule of car-,

respondence im: .for each x i,nthedomain, pair 4th s he number
. 6

OR

ANSWElt:

-

,1"11e equation. g(x). x2 + 2 is .often incorrectlY referreeto as a

fUnction. :The equation is not a.function but.gives.a .which,.to-

gether witb'epecffication of the doMain6'completeiy-descrOes Afunc-
,

tion.

. rule of correspondence -

a.,

The equation. y i2 2 defines the aboye functton f.:f. con-

siits of alt.ordired pairs tx y)4 *of real numberg x and y such_

thit-theequation holds. ',44ote that in, the prdered pair

denotes a number An the domain 'of f .and y denotes a r n the

range of ,liciiitver,)e careful to-notethatlp is.not correctto

.sey that x Is the domain and y is the range: x is'used to de-

note a number in ,the domain.
1-ic

Mai...may-have strong teudency to say-that f(x) is a function".

Tbis is incorrect. You.should say "f ie a function". f(x) de-

note the element in the range of f which is paired with x by the

4funci on f.

Let g be the functjon definid by:

f ')
(Jo.

25



g(x) 1.1x tor ail:non-zero real utabers x.

What to the d.in of g?

ANSWER:

--- . .

-The set of son7zero real lumbers.

What is g(l5)?

Whit:la g(l/2)?

What is g(4)?

A .4

a

a....

ANSWER.:

g(1)

g(I/2) . 2.

( *Xi ri

what is '1;1(3) + .1?

What is g(4/3.)?

a

ANSWER.:

,g(3) + 1 0 .113 -, 1 4 .

2(4/3) a .314.

--- , a - -

t is g(g(3) + I)?

g(g(3) + 1)

a

$(43) 0 3/4.

0-

26 MS, RE:ATMS AND FUNCTIONS

b1a..

s

S.

IF



411, .

'.What la (g( 2))?.

ANSWER:

U(S(I2")). .g(1//2)

4.

Another notation which iè "'onetime used for functiois is describec in

the foll6wink; If f is a function And the ordered pair (x, .y) is

in f thsnwe andicate this fact by the symbol IX. y". This.mota-

"tion eaphasiiesliki idea that f d'teraines.a tole of corresPondenA

which Associates with y. 144 ometimas-xer.thst 4.'!Isaps" x to

mid ccli f, a Nmapplue. We can read ux as "f maps x to.

If /f ii the function defined by:

f(x) x3, AggVeach retlAumber x, we could wzite

'2 t

-1

ANSWER:

-1 .

4111 ...

.We coulb.m4so doecribm the function. f in the folloWing: .x x3, for

each Teal number x.

Ustdirtiwitunotation describo the function- f conviseing ,all otdir-
'ed padre v(X. X3 - 'suck that x .16:4 real number:

r r r ...... r .. . S r S r ta AMR CR 611.



ANSW

x Ic4 for,aacb real'Aumbar x.

-

_

If':X and. Y are eats and Ri is a. relation:, we have .called R. a

relation'butman X and Y is' R is'.a subset of X x.Y; , i.e., if

the domain of R is e subset of and the raáe. of R is a sub.:-

set ot
0 .

ANSWERi,

Y

,
, 4

. i .

.

.

If function fro& A, to Y and the range of f lEall of. Y

Mve will somatimes say- "f is a function from X onto Y".

.e .

. Let us guailarlice tne terminorogy. If X and Y. art sets, a ftTftion

,from X to 1 has a.domain that is and a range that,te-Y .

/
t -

ANSWER:

all of X

a subset of y (r, ay or_may not be all.of:Y). 4, .

.

'A function from" X onto

that'is

- OIN

has a domain that is and, * range

ANSWER:

all of X

an of Y.

28 SETS, ,RELATIONS AND FUNCTIONS
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The. function.. defined by:'

f(X) 2x,. for each intagni x,

im a function frogs ,thib set .of integers to the e of Antegers axtd onto

the set of evenletegers because .the ihange o is

ANSWER:

the set of even integers.

Waxy function is a function,from its onto its

ANSWER:

domain

range

ova

INVERSE OF:A FONCTION

Vo!

4

The inverse of a relation jr a relation. Therefore, Since a function

is a special kind of relation,, the inverse of a function' is a
a

0111,

Wiff .0.

ANSWER:

relation.

If

A

(.4

a. -

is a. function withivrdered pair (x, y), then the inverse of

f -1); is a relation s'oith ordered pair

29
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Let f be the fUnction defined by f(x) x..2; for each realtnumber x..

,Two ordered palta:in f are (2; 4) and (-2, 4):.. Thue:.( . 2)

-Ana -2) Are ordered pairs in

*IS - -
ANSWER:

(4, 2) 'and.

.. : me. . . . m,

:What can you conclude fray' th
functiou?

V . ...... ale el.

.

above example about thcinverse of a.

.ANSWERr

-1t_need not be a -function.
I

" .

ale

"

,It is clear from the aboVe discumsion that it. f -la a function con-

sisting of the set of nrdered Pairs (x.; t(x)) .for all x in the
domatn..Of"f, then f".1-is a. relation consitting of ordered pairs.

,

(f(a)i'x), . whose domain is the àf f.-

,

OINSWER:.

range

Thus the role of x and fr(x) are interchanged In the inverse'of a

function.

DEFINITIOtl, 1.6: In a, function .f, for each eleatent Of the domain

there is exactly-one-element o( -the range paired with it. RUt -an

element of the range may he paired,with several ilementi of the (IQ,

meAn. If 1-1 is elope function; then'eich element of the range\o

f _.sAseired with.aaactIy one leient of thedomain, f t is a

c,...fUnCtiOn and f-' is also a function-then we say that f is reversible.

3O Ts, RELATIONS AND FUNCTI.ONS
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Which of the functions 1 !Wefined in the fo11OW.74 dilre reversible?

(4) f(x) .o, ,x2, fot each real number x.

(2) f(x) x2, for each positiVesreal'n4mber x.

(3) f(x) * 2x for each idteger x.

(4) k is the function (1(1, 3), (2, (3, 3 ), (4, 6)

ANSWER:

-Cir",.and (3):

.1 is a reversiblefunction then f:. sits .up s Correspondence-bi-,

_Wean the elements Of ite domein and the elements of,its ten& such

that each,element of the domain corresponds to exactly one element of

the range and each,elememt of'the range corresponds to exactly one:.

'element of the domain. Therefore if f ie a reversible function. from

X onto. Y 'we siy that. f defines' a one-to-one eorriasnonqnce be,,

tween the elementls of X and the elements of Y.

The
'40

functiorkinexample.(3) of the preceding-exercise defines a one,-

totone correspondence.between the elements of what.two sets?,

ANSWER:.

The set of-ihtegers and the set of eveil-integers.

. . 44. Alb

. If f is a reverpible.functidn. and, x is in.the domain of. 1.. then

(xi f(X)). ;is in the function 1* and in the function -1.

ANSWER:

(f(x), x)

Suipose we consider.the f&nctian I .with domain the set of all real

0, 4'

1/4 31
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numbers an4 such that

f(x) 3x-4, for each real nuinberfx.

. .

The.formula f(x) 3x-r4 gives f(x) explicitly in terms of x. 'We

.can find's miinilairOrmula for f.-1 by replacing, in the formula

f(x ) 3x-4i x with 'f-1() and f(x) with Hy, and then saying_

for f ly)..:Thus. f(x) 3x-4 becomes y

Solving, we get

f71(y) . X.-VI, for each real number y.

Since f -1(5

and since
*

f

5 + 4
3.

3

ANSWER:

(5, 3)

(3, 5)

41,

3, then theordered pair. is in f-1

4 0 5, the ordervd pair is in If,
.

---- -- --- _ _

'If the rule,for a fangtion is

f-1.

*PP

ax + 3
find the rule for.

ANSWER:

Replaicing ) wdth y and x with. f 1(y ), we obtain

2f 3 4
51, - 3

or -f (y)
2

k . -

In the example-abo e, coMpute f(11)

ANSWER:

5

11

32 SETS, .RELATk90...-AND .FUNCTIONS
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f f is the function-whose rule is:

3x + 4
(x) 3 for each real mjmber x 0 3/29 find the iule for

1 .

ANSWER: .

_.
.

.

1-1(y) 0 2-------
'

jor each: ;7' in .ihe domain of f-1..

This C411 be found by replicing f(x) wit!) y Amd x with f-1(Y)

in the rule for f as follows:

3f-1(v) +'4
2f'1(y) - 3

. 411(y) y 3 Y 40 3f-11Y) 4 4

1 (y) (iy .... 3) ei 3y + 4

. ( )
3v + 4

ir
4.

'Theresult.st he last'Item'is intersseing-in, that the.ruie'f r fr1

is the same as the rule for f. In,general, it can be proved that, if.
ax + b

f is a'functiOn whose.rule is f(x) 0. .73-r7-7; for eich real. number

x "0 A/c, :then..C1'.is * function whose rule it alio f-1(y).
b

for each real .nuMi4ir :y 0 a/c. The04-ers,.
cy a

DEMITION 1.7: If X la a sst,.a vary gipeiai junction witi, damfia--

X laf, thafunction f. defined bY; i(x) A,: for eaCh A. An

:This function is called the identity functi n on X.

Let f be-theAdentity function on the set of real numbers.

(1) Is f a reversible function?

/-.-(2).7-What Le the range o

(3) What La f (S)?,

, ---

33



ANSWER:

(1)- Yes.

(2) The ast of real nüssbers,

(3) f(ori)

_

COMPOSITION OF.FUNCTIONS

'Let f and lit be the fUnctions defined es follows:
. AM

. ,f(x) 4 1/x, for each non -zero real.nu,ber 'x.

g(x) ft for eAtk.real htelbet

(1) What is f(g(2))?

(2) What ie g(f(2))?

(3)' Whr.doe f(g(i)) have no intOning

x. .

ANSWER:

(1) f( (MI

(2) g(f (2))

(3) el), gm 0

f( )' 1/3.,

g(1/2)..

and 0

tei define thet
h defined iy

1 0 0.

-3/4.

not in the domain of

XX

compouito of f with R given above to be.

: h(x) f(g(x)), for eadh real number x

We require that? *0 0 because

ANSWER:

O is not in_Ahe domain of

he fUndpion

suqh thit

...... Imp I. 1 la ar Vi

DEFINITION'1:8: general, if f and g. are.functions We define

the cooposice of f. with 4[.. .to -be We?function 4! such, that

c.h(x) /(g(x)), for'each x in7the doMain of g for 1,:ihich g(x)

34 SETS RELATIONS A FUNCTIONS .



es in the domain, of Rote &it g(x) has meaning-only if* i

.,and .C(.1t(x). has meaning onli i$ g(x)

ANSWER:

is in the domain of

is in the domain of

ofte ion

it

f:

. 4

We (Woke the composite of .f g .by .f o g.

Let f and .g be functions defined se follows:

f(x) 2x2 + 2, for each real number x.

for each reel number x less thAn or equal to 1.a )

et is the range of f?

ANSWERC.

The set'of real numbers greater than or equal to 2.

11

Is.there a number x An the domain of f suclz that f(x) % is Jo the

d4main of ..gf

ANSWER:

4110; foi every x in the domain of f, 1(x) 2, and numbers greet-
cw

'er than or equal to 2 are not in the'domain.of g.

+1,

Therefore the composite g a f is not defined in thie case. However

f o,g la defined. What is the domain of f o g?

35'



4.

AMER:

Th* sat of real numbers less than or equal to 1.

Ithat ie I .o g(-3)?.

. .. ..

'ANSiJE11.:

.,f o .f(g(-3)) i 10.

MI! .6mos ...IA. . ....

fr

ONO

A. another.example, .and be' unction* defined-a* followe:

I(X)' X2 7, 3, for each real nUmber. x,

g(x) 4-77, fot6each real number, x greater then or equal to

-4.

What'ia ttie renge of- f?... . .. .. ..... .... ...
A.1.21442

t

The set pf real'uumbere greater than-Or equal to

...

I. there a number x in the .domain bf

the domain of' 7

such that is not in

:ANSWER':

No for every x in the doiain of f, f(x) > -3, and nuaber.

greeter than or equal to -3 are in-the domain of g..j

Ie th..cbepoaite g p I .defined in this .casaT'

...

,ANSWLI14.

Yea.:

6 SETS, RELATIONS AND E'UNOT/ONS
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Vs say find thaa- rule for the cospos

as follows:

4: 9 00:1 " 8(f(x))

for each real nunker x

main of' f we may lifia.

477717T obtaining 40-.

tion g 1.

ANSWER:

(4, 11,i,17)

11; MN,

* Of. -g.d I in.the-iebove example

g(x2.- 3) x - 3.) + 77,
a

the doeiain of ' '1. "thus if 4 'is in the do-

(g 0 f)(4) replecfng x with 4 lo

Thqs the ordered Ais in tbe

- In the lest 'exampli,' is the composite f a g(x) ,defined for everY

iss1 number x?

ANSWER: -

NO; f o g(x) is not 'defined

ars not ilot the domain of g:,

*

- .

-1,Alat is he domain o g?

Now

or x- < -4 since these values of

,

ANSWER:

The set of rial numbers greeter thAn o

qw.

Find the rule for the 'composite o

ANSWER:

(f o F)(x) f(g(x fe$c 7-71.) (

+ 4 - 3

.

+. 1, far each real. *Umber

4)?:-., 3

x in the .ddmain Of

0



fe die

hitet is (f a g.)(5)?*

'en ea VW

ANSWER:.

(f 'o g)(5) c,.f(i(5)) ea)
,x, + 1, (1 o ii)(5) !. 5 + 6.

--
;

What is o i(75)

L.

ANSWER:

: 0". .

wk,

or, since (1 g )(x)'

Vel

is not 'defined ACII -5. is not:in the &Lain f g.

.
What (g o f)(-5)2

V

ANSWEiy. 4
(111. f)(-5)':7 g(f(-5)) g22) 0. IN, .ot, minCe 'o f)(x)

ix + 1, .then (g o f)(-'5 41 ° l(-5)2.t.1 °

(f g) (0)7

A

ANSWER:

(1. 0 8)(0)

4* 1 than

f (g (0) ) 1(2) or, i nce (f o g)(x)
(1 o 4)(0) -b + 1 1 .

. .. we .. ma.

th potion of th coaliosite Of two functions can be made a little

clearer by the following. .Suppose f and g ere functions. If x

is in the domain of g vi can writs 'a 4 g(c) If (s) is in the

domain of f we tan wtite g

:1

ETS, REIVIONS AND FUNCTIONS
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'Illus. x g x) I'l(g(x))'. Kende we'cen regard f o g asthe vault.
. .

of successive niappings".by the functiOns' aud . ;-in,that. ox-.
A ..%

der. ,..

. ANSWER:

AIR

N

'The 'following notaticirn suggestiye. .

.

f 9 a

X, -w g(X)

Do (f o g) (x) -and f (g(x )) denote, the:soar thing?

ANISWER:

Ynx.

th'e identity fUtction On a se.t X1 1*-wg haVe

for every element x in X.

ANSWER:

x.,

Let g be ihe identity function on the set of all real numbers and'

let

2x2 + I, for every real numb r x.

39



ANSWER:_

2x2 +

- -
This ahowe.thet

./

forevery real number
,

for every res

.4P

niimber x.

, I ..... . . . ;N. ... . a.go .. . ...

f
, for every relit number. x.

1

and .

.f 0
(for every reel number x.;

ANSWER:

Therefore g o f f o g . In aeimilar way it can be

seen that-,f f is e function from a set X 0 a set ); and if g

is the identity.lunctionson X then k

ANSWER:

f

*

.similarly ii 0.f if h ii the identity'function.On ,
171-

4.

SETS, RELATIONS AND FUNCTIONS
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AMUR
, I

Y.

jj * reVersibiejunction.

..

ANSWER4' .

The.

reversible fuiction? .

-^+%/2. - 7. ---IMF MO ado

Let f .be 4 reversible function with demain X and

.f is .4 rekver1e: functAon eitn. domain Ind. range'

Then

ANSWEX:

Y X.

then i f(x)t-V. : '.(171 f)(x)

Therefore f1.q f is tho
.

'ANSWER:.

'identity

Nj
f'0 f-k is the Identit'y kunCtion on

function on X.

mot

to.

41
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ANSWER:

Y.

- _ .11If," 464

Let ; t.. be a reversible . funCtion fro' * set X onto sit Y. g

aisch that. either .1 o g.-11s the idea-
is the.id*ntiky function on X, *t4n
L.

ia'any functiOn from 1 -to X

tity funation Y or. & 0 f

g in necesearily. f -1.

For example, sebum* that f o g is ,the identity function on Y. If

(ye x) le'any' ordered pair in g than g(y) x. Mance f(x)

f(g(Y)) M f o sAyY Y. and Ia (a. Y) Ail in f. .cnnvernely,

if Ott y) is in 1, tOen.. f (x) Xut y f o g(y)

f ((y) ) Fiance (y ), y) iv also in f . Since (x, y) and (g(y)
y) ars 9rdered 'pairs en and f is reversible, x

tion&i (y, x) is in g. Therefore (y, x) is in- s if and only if .`
(x y) is in f .. So g rn f

re,

17gIA IMPLICITLY DEFINED FUNCTIONS'.

4.

;
Although' SunctiOns &ring- in anny...nitlitionA; in mathematics-, -they do
--- -

not usually *rise with the precise 'formulation that' we have.asaiumed;
i .e u a sae of ordered pairs. For Gump e, we .sometime* see inch
tete:sante as: the woluar of a cube is a functic, of the length of a.

Adds.. io this statemeni, is tbe function consiating of all

otdered pairs .(e, v) of real:numbera.such that there is a cube with.

I446 of length '21 ancEvolunts 10, We knoir from geometry that

23. So the fufaction k involved here may be:described by:

f (s) N. 3 fok each positiVe real Imbiber s.

Describe .the functlon f implicit in the following 2(Platement, vins

4he dciaain and a rule of correspondince: The area of a circle Aj

V.

function of its -diammter.

-
oin

4 SETS, KELAITONS AND FUNCTIONS
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ANSA:it: -

I consists of all ordered pai (d, a) of real nuPters Buell that

there is circle with 4iáiter d and area a. f may he described

tld
4

each positive reel number.

or

E: d . for leech positive f;az1 number d.

Yin gas ow ONO

Rider to tge above function. Criticize the. statement For the func-

tiou f(d) Is the domain and. a la the range.

,ao

ANSWER:

The function is denoted by f*, not f(d). f(d) dentes the number

paired with.the number:d by the function f. Also d is not the

domain and a la uot Ihe range; d refers to a number in the domain

and a refers.to a number in the range.

- - ------- -- ..
What ii the domain of the above funttiou f

am6 ame

ANSWER:

the set of positive realicmbers.

Suppose 'the locus of a point P. in a plane Is Such that its distance

from A fixed.point A and it, distance a from'A fixed point D

are related by. the equation

rs

.141asiy that a .1s def,ined as futogi!..on of r. Give an explicit de-

-scrrOtIon of the function. 1. implicit in the above description..

-

.4077,

43 .
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ANSWER:

tuefunctipa f is the sot *Call ordered pairs

r sp.4 ars Vasitive numbers and r s

actibpig the iunctioa are:

f(c) 10/r, for each,positive real.number r,

r t:10/r for each positive real nueber t.

, S) such that.

10.. Other ways of' de;...

Most of,thelunotions that we have'discuised so far have bed domaias

which wertriets of real numbers. These functions are oftenreferred
k

to_as "funtioni of bne_reel variable". However', consider the awe,

'car. the-voluie of a cylinder is alunction of-the radius of the

'bass aad of the:hsight. Let,Us see if we cen,determine*ket functiOn

is implicit in this statement. -If,w4 are given the tadiuS, r, of

.thibase of a cylinder sad height, h; then we can determine the

volume., Thus for sadh ordered pair (r h) of pósitive real nUabers

there isa uniqUe positive teal lumber v paired'withAt..T Thus we

have,ditermined g function f .whose dOiminis rhivset of all oiderea-

-.

4. Taire'..(rvh) afpositiye real numbers i and,. h.

'The functi,on f consists of ordered pairi Whose first members-are:
/

and 4hoae second members are

-ANSWER

ordered pairs Of posit v rear nuMbers

positive'real numbers'

alo .
An ordered pair in f would'hsve the tle ((r; h), v). "A lefas cOn-

fusing notation is

(r., h)

we, know that v fr2h.

b))

44 ySETS, RELATIONS AND FUNcTIONS
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ANSWER:

wr2h

lepte

1

Dauallywa do not write both parentheses in f( (r, h) ) but write

simply f (r, h) .

A function whose domain im a set.of oriiered pairs of teal *Webers JP

:often called a "function of two :ieal variplee. :By Analogy a "func-

*. tion' of three real variablet4 Woulg, be -One whose domain is a set of

-

ANSWER:

orderedtriples of real. numbers..

41'

'Describe the function f implicit 4ti the:.fol1OWing3stetement,. giving

the domain and a-rule of correspondence: 'Ilthe volume of a rectangular-

parallelopiped is.a.fu tion.of its.length, Width.- and height.
.

.. . . 7 . .7 . 7 . ....

ANSWER:

. The domain of f s the set of ordeteCtriples *(i, w, h) whet&

w,, and h are t length, width,i ancibeight. of some rectangular'

parallelopiped.. The function May be destribed

(t,-w, h) t:Z' w h, ,for each. ordered.iiiple -(2, w, h) of pos44-
.

tive real'numbersi,, .

,or by:

ele

h) R. w h, oreach ordered triple (R, w, h) of

pOsitive real numbers,

(Have you spetified the domain -in your answer?)

45



REvgai. aria
1. ,Describe the set

..property,Of the. iet.

qme mow . .... . .
.ANSWER:

, 16,: 25} by .giv.ing a crilyinguisbins

The act of positive integers. equal ;to or less than 25.which are per-

fect squares.- (Not : Therexiera other correct'..answers.).
Which of ,the folytwing statemente are true

(a ) he set of natural numbers is a:subeet of the sot Of
. , .

n}C the se of lettero in the word. "integlex".

4/ and. { Idifferept sets.

ANSWER:

(a) and (b) are true.

... oft .. .. .. . .. . .
1.

I. Mow many subsets.of the' set {a, b, c, 'd)' contain exaactly thraa

elemental
.

dal -
-44

4. la the ougiber 5 an element of Cho Set . A x' B if A (2, 5)

. and. B (3, 5, 7}? If 4lot, why?

ANSWER:

No. The elesarn5 of A x are ordered pairs, and 5 Ia not an order-

do pair.

SETS , RE T1ONS nNtTiONS
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5. List i11 the eleaints.ot

(3, 5, 7).. es tn Itas 4.
.-

4s1

ANSWER:

((2, 3)

MIR O.

4s

r

A x B if A

), (2 7), ( , 3

5)- and B

r .

(5t 5) (5", 7))0/

.4 in, "mt.

6. .What.must be true ahou

ANSWER:

They must be the same.set;

lets A and B- it A x B

7. .Lit A.*.. (2, A, B\ .11, 4 5,

all ordered pairs' (x Y, 1 such that t ia
.:. and

(h)

.(c)

(d)

(e)

(f)

(g)

x + y 10.

Listjhe

List ;hi

L'Ast ,.the

Deseribe

elements

elemente

elements

the set.
,

Liet theieleMents

:List the elements

List the elements

of R.

in the'Aamein of

in

R-1

end' R

x A

be ibe vet o

is in. B,

the range Of R.

in words. ,

in

in the domain of R-I.

in the range.af

ANSWER:

(a) - {(4 5), ( 7));

(b).Domain of R (4,. 6).

(c) Range of R .(5,,7).

(d) R 1 is the set of allsordered

B, x is in A, and .x + y.

-(e) ((7, 4), (7, 6), (5;

(1) Domain of 4R-1... 71,

4"5

4
1

0 .3)

4

such that y iv in

47
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.100

8. Let R be the set of all ordered pairs of rttal numbers x, y)
such thaf 3x - 2y in 9. Describe the graph of R.

- AMMER:
rz.A54

The gr h, of R ie the set pf a 1 points on a line. (whose equation is
.

- .
3x 9).

9. Let S - 15, 7, 8, 10) and, R be the Set a' all orde,red pairs
PL, y) such that x is in 5,. y is in S, -an4 x + y 15. De;.

ePribe the' graph of R.

ANSWER:
.

The graph of R consists of just the 'four points whose coordinate
are (10. 5). (5, 10). (7, 8), (8, 7).

. 10. Every 'function is a relation: Is 'it titie that every relation is

function?

ANSWER:

No.

of-

11. Describe the following -Eection completely by giving ita dossain

and * rtae of correspondence: f {(1, 4), (-3, 12), (5, 20),

(7. 28), (9, 36), (11, 44), (13, 52)). .

SETS, RELATIONS AND FUNCTIONS
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ANSWER:-

TUsidomain of f is the.set of positive o4d integers less than ,15:

The-rule is "pair with each x in the domain df f 'the eilement

4'. x".

Let f 'be tile function defined by:v

f(0) 20 -.1, for each i9teger: m.

(a) What is"the -doma4n of f?
0. - .

(b) What .is the range of f?

ANSWER:

(a) The sat of integers.

(b) The set of odd integers.

Let' 1 ,be function-defined by: '

fior all real numbersf(x) 7 .x2 + 7, XI

.11. NO

(a) Wh1te4a the range of i?

.(b) Is thii a function onto the set of real numbers?

ANS ER:

(0) The rMne of I its the set Oi

. (b) po.

-- - - - -- -

real numbers > 7.:

4.11 114. we,

. 14. -The functions f and g are definfd ae followe:

f(x) 42 - 3, tor each real number x.

Ait*1 ./x eadi real number *

-(a) Wheels the kange.of 17

(b), What domain-of f 0 g?

(c) What"ie' 1(1/2)?

;yr

a



(d) What is S(1/2)?
e) Find the rule fot (f 0 g)
(1') What is (Co g)(-2)?

U.

)

'ANSWER:,

(a) The range of
equal.to

,(b) The domain'of f o
(c) f(1/2), -11/4

Aba vet of sLl real nuMbers greater than or

.is the s t'o all -real. num6ers

(d) _4(1/2) u.i 1
,

: 4

. (a) (f s)(x) "' 2x 2, felt' .each real number x > 1 2

- (1) (-2) is.not in the domain of g,.nor of f ög, .' so (f g)

(-2.). is not defined.

15. Le f be the functipn defined by:
2s + 3, for all real numbers x.

Find a function g such that .1. o g la the identity function.

-
ANSWER:

--- -- - - -- -
41

. - 3is Altiefunction such that g(x) or a 1-real numbers

x. Therule for can be. found as follows:

Sines we want (f o g)(x) x

than f(g(s))
or 2 !/(x):1- 3 in

g(x) for all real'n era x.

If, f is a function, then 1 is a felation

favjlytrus hat f -1 is.also i function?

'

:SeETS, RELATIONS AND FUNCTICINS
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ANSWEtk".

No.

A

17, Let f and g, be functions defined by:

f(x) 3x - 1, for each real number x.

g(x) w X2 - 4 for each real number. x.
.

(a) Is f a function?

(b) Is CI a function?

(c) Find the rule- for.. f -1,.

(d) Compiste (f o ,f )..(5)

ANSWER:

(a) Yea

(h) No

(c) f- 25-1r1
"

for each teal number x.3
(ea (f o f-1)(5) 5:- A

I.

A MA.40 ghim A A

18.. Doscribi the function f implicit in the followihg statement,
giving the goakain .and a rule of correspondence: The area of tri-
angle iea function of ite base and height.

ANSWER:

MI! ONO .

The domain,of f As thejlet oY ordered pairs (b, h) where b

b iire the base 'and Vukight of some triangle. The function may ,lie de-.
scribed by f.(b., h) 1/2b b., .for each ordered f)air (b, h) of

and

positive teal nuMbers.
.

,

\

9.... ;Lat., X .Y :the. set ;of .all ieal numbera. Let R be the re-
lation.between .` 4hd.- Y. consistiug of all ordered pairs (x, y) in

r

p.

51
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i
X Y such that x > .2r y + 1.

is ct?
.(4) R-1 jj the _Set' of

that 3 + /.
(b) 0-1 is this aet pf

that

(c) R-I is

....\

Which of the ful1oju i (are).cor-.

all ordered pairs (x.y)

(Yrall ordered Pairs

X x ucti

in such

> 2y +.1. .
he set iof ail ordered pairs (y, x) in Y ')c X, such.-

that 3x g ly,+ 1.

ANSWER:

(b). i iorrec la) and (c).,a.re 'not correct. (Rsseember that (y, X)

is in if and only if )(x y). iw in R).

L

"me

O 2D. Let U be the. fniiction defined by:.

f 3x2 + 2; for all 'real niumbers x.

; Is the followin# a .correct 'way of find

f(3(2)2, cm 2)
'4 ..

ANSWER:

4.

No. The, result ie correct., f (2) 14. However, the f

second and third expressions should te-axiteed.. A correct

f(2) 3(2)2 + 2 ".12 + 2 -2. 14.

fn the
ersion. is:

(Note: This kind of- error was madd by many students in an experimentlie.
al version of this 'course.)

" 7,""re

4

.i,
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II, ALGEMA OF REAL MOMS

INTkODOCTION

Ths foundation upon which most-of.the mathematicadm high school

algebra,and elemaentary Calculus coursesis bamed is the'real'number

:system. A.great deal of the work'done In high schodl algibrajs de-.,
wigne4 to give the student basic manipuletive skills in working with

'real numbers.', The etude= is given a set of rules, or principles
.

by which he leirns to iolve equationsfactor algebraic espressiens,'

etc.. . These skills are.importinto: and ths student will not go,very.

far in mathematics without themet stUdents.neid to gain more than

this from their study of mathsmatice.. Anothr goal of theteacher of

mathematics should be mhelp,students learn sOmething about logical
. , .

reasoning, and p4ecieion of thought. It Setraditionalto teach the

geametry cOurse in the high school in a *way that emphasizesthe

logical.structure of geometry, but this approach has been natal/1y

absent'from courses in algebra.- 1Veryons knows that one proves

theoremS in geometry but often comee4as a Surprise, even to teach7

ers of mathematics, that the same can he:trUe of algebra. The alge-,
V 4

.bra of the.real numbers is'lust as well suited to study as a logical..

)wiem is is piano geometry:

In this7unit many of the usUal.rules and.Principlee forworking with

,.'realinsabwrs will'be presented." Ilowever, theie will be-given in a

way that emphasizes the logical dependency ofAome of these rules

upon others. Me will Chodee a few of these rules ar properties as

basic assuniptions or postelates. We will then derive the.other pro

vertigo dm theorems. Proofs'of moirof these theorems will be re-

quired. At firet the proofs Will he'outlined,for.you end you?will

"b.



only have tcupplY.a few migsine steps or reasons. Later yoe will

beemked to disapver prooimfOr yourself* ofteo with hints to guide.

d

'We will try tà emphailzeprecisensse in the stating. of definitions.,

and.thsoreie-. It'often requires a graet deal of care to-eneure that-.

statement says preciselytat you want it to'sray..- It perbaps.seems,

too obvious to say,'"bUt-it canoOt he stressed tooouCh that you du

uot hope to conetroct alirouf for a'statement unless yo4. understand..

.what.the statement she id the MeihingSf all terms. to ihe etata-
. .

sent.

OFERATfONS -

..

We often spea k-of the operaWne of addition, multiplicalion, mod so

forth.. Whatis an operation?. To answer this we first ohserve.thst

the óparstion additioh provides us ettka:rule whereby we assign to 4

pviry pair (x, y) of reel numbers some other number:. Thus, by

addition we assign to the pair (2 3) -the sum of the members of

-.the pair, 1..6., the number. 5. Sinilirly,subtraction assigns the pair.

(2, 3) to the :limber and multiplicatioO essigns-thivSams-pair
-7r-

to the-number

--- - -

ANSWER:

-1

6.

or

The usual notesion 4e6e following:

4,e

2 4.

2 ,

2

3

3

3

-0

5

12 3 2 ihe order in w

'44StegiVen is lismateriil dtos
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sultiplidation. Is this order tePOrtant for subtraction Why or
mby 0440-

ANSWIW,

14s, 2 -3 1 but. 3 7 2 1.. to the result depends upon

the thder.of the sesbers of the given pair..

.ally 010' NI* 41.1.

ebt Odd.-

%

W44.10auld 11 e'subtraction to he-en, example of aã Operation..Ighich
:

seans'thfit the definitionetuat taks intoeccount the (*dor of the
. .

weber" of a pair upon,uhich 'the operation to act.: Misleads 1,1.2

to eonsider:orderedpeirs., You are already familiar laith Ordered,

pairs fro* Unit I.

Let usjigain conSiOr Cho:Intensive:

2, 4 .3

2 4:: -1

2 3 6

InTeach.of this, exAmpIestha'aPeratianesaigna tbs.:ordered pelt.
.

(2, '3) to 4 uniqua,nvp,er. Using function:notationt.this etn:bi

eXhibited ii,f011owsl.

,(2, 3) -14

,(2 .))

N

ANSWEIO

5

-1

4

4

'1
The above diScussion WO us to mike thia fallout% definition.

DEFINITION 2 1 : A (binary) oporstion on a set S is a correspon7



,denCA which 'aesigns esch ordered pair o lements u1 thy .eet .S -to

4 unique element of.some set.

14 other words, an opsration on- S whoie domain is the

of elements of' S. (Rwcareful.)

ANSWER:

*function'

'set:of ordered pairs.

... :gm .

.Recall from Unit I that the set of all ordered pairs of Aliments of

S is called the and la denoted by ex

ANSWER:

Cartesian product of S with S.

:The operation of addition of,real nuMberS is,.a.function o Val
variables" Otceuse its domain is 41/t4'of of

ANSWER:

,orderest.pairs
. .

rea1numbers.
. _ .

4.1

DEFINITION 2.2: q operation "o" assigns each ordered peir of

elements of S (Lei, each element of S x 0 to an' element in

we say "o" iv a Closed operation on the set S.

In'other words, a closed operation on a set S is a Tunction from

to.
*

des,



ASSWER:

S S

S.

./f we add tWo poSitive intogersi is the sue011wevs. a positive integer?

ANSWER:

Yes.

Since idditlon assigns each ordered pair of positive intagersrtO a

positive integer; we can aay that adrion is a binary operation

on tile set ;;:if poiitive integers.

-.00

ANSWER:

closed

A

Is subtraction a closed operation on-the eet of positive a agars?

_ - ----

-.7

aim

4
444

ANSWER:

10; for example, 2.mnd 7 ars Positive lute rs, but

# and -5 is not a positive inceger.

f.
A closed operatiop on a set is a-function W

ow?

as migag

ANiWER:

a subaft of.(orfis contained in ) the given set.

t.
.57
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SVPos
b . in S,

la a closed -operation on ei mei S. .Thin for each:
where c is in S.

the operation "o" were not closed. wilat part of the above state-

mint would he different?

.... .. ... ... .. .7

ANSWkii:

c would not. necessarily he in S.

Since "o" Is function, if ye are given (a, h) we know that the

4 lement c peired with it is .uniqualy.determinad.. Th it alio true.

that if c la known, (a, h). le uniquely detereined?

- .. ... . . - . .. opt 4.4 ono

ANSWER:

No.

.....

. .

:e

For example, if .a,o c o" is the addition operation .

on the- set S of 'positive integers, then (I, ) ar4 (32

ere differenCorderia pairs' Which rrespond to t 5.
. .

fan ... .. .. 11, ow .4 . ...

This example shows that the addition operition On the set S of

positive ntegOrs is not a(n) . function .from S S to S.

.
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'ANSWER:

reversible

- .111, 4

.)lefore proceeding furthet we should make some r 'rkp about the mean;

ing of the. equals vign. In this cOurse WI Will se the symbol No"

tO mean "is"-or "is ihp same se". Thusi-when applied to reainum-.7

hers, the statement a b meaturthat.the real number represented

'by a is the same au the real number represented by b.

.Thiee important.consequencespf-this definition of equality are list--

ed.beles. 'We Will,itate these properties for equa ity of real num;

beta.

l. if

2. if

then b

is a

a.

. , .

real numbari.then at. a..%
I%

real number and b 4s a real number and a

3: , If each:of -a, b, and

b c,- tfien ,A c.

la d.real number arlif

Property 3 above is just the,usual substitution rule for equality.

210
We'will use these basic properties of equality in proofs witbout

mentioningithem eiplicity.- It woUld be unnecesearily.te4ious, td have

to-state them:as reasons, each tine we ,wished'to xeplace a symbol for

: u.number by a different aombol for-the samenumber, i.e., :Ito,sub-

ititute1oue quantity for an equal quantity". ALcasiodelly, for:the
1.

.

sake of ,clarity we will. give "subutituition" as a eason when one or

more of t1ée propertiee of equality are used.
_ .

sl Two other familiar prepertlearelite qality of real ntasbers to the
-

.operations of addition and mUltipliCation.

i. If aquaia ate added to equals, the sums zre equal. Thu , if a,

b, g, and d are real numbera and if a b. and c them

a +.c

If equals are multipued by equals, the products are.equale.

ThUs, If .S,.b, gn4 d arp teal numbers.end if

59'



b

These propertiea follaw from-thm meani

tioa that addition and.Multiplicatiba,

Song (fUnetions). s, b., c,, and

, 17

Of equality and the aesump=

11

respectiely; are binary oper

d are real numbers mud

a a b _and .e 7 d. then (a, c) a (b, d); that4s, (a,:c)

ends (b,.d) art different name* for the same'ordired pair of ilum-

bars. The operation of addition associates .(a, c) with the Teal

number :a + c d): with the real.number

a.

ANSWER:

- b + d.-
,./

We knoW aince addition isu functionthat the ordered pair- (a, c)

d) 'is amoociated with only.oOe nUmber.

!Therefore,' + c a b + d.

A:simil r argument would establish the above mUltiplicat on propertY.

We will-4tnerally use thaseproperties, a proofawiapout exPlictar.

litin .them ag.reasotis

:PROPERTIES Of MAI.,\NUMBER OPERATIONS

Iu this se' tion We Alkill pick out gjew of:.the hasic prdp6FiiEvorthe
.

real number operations additionund mUltiplication. These baSic pro-

perties wiii-be assume es.poifulatea. fdr ths real number system.. ln

;ster gections We wiLt deriN;k other ptioppsties.opthe basispf.tha

assumed postulates. le careful to note tifatthe postulatis,are.beaic ?.

assumptions and that we-make no-attempt to give proofs .for.themi.- YOu

maylleel. that some of the propertits-'whiCh we will proves.it -theorems

are just as basic as some of the postulates, Thtp may be true.

There is tyays some arbitrarinesi in the selection.of the properties

which will.betaken gs postulates. However, we will-thoc:se a set of

60, ALGEBRAAW REAL NUMBERS
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posiulatea which-does not have needlsas duOlication.and whiCh will

veveitia fairly. easy.de;relopment Of all thefmost important propev-

tiee.Of real number addition and multiplication'.

We will no4 discUsl these properties informally before stating them'

as postulates.

THE-C HOMUTATIVE PROPERTY: For real numbers a,"b, and c, if we

luuNo that (a, b) c then it follows th t' (b. a)

AN4qW4.11:\ !.

t17 .77-72\)
Are there eimilai title statements-for. any.of the:bthe three opera-

tions on reat nlimbers, subtraction, multiplication, and division?

If so tite 'tbase$,

C.

ow .

ANS1431. :

There ls,a similar statement for mu tiplication. For real numbers

i, and c, if (a, h ) -- c, then (b; a)

A counter-example,which demonstrates that 0 stateMent similar io the
'

above is not true for spbtraction iithe following:N.(2, 7) -5

and (7 2) 5. Division-At ailtu have this property.
. .

,

,Tbaforagoing.property,which Ix possessed by addition and-multipli

cation, is called the Oemmutetive'property. The c utative_propercy .

.,

for.addition state0.that. "a + b h. + a, for. all : teal numbersl a
V.

. .

THE ASSOCIATIVE PROPERTY: Addition has been assumed to be a 1.3.1narv

operation. This miens addition is 0:3:operation whose domain is a
y

set of

61



ordered pairs of element* (real numbers).
.

HoW could you .indicate the mum of the three nuiberaf 2, *5., and

keeping, in mind that eddiinn. is A' binarV op ation?

ANSWkk: (2 F 5) + 3ot 2 + + 3).

TO clarify the meaning of (2 + + 3 ija f.unctiou netatihn.

(2, 5), -to 2 + 5

(2 + 5, '3) -1.4., (2 + 5) + i

From our experience we know. that (2 4.5) + 3 w 2 + (5 + -3) . The ;

dlff evince. betWee n. the two expresslona .ii only in the Choice of the

pair .to be actiltd first.* The property involved here, -which.ii.callid

. .
the asuociatiVi property of .addition, can be ciliated as followai

1
ForoLany real numbers a, b. and -c, (a + h) + c in a +. (b +. c) .

Netts thAi the order of the terms is not Changed.

Because .4,the aasociative exoperty of additiOn. there. ig AO ambiSuity

in writati 4 +: V + c without parenthesfis. Then, by dainitpn,

4 + b + c (e + b).+ c.

HoW coUld You siiiIailY saiise meanies to a t.+ d, for
. .

rig). numbers .4, b,..t g and: 0
A.

ANSWER;
4-04 +b+c+ d

Amp

(a.+ b + c) f d, where a + b + c

There are other correct anawtrs, e.S., (a 4 b) + (c d).

By an eaten* n of this idea, the sum of. .any fitlite* sequence. of num-

bora can be dfin.d. The associative property of *addition coUld.-be

62 ALGEBRA OF "REAL NUMBERS .
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used to shae-that the grouping of the numbers in a sequence does mit

.affect Cloven.' of the numbers in the sequence. For example, for the

sequence (a, b. c, 0) we have

((is 4 h) 4. c) + d (a + b) + (c + d) + (b + (c -1(d))

(a + (b + c)) + 0 a + ((b + c) +

Give a statement of thebassociative property for .each of the other

three basic real number operationa for which the property is valid..

"

ANSWER;

The property ta...not Valid 10

,cation.it can be statid:

For any real numbers a,. b, ati4 (al 0 b) c a (b c).

subtraction or divisto#: 4For multipli7

00 on .... .. .
THE .DISTRIBUTIVE'PROP TY: We will now tura our attention to a pro-
party which relates addition. and multiplication. When you write

3* + Sx 8x yduimake use 'of this property although many peoples)

do so without recognizing it: '3* + Sx ow (3 + 5) x ax.

Is it true for all reaI numbers a, b, and c that (b + c)a.

(b a) + (c a)?

ANSWER:

Yes.

..;"`
on,

Is it also true.that. a(b + c) b) + (a ) for all real

nuabers a, 0, and c?

ANSWER:

Yes.
a .

O.. .1.



Other'statemente similar in fOrm to Ihe one'
. .

foliowingt

(l) e(b c)

(2). (b c)a

(3) a. + c)

(4) OA! ek f

(a.,* c)

b ' a) (c a)
)

(a. + c):

(b. * + (c

ivies* above in ude the

ihich, of the above:statekants are. true, for 4W,, rea numbers a,

.ahd o?'

... . 414

ANSWP:

1. 2. Statemant.14 Is mianingl as if a

a # V.

- ..
i

".Th two:propertiei,-eqb + c) (a )4. +,.(41,4..c).and + c)s

. (6 a). + (c .foOkli.regloOlbers b, and e- are, ordinarily'

combined and called the LiitritaatairopsipLy74.24.4.441,sesion.iyer

.14

hitt it ie -true if

addition:-

Many texts in high echool algebra will gay. that for a real number
'

X* la + 'Sx is "combining like terms" and give no indAstion

that the distribu iVe property is involved. Similarly,lin writiti

expressions like jay no oention is made of the associative property

of multiplication. 'This is-mven done In some boOks which art careful,

use.the distributive andassoCiative properties in other sina-

tims, and here it can be a real source-of confusion for the stollen

He is. likely to get the idea that the distributive,property aiI
.bidAng like terms" are uirelated ideas.

Consider the following discuadion *cited from a well known hi h

school Algebra r text.

"yieu will retell-that in arithmetic you can add 5 pencils" to 2 pen-
'tile and obtain 7 pencils as the sum,-because ?Ou are coiblning two
'groupeof like. things. Similarly, in algebra we can pad thi term-.

5x to the term-2x and'obtain 7' as the sum 'mist- le, 5x + 2x.
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A

7x -7a because we sre.mombinigg two like terms. Like terms are-those
whiMh hart the same literal factors.. ,Thus 4y and 93/ lire like' terms;
gond s are tda and ..stb.

4 '

ow that 'we nannot add 6 poncils to 3.. hoary and 'obtain a tots].
of pencils or s total of hours' beCause theie are two groups of 'unlike
. things. 'Similarly., ,we cannot add 6x and, 3n (except tolindicate
ths sum as 6x .+ 3n), becalm" these, are sunlike, 'termite Unlike erms
do BRA h.ave .the ease literkl factors. Thus 4c, 5a, 5y; x, X , end

' 'ay are all unlike ..terma." =

w,. .

The .above paragraphe:erdt ill4Witrate4 lis follows.
. . . 1 ..

de .1'3 nails and: 4,n`Srils make a total -of 7 nails. 30 + 4n ei 7n. Like .
terse. can be combined." ...

e T I. ' 7
..

lieneath a' picture* of 3 bricks end 4 nails is the.caption: "All .I
tcan *ay here is 3 bricks and 4 ziails. 3b + 4n, Unlike terma cannot

"

. ,

.
.

It:is,diffioult to Usk ne a more ilieleading discussiOn of a basii

algabraic , property then t hat quoted
r

above. _ If...there is anything

that.:should be Made perfectly, clear to a.student moncernini"additicin,

it is that we add numbers, not Pentlla Or hours or nails or bricifs.
When we.write an expreSeion in alghra like 3b + 4n it is :almost
alweyeWitC the undersianding that the letters b -1011 n are *used

to stand for pumtre, not bricks 'and nailst To saY that we can add
3n + 4n bpt &not add lb.+ 4n is utter _nonaense and" cannot help*
but boa.misleading

,

to the student. If b Anil. ii 'Stand for Ili:tars
. then we can tirta1nI9 add .3b +.4n as welii. as 3n +'4n.' What is' .-ssr ,tiue, 'of course, is thd the distributive-, propertY con be applied to

3n, + 4u to gei 3n + 4n * + 4)n 4 ..704while't'...e distributive.
.. _

piqpkty ,daes 'tot apply in the. sole Way .to 3b + 4n .unless b in ii

You cay fai4 that _the commutative sad_ associstivi properties of ad
. dition 'and ltiplicatian!aad the distributift.property are irtruf-

tively 'Ova. 'Cour: feeling tan pirhaP4-7,bsi
1s involvid are positivm idtgerk on.the:

' Mons. Hi:mover, you might try to formplats.

jusitif ied., --when -the num-

bM*itnf Counting no-
in yoUr mind .reasons why

:

Vo5

4*.



I

'the folloWing statiminte should be intuitively obviouer

ta.): bri

of' + 3) 4I. 3..
,

:IDENTITY

C.

S: The number zero behaves in a special way'relative

to the addi iou operation. Thus, if a is any real numbel- then We
v

.ElioW Chat fur the ordered pairs (a, .0) and (0, a) we have

(a, 0) --*

(0,4) -.±-m .

- --
ANSWEV:

.a

a

U. kallzero.the,identitv element for Ad ittan or the odd:ItiVe iden7

titV element. The identity property.for addition is.given io the:.

following statement.

at,

There is a real 'number, 0, such that a* 6 '0 a a. for .

.

each xeal number a.

. .

Thtia itatement will ke '64e of 2o* poqulates for the real number'sYs7
. . .

. .

tem. -The ,numb (salso ':.ehaves in a. special way'relativto.the

multiplication ope ation. ,Thum. a.; 0 sm. 0 A 4-,W lot' eaCh real
s

.

,d4mber *, U. wilt not tako this statei*hi as4Sne of 'our postulates

.Litçan be 'proved easily fyptethe other-post ies which we will

iseume. -.-

..

Theie is also an dentity elembnt for multiplkcat&on. Using the ,

identitY pr9perty fur addition as'itated'above miles gulde,statithe.

. Identity proppityi- for tau4fplication. z ,
, lIP

7
Le ft. ft ,ft.. ...4400.".

.

7T-11000)---
st

There is a 'real number, 1, such that a

.
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Tbla proOrty vill also be one of our poetufstia. We will add to

this property. Oka asaumption that I # 0. This is done for a tech-

iical reason which we will net go into here..

INURSE XL S . Each of the Operations, addition and multi lice-.

tiv, salaam to.any given real number many orderadlopaira. For ex-
4

'ample, (2, 5), (1.75, 3.25), and (7/11, 6 4/11) are all assign-
'h.

e4,to 7 by the operseion.

-

'ANSWER:

additidn

(''

Consider the.pairs which'ilre assigned to 0, the 'Wait vs kdentity;

by -,the edditiodoperation.. If 4 isthe firatmemhar'of such a nair,

the 4aCQUd sember-oUthe pair iq .

dm dm --- - -- Md

ANSWFU

-4. ,

-.If- tha first member of the pair assigned to 0 by addition is-fi,"
f"---

.than the a.cdnd membay is ---. st
..

...----

ANSWER:

i.

..... 1 ... .0 e. .1
'

Vh.:Xla pa r of real' num4erai (a, b) , 'it as.14'ned t'cl. 0 by'additio
.

.

e. . .

-.

:we call b the additive inverse-cif a'. and a the.additiveAdverse

of b. Since (4,..4) 0, -4 is called tie additi6e inverse of

e



. and 4 is Called the additive inverse

ANSWgii:

4,

4

z
1m dm ---- ..... .

The numbers ordinir ly used in elementery arithmetic are the positiii
/

integers, (ow netUral numberm) . When the negapve integers arefiret
4 I.

tat

introduced in!a gebra it is assu thmed at for each positive integer

n there is en eger ,-n with the property that n + (-n) Q.

n is then called a negative integer. It is unfortunete that in

Huy high school ingebra" texts 41e:introduction of the negative in-
t

toilers is accompanied by 0, statement ltke the following': "A negative

number is number which has a minus sign attached."
,

What the author means-of course is that if a minus s gn to "attached" I,

to one of-the numbers ot elementary arithmetic, 1.e., one of the vote-

hive integers, then a negative number obtained. However, ff a

minus,ii n is "atts9hed" fo a neiitive number, then 'positive number
,

is 4btained. Thue, for ',temple, if a represents the real nueber

wht*Nis a solution of the *Oat* x3 -2, and if we "attaeh"

a min40 sign.to a, then we obtain a positive number.

-The priary use of the. iinus sign is to. indicite the ddittve in-:

verse of\a nulber, and tater.to,indicate'sUbtractfon. I . d t
. .

,

a number.:,then a denotei the number vhieh is the idditive inverse
4 1 4

of a. 81 carefnl u4t to think of "-e" as a symbol for a negative

een be pbaitive, negat vs, or zero, depending. upon the
.

.

7111\- num0er.

.numbet

The inveree property of addition of real numbers can beevatea.-se

follow E'er each real number e there Masts a real nueber., de: -
.,

iignated such thet a + (-a) le (-0) + ().'

OOP

..
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Ihe correaponding special pairs undir multiplication would he those

.which are aasigned to

1 (the multiplicative identity

An example of .ame suCh pair is ( , 4).

ANSWER:

1/k

7

I

Is it true for Al real nUMhers a that (1)a, a) -74,1?

4

4N5WER:

No, it i. not true for a 0.

Rut ..for -each twin-zero real number

1.

ia true that (1/a, a)

We will uaually repreaent Ihe multiplicative'inverse of a hy..the

, aymb.ol "a I!' inmiteaci of "1/a.1

kakulaie A statement a thei:inversia property of multiplication of

12.N rael numbers (recallifis that 0. has_no mulitiplicat6e inverse).
,

ANSWER:5

F

For each real nuMhir a, d # -0, there exiats real nui6r, de-

aignited by a I, such.that ,a a 1

. dip not Ufficieni to Ipty Just "a .

41. j, (Not.e'that

* a- You mutat'

a'



4aomv

add

a

We art no%\ ready to state the proportion we have ais ussed as postu-.
latest for thof real number system This list of postulates contains

threa seta of properties:

(1) 'properties Racal-nips addition,

(2) properties concer g multiplication, and

(3) a property concerning both addition and iultiplication.

These propertisi are callad the field oropertieht of, the real number

system.,

WO essullie that' we Nave a set R called the number set upon

'which/are defined two cloeed binary operstionett addition ea'aulti-

plication, having the following propertt-se:

Nimee of the Properties

AssoCiative

Addislion P4rovvr ties

A s 'For all. a, b, c in R; (11 + b). c - a + (b fr c).
a ,

Multiplication Properties

!ea ':' For all.., bil'e in

Commutative

Ac' : For all i b in it, a + b b + a.

M For all a, b II, a b b a.
loc.

Identity

A' R contains an element 0 such that a + 0 0 + a a

for all a in R.

Mid a 'contains an element. -1

164 . for all a in R.

b) c a (b

Inverse .

A s For each In' It there exists -a in R 'such If.hai
in .+ (-a) -a + a 0.

0 such thiat a I

M4. : "Fos ath in it, a f 0, there exists 'a-.1 in such
ehat a ' a-1 1 a' 1.
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P.
Addition apd Mu tiplication

'Distributive:

D : For ail a, b, c in R, a e (b * c)
and (b + c) a .a).+ .(c a`A

b) + (s c

Note: A.shorthand notation has been introdUced for the above pro-

perties and will be used in the remainder of the course. For ex-

ample, 4,a diraignates the dommutative property for addi lc% kin

designates-the inverse property vf-multiplicatibn while. D dtsi-

nates the distributive property of mUltipliation Over additiok.

Note cerefully the similarity of the'properties

Aid' Mi4;-4114 Ale
M.

FIELD'THEOREW FOR'THE REAL NUMBER SYSTEM

M Aci Mc ;
a.

Having .chasen the set of postulates we Wili'now begin to...prove- .

theoreme giving additional propertiee of the real number cystem. .Aa

has been previóssIy noted, most of the ppoperties will.be well known

to you, end you may feel it.is unnecesaery to, provetheae.as theo=e

ems, but yoou should recall that.our purpose in this unit.le to ex-

amine the.basic atructuri underlying theee Well-known proPertieS.
. .

This is best accomplished by examiniAg the'logical dependence of the .

properties upon one another._ In carrying tut pow propfs we Iliat

be careful to sse unly tile postulates we have load gown, together. ;
A

with the theorems which we will have alreadY proved.

P

THEOREM 2.1a: If a, b, and x are real numbers and a + ;s

b + s, then a b.

Starting with 010 hypothesis .41,+ x 7 b + x waccan add to

-a + x eixd b.+ X to axrive at the eqtality of a and b) f

ANSWgH:

-x a

Jim
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We will writs thielwoof in a form _that is often used for proofs in,

high scbool geometry. Give the symbeiller the property applying-to.

seeps 4, 5,.and.6.

PROOF:

I. a + x b + x

2. -"X., faxilite

-'"4, (a + x) + Cb '+ -

.4

qt.

4. (a -+ + -x) a .+

5.

6,

Sim larli

7.. + x) + (-P) b

a b

x + (-x)

ANS%41t:

4. A
a

5. A
in

6, A,
id

1. Hypothesis

2, 1.tiri.

. Note: At this,point, in.-
rhe prdof the author-.
ity, "If quals ilia.-
added,to eqtials, .the

,smma are equal". could'
bet sUpplied; but, AM
ciao previously explein-,
ed; wp will ordinarily
maks use of'ihiS prop-
erty without. cOmment.

4.

5.

6.

4

"IP

V

ft.

Inispe.above proof, the itatements ,(4), 65), and (6) ihould'be

thouglyt 4g.44 4 'series of. equal expressions which could be written

aslfollows: (a + x) + (x) a. + Ix ,4 (-1(4) a + 0

In writing proofs, the format.; which.lists steps iip4&e column and

reasOns in an adjacent,column, permits one.to see At a glaitce 'just

whim steps are used in the proof. Howevertiene:. lulus soma experi-

ence ia constructing.proofs may prefer to jitekhe proof in pare-
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3

graph oro 6 The iiportant th4n g. is that a proof should consist of.a

sequence of itatements Which will-conVi the-reader thet.the conclu-

mien of thc theorem 44 a. logical conseguen e of the hypothesis of the

theorem an;Uof the postUlitaswhich have been assOmed. A proof of

Theorem 740 is given:in para raph form below.

By.hYpotheaisp a +4 b 1. Proper.ty A, tells us'that x has,
Ak.

an,additive I4iverse If equals axe added Prequals the sums 'are'

eqUal, therefOr a + x),+ (-x) is equal.to (b + x) + (-x). Using

Che*.prhperty A
a
we s e that'ibe statement (a 4-'1(), +

. . .

x)'.+ .(7a) ',implies that a + tx + (-4)1 b-t7LX + (-x)1. BY.

\property Ain, an+ (-x) Op lience + 0 b.+ Then a
44'

b, by property Aid.
.4.

TUkOREM 7.lb: If. a, b., and x are real maibetalrnd x + a

-x + b, then b.

PROOF: Let x + a x + b. Then by Ac we have a + x b + xp,
PI

and by.Theorem 2.la, we know a a b. .

This proof is a good illustration of how a statement can. be proved'
.

by relating it to a previously proved theorem. .

,.

The property vf real numbers given-in Theorems 2.1a and Z.lb is often

call the canc4latiortpropeity for addition. We^will combine these

46C
-.

two the 51. erp in the following single theorem.

THEOREM 2..1: If a, b, and x are.oreal numbers and either a + x

b + x or x + 'a * + b, then a b.,

State the enalogue frmultip1icationofTheorea 2.la.

ANSWER:

THEOREK 7.2a: If a, b, and z are real number 'with x 0,*

and if a x b x, then a i b.

-
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Not& that the condition "x 0 0" is necessary in the statement of

Theorem 2.2a. For xample,. 2 o 0 3 4 0, but 2 0, 3. Look

'again at the proof of Theorem 2.1a. Each of the bast; properties

used-Am reesons'in that proof oncerned.with a4dition.and each .

ham an analogue for mu1,tiplitation.'\In-which Of the muitiplication..,

propertiei does the condition x 0 "0 arise?

-

ANSWER:

in

ikt

:Thum a real number i is amsumed to have a(n)
, Otkly if .x 0 0.

"ANSWER:

multiplicative inverse

eek or -- ----- -- ow a* am low ma amoi NE.

I.

Give a complete proof of TheoreM 2.2a (using the.proof of Theorem

2.1a for hints, if necessary.) Try to use the same format.used in

proving Theorem 2.1a.
e

1.. a x b lc 1. Hypothesis

4
:...

,.

ANSWER:

..4.41,

2. -x 0 0,

x
x-I

.

bmi
exists

1. Hypothesis

2. 'Hypothesis and Min

3. (a )c x-I . (b x) x-I

4i. (a
,

4it.

x) , x-I a (x

a 1

x-I) '41.. M
a

4ii. M
in

4iii. . a 4iii. M
id

Similarly

51 (b x) x-I

6. a
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Note: Wuss the conventional three dotal, .. ,-to represent the

word,"theretore"

YOU may have wtttten the part of the proof conta ned in steps 34 ae

followa:

(3) (a x) x I lb x

...(4) a (x x '1) b (x x'I)'

(5) a 1 b 1

0.Y a *b M
id

This proof ix also correct but you'ehould be careful to note-exact y

how the reasoning,progreseem from itep to step. For eXimple, a more

complete description of the reasOning involved in going from step 3

to step 4 is as follows: By Property M, we know.that (a x)
a

x'l X (x X altd (b 4'x) x:I b (x x-I). Since,
. t

etep 3, (a x) x-I (b x) k .we conclude that

a (x a 1) b o'(x x

In writing A proof of your own, or in reading a proof, you should al-.

ways be careful to note exactly hoW the re asoning proceeds. The

proof format that is used should be.choaen to make.as clear as pos-
.

. .

sible the reasoning involved. There is a proof format often used by'

students which tends to hide the logic Involved in the-proof. .We

will illustrate this format with a very simple axampleb

EXAMPLE: Prove that if a amd b are real numbers and

0, then (-a) + (-b) 0 O.

PROOF:

(-a) + -b) . 0

a + I(-a) (-b)] a + 0

a + 1(-11) + (-17)1 a

[1 (-a)] + (-b) a

0 + (-b) a

-b a

-b) + b a +-b

,

A
id

A
in

A
id
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'The proot as given is very misleading. On thei aurface it appears

that one is assuming that (-a) + (-b) 0 -and is proving that

0 0. This is, df course, nonsense. We already know that
--

0 0, and we are trying to prove that (-a) + (-b) - 0: The
correct argument above ieto argue With the given _steps in reverse

order. A much better way of writing' the above proof is as follows:

Hypothesisb

2. a) + (a + b)

3. + (a + b)

4. [(-a) + a] + b

5. 0 + b

b.

8. 0

-a

-a

(-a) + (-b)

(-a) + (-1:1Z

0

Aid

A
a

Ain

Aid

Ain

Hare the argument proceeds step by step f-rom the hypothesis (that
- which is given) to the conclusion (that which is to be proved).

One other comment about reasoning.used in proofs. It is bad to 'de-

velop the hahi otregarding multiplication as a form of .addition,

au, for example, when' we say that "5 8 40 means that when we
.;\

'add five 8's we obtain 40." While this is intuitively correct when
one of the factors is a positive interger, regarding multiylicatron
in this way leads to such absurdities as "VT 13. means that

/11when we add many. /Ps, we obtain 6.

THEOREM 2.2b: If b, and x are real numbers with' x 0 and
a x b, the% -1*--

ve Theorem 2.2b. Use the proof of Theorem 2.1b as a guide.

ANSWER:

Let x X x b." Then by Mc we have a x b x. S n

lb ALGEBRA Oi REAL NtThtHERS
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# 0, we can now conclude that a b from Theorem 2..2a.

_ ------- - _ -

We combine Theorems 2.2a and'2.2b as

TNEOREM,2.1: If a, b, and a are,reafnumbers, with a
. .

'and-if either a a b z 'or x a a x b, then a b.
_

, rt

0,

The property given in Theoraa, 2,2 iv useal y referreZ to as the
»

cancellation property for'multiplication,

In proving Theorem 2.1 we did not use any of the postulates whic

have tedo-with multiplication. The properties A
a

Ac, Aid, end

A
in

are concerned only with addition. _Theorem 2.2 is a theorem for

multiplication which in almoet an exact analogue,of Theorem-2.1. The

only difference is the added restrictien that" N: # 0; which le re-
,

quired because of this restriction in Property ;ilia The proof of

Theorem 2.2 is baeed on properties Me.Mc, M4ad.M1 sibich.ere

multiplication piepertiea and are connected with'eddition only in

an incidentalway, viz. In. Property.Mid there is t4e conditien

1 # 0. and in Min 'there is the reStrictiont
*

rehe num.;

bar 0 ie'defined by Property Aid rhich isTan eddltiph eroperty.Y

. It ialalora important thai you unaerstand the relationship between

Theoreme 24 and 2.2 thanthat you memorize the steps:in these'

proofs-.

lethe introduction to the field Properties wp observed that the

pair (a,'0). where 1 is any real number, is.issigned to Q -by

multiplication. It was stated at that time that this could be p

td by use of the chosen field postulates, and we will do this now.

THEbREW2.3: if x is a real number, x 0 x 0.

$

Hew is addition involved in the statement of Theorern 2.3

My .01 me. 40 I

ANSWER:

The definition of the number 0 involves additidn; i.e.,' 0 is

P. N377



411'

identity element for addition.

;!.

Thum we have an elemani_Wifb, a special:property under Odition ap-

peatingstir a 'statiment ConCernin4 mult ication. This suggests that

we aboUld empeci.to,use property the prqof.orthis theorem.

'

ANSWER:

distributive, o D. (This is t e.property which givea a real tie-up

'beiween the twO operation., addition and'multiplication.)

_Give three ways thaucoyou can Ubstitute in the. equation a(b + c)

(a ,b) + (a c) to get an94uation in,which x 0 appeats.

ANSWER:
4

1. *(0 c) .2 0) 4.

for b.

2. x{b + 0) b) +-

for c.

3. x(04- 0) 0) + 0); substit te

;.youblititute x for a .and 0

.

r substituie 4tfor a and 0

Por b ad for c.

for a and 0

A prOlt of Theorem 2.3 can be bcaed on any-one of these th46 equa-
1,.

tions. We will out;ine a proof using equation3.

In the itatement x .. (0 + 0) x .. 0 + x 0 weiphaerve that
. ' J ... c

:o4\ (0+ 9) can be replaced by a simplet expression, namely .
% .

'ANSWER1

X 0.

A 4441.. wif
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'a

The authority for thia'replaCement is

ANSW1R: .

,Aid

MIK

4

'Thus, we have x 0 (x' '4 0) + (X O)' Youwoul4 like td wag

the cancellation Theor .1 at this pciint to conclude.the proof.

Does, this actotem nt fit the. form of the cancellation theorem for

addition?

041C .0

N

ANSWER:

No.

How can you alter the statement "x 0 (x 0) + (x 0)" so)

-that you can use Theorem 2.1 to obtain 0 . x .0? (If you are

oing to "cancel" x 0 from both sities to obtain 0 .... x 0,
1 ,

at form must the -. left side have before cancellation?)

ANSVER:

(e 0) + 0 (x 0). + (x 0) {

or 0 :4-.(x 0) .(x 6) + (x 0)

The property used to justify, this change is

' ANSWER:

Aid

_Then'by Theorem. 2.1 we obtain
.

x 0, or x IVus,

79
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4

3

the proof can be stated as follew ; . By Property., .0
. 4 . 2'

lc:. (8 + 0), (x b) + (x 0). Since 0 +, 0 ..
/

follawf .ttist x 0 (c, '! 0)+(x'09i Again ,w

*Theorem 2.1, implies 0
.

perty Aid to obtain '(x

M , we also ronclude 0

44

0) +'0 (x 0)

- 0, or :x

x 0.

0

+ (x

have

9. by A
"
, it

.

e can use'Pro-

0) Which, by

0. rBy Propeity

.In tI'e proof-we:have used the fact'that if 0' *x

4. Is this an a'pplication dt pr,eperq.Mc?

ANSWER:

Nb. The.

The

der of the factors Jim 'the "rant x

one'of the'basic facts about

.then b

property geed is

and b are real numbeliand

. .V
.

4

11

Inseatd of prov p

I.

.0 then. x. 0

0 'is tiot changed.

equality: if a,

0
o em 2.3 we, could ha e takeh it,as,one..of our

an prove i on the basis of our other

ortance here- What is important

tat, in marked contrast to Theorems

both the'operations a ddition

postulates, 1. e ct Olat w
,

postulares is t of g9reatept

owever t act tkat thiA r

.1 and 2 intimately ,tied.up

and mu tion..

with

.0

ut suffi ient thought to the problem, a student would

y likely say that-Theorem 2.3 is a multiplication theorem. Havipg

gone through the proo bere you should have a much clearer idea 4

the relation of ehe r

"You will find that wh

there is almost always
..,

is essentially tied up

sult to bothiaddition and multiN.ication.

we have weheorem that;,fdladditive in nature

a multiplicative analogue. .But if theorem

with both operaricnothere is no such ana- '

. Lague. (An analogous statement Can be obtained by interchanging the

roles of the two operations, but the statement so Oiained is.usually
,

40not true.)
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,
0' Consider the equation lix ; (-2Y] [x + (-3)] O. To solv this

equation weeny that either x + (-2) ot. x + (-3) 0% , so

that either .x 2 or x 3. For, the equation + (-2)144

m 1, ego we

x + (73) ," 1?

conclude that' either. x + ,(-2) ..or
. .

ANSWER:

No.

I

Do you think you coult explain- clearly to another:btudent why we can

4

make the first .conclusion above but not the second? T5IP to formulate ...**N4
"'

in your m
Jind

Such an explanItion.. (You need not write any answer to

this question.)

Does. Theorem 2.3

are liolutions of

Does Theorem 2.3

permit us to

the equation

permit us 'qo

are the only solutions of,the

ANSWER:

Yes. (If x

0

conclude that * 'a 2 and -x 3

Ix -T. (-2)1 x + (-,3)) 0?

conclude that x 2 and x4 m.

equation + (-2)1 - [x'+ t-3)] m 0?

, p.

2 or a then one of the.factors x + (-2)

and x + (-3). is 0; hence; by Theorem 2.3, the product Ls O.)

Nb.

a
"

oa
In order to conclude that. mc .fm 2, and -x m 3 are the only%solu-

tions of the equation

know that the product

the- faCtors. fab zeio. This is provided by tbe following theorem.

[x.+ (-)] [x +6(73)] 0, we need to

[x (-2)] [x (-3)] is 0 only if one of.,

THEOREM 2.4: If 'a and

a 0 or b O.

m

are real numbers and a b m .0, then

81
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.

.

4
If we were to tkilhune in the beginning, that a ,i, '0, 'then there

wOuld be nothing to prove. If we assume that a 0 0, -thep we
. .

.11? - ,must prbve that

'' ASWER: i

b ... 0. .

a

-
,

, The.hypothesis of he theorem .tells us that a -and b , are real

nuthbers and . ' ,1

N ...

t

/

- - N .
AkISWER:.!

b
"N.

..
. One driur` Bo' s't,49itus a thtells us omeing aboa a r,eal number a un-

der .the,reatrictiod that a # 't 0. Which postulate ts it?
. " ..

,

0
s ' , .

,

.

._

ANSWER:

I t P , I

Using the fact that a b 0 and that a I exists, prove that
, . . .

b - 0. Give a vtavin for each step in your proof.
i

B. p careful to
, .

s ow exactly how property Ma, is)used. )L,
Y i

ANSWER:

1.

a.

b 0 and a I exists
a -I 0

82 ALGEBRA-OF REAL NUMBERS
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b , 0 Theorem

'A proof can also be given biased on-the cancellation 2roperty for.

multiplication', Theorem 2..2. It is outlintd as follows:

b = 0 and 'a # 0, by hyApthegis d 0 0.11Iby Theorem
'Ma

2.3. Henee we have a - b = a *.O. and' a 0 O. By.Theo 2.2,

b O. 0

As !indicated earlier, the, properties contained in Theorems 2.3 and
.4

2.4 ere basic to solution o'f dquationp. in fdttored form. Make

sure that you Understand the toles played by theSe two tHroiems in

the solutivn of such equations.

In the elluatioti [5( + (La)] [x + (-b )J - 0, we'know that if x
OP.

-is a.solution then either x + (-a) 0 OPT 'X + (-b) 4

Theorem . Hence x = a..and x =-.b are ,the inly possible
(

sofutions. If x = a then x + (-a(*) = 0 and if x =, b then
..

. x + (-b) = .0. Then'Theorem tells us thiit in either tase
N i r

[IC + (-01] [x + f-b)] 0, so.that x =, a and x = b are

inded solutions. ,

ANSWERF:

rt

Assuming that a and b are real numbers, Theorem's

ke restated as f,ollows:

dr--

and 2.4 can

TVEOREM 2.3 It or b = 0 then a = 0,

THEOREM 2.4: 'If a b = 0 then ,a = 0 or b = ,O.

These statements are related in a special way . We can change one '

statement into,the other by interchanging the hypothesis and conclu-ds

We say that 2.4 is th converse of 2..3 and that 2.3 is the

-A

8 3
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.

.eonverse mf 2.4. The Fonverie of a siuttemept is obteined by inter-
., .

'-changing the hypothesis (or assumed, part) and te conclusion (or part

to beAprOved).
....

The'additive Ailvee'oceg'real number a is a real number p. such 0
J

I . that' a + p .. 0. Postulate A . tells us hat every number a ""^-
, r %

has an additive'inverse, which we have deno y
\
--a. However A

in

does not tell us whether .a ilal lipmber a m ght tuivb obre than one
A

additive inverse-. The -next theorem tells us chat it has oill.3, one.
.. ?.

1
.

,

THEOREM 2-.5: The additive inverse of,a tea 0 ber ks unique-.
.

.,
PROOF:. .Suppoae each orthe numliere p .a q is an.additive in-7--,i.'

verse for the number rac We wish to-show hat

If p is an addlttve inverse'of x, x +

Similarly if is an.addilive ;Inver e

ANSWER:

p

x + ra O.-

.

.

%.

ra since each expregmion equals zeX)

ANSWER:

q

q by .1:

4." .
ANSWgR:

'

f the darcellation property for addition, Theorem 2.1.

Y
IF
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There are often many iffere4 ways to state a theorem without alter-

ing its eauential mea ing. Yar eXample, Theorem 2.5 might be re-

stated as follows:

If a and p. are t al numbers and -a;4- p = 0 then ,p ic -a.
c.

'The proOT we have gvn fo Theorim 2:5 might then be rewritten as

follows: ,

J '
.

-a is a nber mulch that a -i- -
,

= 0,. ,by A
in

. Also a + p =

as_

um .

.0, Whypothesi0
,

*
. .

PV
'Thus a + p .= 4 4. (-a). ByiTheorem 2. fel P . 44.. ;

.

q TftEbREF! 2.6: T1eultiplicative. inverse of a non-zero real number is

t*(Use the proof of Theoreki.5as aunique. Proye Theorem 2.6.
- I

,
e A

I '

. ,ANSWER:

.Suppose ev4t of the numberS

'for the n -zero real.number

1. Ther fore x- p a

Teprem 2.2.

.4

p.

.4% .

and q id' a multiplicatIve inverse

The6 x p = 1 and q
%

. Since x # 0, 11' q y

e.

prove,in a similar way thqt tIL additive identind nill-
ative identity are unique, but we will not do so naw.

DULAR ARITHMET1CS
1

There Are, in addition tjo'the system,of real numbers, many mathemati-

cal sy0t5ps which are formed from sets with AR or mai-e binary'opera-

tions. Before proceeding with out development of the real number
4

properties we will take a lot at a few of these systems. Although

these systems are 'important mathematics in their own right, our

purpose:in introduciing them here is to help you to better undeestand

'the real number properties. The systems which we will study havt

85



..- 1 ,

Apny properviei'in 'common W th'the real.. number sysitem, their. very

unfamiliarity shOuld force\you ta;thipk more 5Xqr1y aboie*he real
.

f ,
:ngmber properties. .;.%1. .., ,

, - , . . .. , .
...-

.,

The first example will be tonstructedfrom are set of-the first' 7:-.,..t._.:

...., ,,

twelve positive integers Ikese ard the.numbers whtch usually ap-
. .

pear on the face Of. a clink: Theeyst4 that we wilebuAd ciften"'

., .

..

. .
. ..

,

.., ealled the clock'arithmetic. vi we'picture the positive iptegers ,., . ----.-- ,

I'
1, 2, ..., rg as they appear on the faceof a clock gtior'that .-

. . .

there is a,natural way .ti, define an addition' operatiopn for ithese inr-
Z4'

'Lgera. We will illuqtrate with.some examfoles..

To add 2 +'5, we start at the number 2 on the clOck face and count
I.

in a. tlock-wise direction 5 units, arriV,ing at 7. _So 2 4 5 = 7
P

in this artthmetic just as in tha arithmetic of real.namtrprs.

,To add ..9 + 6, we start ai the number 9 on the tlok face Rnd count

.9
8

RINE.

in a clock-wise direction 6 units, arriving at So 9 + 6 . 3

, in ttlas arithmetid, which is different from 9 + in the arithmeyic

di repl number.s.

In the clock.arithmetic, we have

8.+ e
=

12 + 2 .

1

48

2

4.

a.

SWER:

.-

.
. .!

.

Let .S be the a {1, 2. 3, ..14 12) 1:)f the irst twelve positive

integers. It is clear from the way that addition.is defined in-the

croak arithmetic that if a and b are any numbells in the set S,
. .

I
then a + b 'is also a numbu ln the set S. Therefore addition in

...
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the clock arithmetic- s a , operatirn on the set

ASWER:

clos.ed.

If wetake any numb r

12 + a '0.

.in the set S, We hive

G.

a+ 12

ANSWER:

a. .11

The.number 12 in the cloCk arithmelic behaves with respect to addi-

tion like what number 1 the.arithmitic
,

ANSWER:

4.

reaj clumbers?

the puqber O.

In other words, 12 is an identity element for addition in the Clock.

arithmetic. For th clock

like Property-A ich we

It din be sta d as foll

Aid: There,is an e1eme)t

a. .for eaih a, in S.

In the clock arithmetic an

arithmetic we have, 'therefore, a property

_hove assumed foi realinumber arithmetiC.

ws: .

12 in- S such that 12 + a 12

additive in e of an element a in

\s.nuld be an element b in. ,S 'such 4tat i' + b b + a

*
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ANSWER: ..
.

.

%
12..-(a + b) must be the Identity element fer addition, which iri the

clock ailthmetIC is 12.)

This the additive inverse of 5. is 7 because 5 +. 7 . .r\ 7 +. 5 1 2'.

What is the additive inverse of 3

ANSWER: ,

,'of 1? of 12?

. S

t.

4
11 *

4 6

12.,() tp not correct, because O. is not
0 .' ..

i
. ,

.,.
.

.it should now. be "clear. that- etkh elementti6 ":i .s'' tiai. an 'additive i
.

n-
. . .

spe;-tie in die c1ocklaiitheiledal SO the aock arrthriaic ''ILS1 :apro-
I

141'perty'ana,logous to tt;e propertf A which we have 'assunied et...the
. .

arithmetic bf realTumbers. It is also true, add fibe difficUlt to

khow,-t

cammuta

addition i he cicckkarithmetig has tho associative and

e properties. 1

-,....
. ,

. .

There(o4 we see that.on the.set a wb lusye a closedAb
, se ..

.
*opera -*-.4 oft e .

.tion, additton, such that prop'erties',JA:41A , A ', % are
.4.

. .,c .id in , ..,,

i ..t" .

.

l

.''' We now introduce a system w.Vch-Ls-'esientially the sa4e as the clock Ak...

. -

arithmetic, but in which we will alma defple a multiplication opera-,

tion.

The Lyiitem which we are going to dirculis will be denoted by 1/12 -

and will be called .the arithmetic modulo 12. Instead of ihe set

S {1, 2, 3, ..., 12} we take 1/12 Ab {0.1, 2, .., 11); i.e.,

. we simply replAce the numbex 12 by the number.O. WeAdefine additiori

in 1/12 Just as it was defined in the clock arithmetic except that

whenever 12 occurs we replace, it by O. Thus, for example,,in 1/12

.>
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we ha:Ve 8 +.3 11, + 5 4. 2, 8 + 10. 44..6, but 2 +.10 .4

.0, 7 + 5 4. 0, ere'. IP the clock arithmetic the additive identity.

was 12; in /1/12 the.additive identity is

-

*

We should again emphasize that the system 1/12 is essentially the

same as the clock arithmetic; only a change in'ilotatIon is involved

in g5lng fat-op one to thieother.

The'notation used in .1/12 permits,us to state the definition

additiop in the following way:

,

a

4
"4-e.quPtient 1 apd remaindpr 4. So 7 + 9 4. 4 pin 1/12.

,We can writg down an addition table for 1%12. We take twelve rows

abgled 1,.2, ,11 and twelve columns labeled also7 0,_1, 2,

11. Then we put in the row labeled a. and the colulin labeled

b' the sum a + b in 1/12. The addition tabie for 1/12 is given

below.

Te;./x and b are elements of 1/12 (i.e., elements of the se,t

i, 2, ....,' ID) then a + bis the remainder, obtained.wben the

-`ordinarY real number kum + b''is-divided by .1.2. For.exampre the
,

real number sum 3 + 5 is 8 and when 8 ie divided t)), 17 we get a

quotient 0 land 'remainder 8. So 3 + 8 also in 1/12.

The real numibet 7ct- 9 ts 16 and when 16 is divided by 12 we Ot

41.

4
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e

-

e

1 3 4 5 6 9 10

1.' 2 3 4 5 67 8 9 J0. '11 ,

1. 1 2 3 4 , 6 10 11 00

. 3
N

. 5 9 10 11' '0* 1

3 4 5 6

N

-7

0- 1

9 10 e 0. i , 2

-4
i

6 .7 8 k 91 10 11 3 1

5 I

.

6.

.

.

9

rt

10

.

11 6 . 2

.

4

6 I (1 "7 8 9 10, 11 3 1 I-, 2 3 4

I 7.- .8 ..-4 ; 10 :11
'

"f 0 1. 2 = 3 4 5

' 1 8 9 10 , .11

-

1 2

-

3 . 4 5 i
i

1

9 lb- il 0 r .
'2 3 0 5 6 7 .8'

10 10
4

.3 *. 4 5. 6

II : 0 2 3 . 4
a

5
.
6 7

-. - -

To find the sum 9 + 7, for example; you loo n 41e row labeled
'

9 and the columa, labeled 7 a you find 4, 9 4.7 .. 4. The 4 is

encircled in thR table.

I/

Before c ntinuing ;...Tith!4cse..Ldvssion of 1/12 let u
.

ag look at .

simpler system whicb is very much like 1/12. 'this new system wIll
...../

be denoteA IJ3 and wi4111 be called the arithmetic modulo 3.

We ta,ke 1/3 ;,= {0. k,. 1. If. .a and b are elemelts of In we

de ine. a + b to 'be' remainder' when the real numb;r surl b. .
is divided bc 3. Thus the. real number. sum i I + 2 is 3 and when

3 is divided by 3' we get a quotient 1 and remainder. O. Hence.. .. ,
0 ill 1/.3..,

. .

n I what is
.., .
I

. _I.,l.

0 + 2?
\

2 + 2?
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are

1
A

a

cate the Eallciwing ad Won table for

0 1

-""

a

.
In a similar manner we define Multiplication in 1/3: If a and b

I.

are elements of 113. then a b in 1/5 is thfNmainder when

the real nuwber qbduct a b is divided by 3. For example, the

real number product 1 2 'iR 2,'and whe41 2 is diVided by-3 we get

a'quotient O,and remainder 2. Hence 1 2 2 in 1/3. Complete

the multiPlication 'table for I13.

r-
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,

The two operations, addition and multiplication,-can be described by

the uSsof lunction notation. or:example,-inlarithmetic modulo*

three,

(0 1)

(1, 2)

1

e a 1 I .0

0, 1) 1

(1, 2)

'ANSWEB1
1,

0

0 2

. .

Mathematical.systems like 1h3 ,are known as modular arithmeties.

This system is called arithmetic moduli; three, or simply mod 3. The
ft.

- ,
.

. .

number 3 is called the modulus of tRis system. .

1

"R.

Is_a4dition mod 3 a closed operation?

-
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ANSWER:

Yes. 4

. In an operation,table where will the ele ts associAated 'kith ordere0

pairi of the.form (a, a) Alb.fouifid?
A

. ANSWER:,

tin the.main

What can ode.
-

0.th-the pairs

.
.

gonal (from upper left,to loWeTlighA,

tk a
,. .... t.

:14,:i4.-1:'' ''l
;"-a,:.. er, .,-,.4.1-.e- A;;-.

. .o. .. .
.......... N, .

. abdut; the relative'position6.of elements associated

135)- and ( , a) in an operation tablel
\.,

ANSWER:

-They will bajound in positions which are.symMetric 41.th'reapeci.to

the main d1ag4al.
\

ia.

If At is true that (a, b) --4. p and. (b, a) 1.--+ c (thesame
..

element V,'for every pair (ss41) in the *set, we can cOndlude
) ,

that the addition operation has'the property. 0 ....

ANSWER:

commutativ

I

. )

Thus to determine whe,pher oignot an operation described by a table

is commutative yoCi ,gould check the table to 'age if it is

4-
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Ags ANSWE:

sybmetr4c about the main,dialonal.
e

,

/ . ,
f ..1

.

.
\

.

. ....
It' is now cleat from the tables 'that* addit on and multiplicatim

-
. P

.......
Imodulo 3 are 4ommutative operatikns.

a . d t t
.'' .

Until indicated otheekise, thefollOwing items refer t9 arfihmetic
. ._

. "' modulp 3. . \
\

(2 .4= 1) + 1 U. + 1 a.

2 + (1 +'1) I- 2 + .

.

- (2 + 1) 1

/11

.w..

.ANSWER:

0

1.

*.

it

4

41!

Theiproperty of adelition tiod 3 suggested by the abixye example is.the

propeAy..
a

'ANSWER:

.associatiVe

.1
0

In order to prove that addition mod 3 has the associative pto0trty
d /

what wouid.we have to prove2
i .

ANSWER:

We would have to prove that ta + b) +'c a + (b +.c.) for .!;..ga

a, byand c in 1/3.
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There are 27 cales which would have to.he.examined in .order to ex-

haust-A1, 1 olf the caa/es for AI.. 'We 'will.not Attempt toeatmine all
. ,

. ,

.. a. . .!

of tham.but we will simitly atesure you that additiomod 3 is* a5-
. .

scLative operation.
a *'

\' I

,

Which element iq the identity element for this operapion?
L .

r .
, e. _____

ANSWER:

e

-
$

Comple1e th4fpllowing list by filling. jn the blanki.

=

It.. + 1

= 4- 2 =
evee-ree.

.APSWER:

0 + 0 0
. ,

1 + .2 + 1 = 0

2 + T= 1 + 2 = 0 ,

The above list aIlOws one to conclvde t e following:

The additiveinverSe of 0

The additive inverse of 1

The addittve inverse of
(

2

ANSWER:

0

2

95
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C

'The symbol we uae to designate the

therefore,

71 -

-2

enn

A

AP.

4

0

additive

1

One 0.

SIM 4.11. WN.
We conclude thef addition siodulo three has the property.

/

ANSWER:

_

-additive inveiee, or A .- We have demonstrated, that corresponding-in
to each element a in 1/3, there is an element -a in 113 such

that , a + (-a) 0 -a + a 0.

.

Be careful to note in the abovi that -1 and -2 do not refei to

the real number additive inverses of 1 and 2. These numbers are not

even in the set 1/3. the sy6bo1s ind -2 refer to the ele-
,

ments of 1/3 which ar"e the Additive inirerses j In of I and
-

2; hence '-1 2 and.-2 1 because 1 + 2 0 and 2 + 1

0,in 1/3.

We have Shown that addition mod 1 pas,a1X

which characterized real number addition,

of theLfield properties

i-e., A
a'

A , A And A
in

.

c ,

Refer to the multiplication ta ble to test mi4tip1ication mod 3.

IsAhe operkon closed? HoW du you kn9w? :
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ANSWER:

114111, bpcauee* evh'antry in tho mnktipication iable 14' an elemNntad
2

the set I13: .

MA.tiplication mod, I is associative. 9ne way td prove thi4:is'to
.!

check ehat (a b) a (b c) for a\1 of the 27 possible,

. ordered triples. fa,,:b, c). You will not be required to des this. -

We alustiate with e single example.

(2 2) 1 *

a.

2 (2 1)
4

.fience (2 2 ) I 2 (2 1).

f '1

1.

VISWER:

2 2

Xhe,identi y element in the set .1/3 nelative to multiplicationrmod

3-is

ANSWER:

,Ig there an'element x In 1/3 such that 2 x mod 3?

'so, what is it?

-T
ANSWERS,

Yep

2

fa

4

V



N

Th orefore .: we. coticlUde that the multiplidativa inlore*. 0017 in 143

',

+.

AZWER-r-

4.t 2

'Am in real mumber.mult4plication we denoit the multiplicative inverse

A

f an alement 'a in 4In boy-.. a-1 .Thus 2 4. a

ANS IER :

2

r

Following'à siMilir line of reasoning-fill in the o;Iowing tw

blanks.

ANSWER:.

O'l does not.-elast s nce there is no x. in 1/3. such

.c

4 19.

1.Note-thit;the answqr '"0" is pot correct.)
r

Does, multiplicatibn modulo three satis6 the

numbei multiplication?,
in

property of real

ANSWW.op

Yes. (Recall that 0 wa not required to have a multiplicative in-

,7*

.

'98 AL.GEBRA-OF REAL NUMBERS
, ,



versein bropert5)

(Real nuMber arithmetic had one aaditional propet:g0ahich was includ-.

ed in the.liat. ipf 1ietcl-w-o.pert4es7 namely, the_distributivepp-

petty. 'Por realinumbers, nw1tip1&ation is distribUtiv over addi-
4.0,

tiPn, 4 (b + = b) + (a F) .tor every 31, b,c,ç mR.-

Teat 'epch Of the.following'st tements in arit c mod 3 and check

,those which are true.

a, 2 (1 + 1) - 42 + (2 1)

b. 1 (2. + 2) = + (1.: 2)

c. 1 * (0 + 2) (1 0) I+ (1 2)

0, t -

ANSWER:

'"vv

a. 2 (1 + = 2 -2 =

(2 I) + (2 1) = 1
411,

- 2 (1 + 1) = (2 .(2

b. and c. are also true.

True.

Pa

One could prove that multiplication is, in fact, distributive over-',
, e. 1

addition in arithpetic modulo three simply by'ixamining all 27 pos--'

sible cases, or by more elegant methods. Neither will be reqUired

lere.

Each of the field postulates for the ritil nubber system iS valid for

the arithmetic modulo 3..,,Hence We say that arithmetic modulo 3 is a

If we- have any algebraic, System in wiiich there are defined two closed

binary operations, add. ition and multiplication, which have the pro-

perties Ira, Ac, Aid, Ain; Mai Mc, Mid, Min, and I), then we know

that any theorem which we prove for the Teal numbers on the.basis
. \

of these postulates will automatically hold fpr that system. In

99



5.

1

' .

particular. Any 'such theorerOs ttue for.arithmetic modulo 3. Thie
.. 4

poyinta up ove of the *adlia.ntagesot-the postulational approach'to
.

algebra. In general, supposeohe introduces Jvserof postulates for_
,

. an algebraic-,system and proves a'fiumber..of theowms.based on_bibeab
.. . . .

iNseutatesurther suppose thatthe pccasion ariSek:foi ove to

. siudypropertiesalnear:system.with which he-iinot f.askiliar. If .
1

. . .. .

-, it'sliould happen that the tiven Postulates can'be ahoam to trold for:.

ihe nel;r4steM14 then it will immediately follow that all of the

thforeiS which were proved-On the basis.of the poitulates also hold

"for the new'apitem. There arsTin faci many s'yStems iwalgebra4or,
.'

4 e which all of the field postulates that we have assumed'foitle real
.., ,

. .

i numbers arevalid, Mathematicians havp agieed to call any such, sjrs
.

. . .. .

tem a field. Arithmetic modulo 3:is an example of a-lield.
'2.

.

Construct Addition and multiplication -tAblIS for arithmetic modulo

4 (denoted I/4), The aet is (0, 1, 2, 31; and eaa sum (oT: pro-
.

duct) ik expressed as,the remainder after-the .sum .(or product).ob-

,1
;.

ttained,by real. nuMber operations fi divided 'by 4. 'Por example,

..

.

2 + 2 0 (Modulo 4 because when 4 is divided by 4 a remainder of

.

I

0 is oblained.

ANSWEi:

0 1111111111111

MEIN 0

111E11 1111
0 1111

0

1 MOM
1 ill Q MI

3 I 0 11111E1101... . .
0

It can be proved, and it wilol be proved in a later unit, that.sdcki7

tion modulo; n and multip:Acation'modulo n are associative opera-

tions ind that malt plication is distributive over addition, for

.*
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fr,

i I .

ivery positive integer n. Thos.you will,not be Asked to test
.
ariAmetiC moduldfour for .theSe propertieS. ..Howeveicin%Xesting

,aiithAtic emodUlo four for 'othei projiei'tiet, yoUr tests or proOfs
., . . ,

. 4
ishould be complete....'

It is clear from the above addition and multiplication, tables' that

addition and multiplication are closed operations in. 1/4. In tact,

'tlle definitions of addition and multiplication in aritilmetic..modulo

p enaure that theee operations are closed in I/n, for every choice
. . .

'of lal as,a posiftive integer.

- . 1r

Having been given that addition modulo four is.cldeed and has 'tfie

aesociative,pfOpertY, determine'wbich additional poatulates for real

number addition are valid for this operttion.' (Be sure to write Ott
.

,

infolmation required to test these prdperties.) .

',7 :

.

--.

..

You should have checked the commutative, identity and inverse pro-
,

perties. When you have tested all three abovementioned propertids
..

.- .

!go on to the aftswer.
..e., . /

,
ANSWERt

The cammutative, identity, Ind-Oveise properties are all valid.

The commutative properity follows froM the symmetry of the table about

the main diagonal.

a is tl.e require514ddntity element. From-the addition table,'
14

A + a a + 0 . a, for each element a in 1/4. )0%
- .

.
.

- 1 3 -3 1 8

- 2 . 2 -0 a. k. Therefore corresponding ,to each element in
..

1/4 there is an inverige whic4 is in: 1/4.

In a similar manner, detdrmine whtch of.tile'postulates for teal num-.
*

ber multiplication are valid for multiplication modUlo four. (Da

_ 4
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uot test

-a

closure and the

5 \

associativeoprerriy.)

t -if so, go on.to the answer.

.. ... ....... ..... ..
ANSWER:

14 The coMmutative atd idedtity

included the imerse property

you correctly left the itivers

below:

properties are held

tn this list go tp

operty off-this

in .commod.

Rsve you tested l!he commufative,-identity, add inverse propertiqs7

-

If you

the next item.. If.

list geto fhe tj

rrr
Pro y M

in reqUirea that for overV non-zero element

set, there exi ts an elemenf'in 'the aet, deneted. a-1,-

-

'ANSWER:

a

a im the

such that

or 5L a).

r

,f

Is there an element x in 1/4 ,such that 2, x 1?

a

ANSWER:

.No.

-6

.

Since 2 has no multipricatiV inverse and 2

faila to hold for Multiplicaiion mod 4.
P

Ilaithmefip modulo four satisfies all of.the fie

real numker arithmetic except M Since 1/3 hadin,

propertdes of real nUmber arithmetic' we see that the
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1/3 is basicaIly.diffefent

the adeation operations of
,

the same postulates,. These

associative, ideritity, and,

from that of I/4. Note, however, 'that'

1/4, and the,real numberw.satisfy

Oroperties Lag the) .closure; gommutativt,
. r

inverSs properties:, .Many otherltatheMa-

tical systems have this wame set'of properties for a single opera-
.

tion. .Since so many systems have .thesie propertiels in common they p

.1 have been given a common name/This ig given lin the next section.

. DEFINITION OF A GROUP
42,

DEFINITION 2.3: An algebrai. system made up of a non-empty.set, G,

alurone closed binary operation on G is called a group/if the fol-'F.
'-lowing holdl

a. -the operation is asSociative,

b. there is an identity element in G relative to the operation,

c. corresponding po each elemetietn G ,there is an inverse element

G relative to the op;?Ation. .4

If the operation on G is commutative, the group_ is called a comT

mutative group.

Any system which satispes this definition has many further proper-
/ 4

ties. If wr"treat/Zhe parts of the definjtion ab postulates:many
,

theotems (such as. some of those already proved about real number

'addition) chn be proved on the basis of the postulates. Thus, by.

studying grotip8 in this abstract form, one discovers facts about
A

many systems pt once.

Which pf the following mathemeticia systems are groups?

a. the integers under-adation. -

b. Real numbers under multiplication.

c. The rational numbers under-maltiplAcation.

Note: You should ask the same kinds of questions as have been waked

about addcatork modulo.3 and 4.

103
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ANSWER:*

ofvi,.d. e

a

c.

iNfate:, b fails s npe zfro has no inverse under multipltcattn while
. -

the definitioh of a group requires thai_every, element have ah id-
. , ,

"-verse.).

We have seen earlier that I/3 is a field, i.el, it satisfies all

thefield postulates. Is 1/4 a Meld? Explain.

ANSWER:

.,
;We?

No, 1/4 doesnot satisfy _Min. The non-zero element
.

2 of IN
has po inverse'UndA multiplicatiOrle

We haVe previously studie4 in the arithmetic modulo 12.

I/124. The duitiplicacion table for this arithmetic is on the follow-

ing Page.

4
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1 23 4 5 6 7 8 9 1 11

. .

5 6. ,

o 2 6 10

0 3 6 9 0 3

,
6 9

4 8 4 8 4 ,.

.-

0 10 it 1 6 n 4 7

1.o 0 6 0. 6 0 6 0 . 6

/ 0 72
1

11 6 1. 8 3105
,

8 0 8 40,

S. 4 . 0 8 4 . 0 8 4

9 0 6
9.

9 6 3

10 0 .10 8 . . 2 0 10 6 2
.

11 0 11 10 9 8 7 . 6 .5 4
-

3 2 1

Multiplication is glosed in 1/12 and is associative. Using the

table answer the following questions.

The table' is symmetric about,the main,diagonsl. This shows that the

.oparation has the property.

ANSWER:

commutative

4

The element °- is the identity elament for multiplication in 1/12.

ANSWER:

1.

A
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a

a

WhaV elements of I/12 have inverae9Jithresj,ect to multiplication

1".siodulo 12?

ANSWER:

1-, 5, 7, 'and 11.

_

4

It can also be shOWn that in'the arithmet c medule'12, mUlttiaication

distributi1 t. over addition. Hence-in 1/12 'we have two cloned

binary.operattons, additiop and multiplication, Mitch satisfy all

the field postulatee except fez , .

ANSWER:

Later in the

arithmetics.

properties..

ourse we will return to'a discussion' of the:modular

Now we continue ouz development 'of the real-number

SUBTRACTION AND DiVISNN,

'The tield.postulines and.the theorems so far considerea are concerna

ed with tbe,operations addition and multiplication.

we will define suglraction and 4vision and consider

related to these operations. Subtraction is defined

addition and divinion in terms of multiplication.

In this !lotion

several theorems

in terms 8f

The statement .b - a d is equivalent to the statement d + a'

b. We have assumed that for each ordered pair of real.numbers

(a, b), there is a real.numbeZ which is their sum. ilere we are

faced with the question:
.

. If we knoW one Member of the'ordered pair
4.) I

and the sum, does the.other member of the ordeied pair exist and is

it unique? In function notation we could.represent the.question thls
f
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way: '(?1 a) b. The search for a.real numher to fit in this

poiltion leada.to the difference b a.. To establish the existence

of such a number We *construct a real'number' d such that d +.a =-
. , . .

b. Row can d be, written using.only addition pmoperties?

ANSWER:

b + (-a).

THEOREM 2.7: If .a apd b lare,real numbers, there is a unique

re'al number d ouch that d + a b; ond furthermore = b +

(-e). .

Part.1: Prove: If d = then d + a: 7, b. (Be care-

ful to indicate exactly Ow the associative properti .Aa is used..

.In every step parentheses should be used to indicate whicM/Pait'ofvo,
,

numbers is added first, if additlen of More than two numbers is in-

volved.)

ANSWER:

yo,

1. d

d + a

b + (-a)

(b + (-a)) + a

1. Hypothesis'

3. = g + ((-a) + a) 3. A
a

4. b + 0 _4. A
in

, 5. Aid

b.' d + a -= b

Part 2: Uniquenese of d. Assume there is a real number .4 and a'

real number f such that d + a = b and also f + a = b. Prove

that d m f.
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ANSWER: '

1. d + a = b; f + .a

2. 4 + a f + a.

3. . d f

1. Hypotheais

3. Theorem

Iii the above uniquenesw proof it is not correct to assume that a .

b +,(-a) and f = Ai + Thistamounti to assuMing what you Ire

asked to prove. You can only' assume that rd ind f axe such that

d + a = b and f + a = b. It would'b, correct, however, to ao-

sume that: d + a b. and.proverhat: d i= h + (-Al This Would

show thar,any'real number,. d aueh that 4 4: a = b has to be the

(unique) real number. (-a). ' Thik proof couldAm cirri d put as

fellows:

1. d + a- = b

2. -a exAstV

3.- (4 + S) + (.-e) b + (-a) 1

d.4 fa + e-a)] = b 4c4:41)

5. ,\d'+ 0 b (-a)

O.
. d

Hypothesis
_ .

A
in

DaFINITiON 2.4:

A
a

Ain

Aid
7

If a anci b are real numbers, then '1; - a is

theunique real number- d such that A + a b. AlternatiVely,

b - a = 0 + (-a).

&wither connection between addition and subtraction Is shown in the

following a catement:
..

(b + a) -a 10 (b.+ a) +

.' ANSWER:

*

f

"When we add a to b and then subtract a from that sum, the re-
, .

b. The operation of' subrtraciing a annuls the effect of
r

sult la

.
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,. adding Lt. ISwis 'for this reason that' sub. ractiOn

,to as the ihirerse of addition. ThUs, addition and

as examples 9i inverse Operations..

.

The use of the word inverse here is related to its

'with functions. .jst a bq a real number and copal

f.-and g defined-by':

f(x) * x + a, jf9r each real number

g(x) : x a, for efach real number X.

1.*and 'g ar functioria with domain the lael

ft

is often referred

Subtraction serve

+ .

se in connection'

der the functions

rrrr
ANSWER:

of real numbers:

e .

t g O'f denote the compositinf, a With

g o f; x g(f00), fOr each real number xp,'

.Tberefore, in our,example,

g o f: x ----+ g(f(x)) * for each real number

ReMember that

ANSWEg:

(x + a) -a

a.

The function g o f, is the identtity,function on the set of

numbers.,

Similarly

f o g: x (g(x)) .

-

real.

isNSWER:N--

(x := a) + * x.,

r.

441.

A
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IP*

.So f o g is .also the identity fUnction.bn ,the set .6f reel numhe

Therefore the funetio'n g is -the of the function f.

ANSWER:

inverse

Nov we def ine divisián. The statement b et, q is to. be' aqui-,

, valett to the stetement q_ a b. Thug we jook for a4real num-

ber q such thit te) --774: b. If a 0 0 we -Can choose q

to get q a. * Li...

ANSWER:

b a-1

ago R.!

This leads us to 'the statement of the- following theorem.

THEOREM 1.8: If a. and b are real numbers and a # 0., there '

c.

Li a unique -reel -number q such that q a *. )5; and furthermore

q * b (a-1). -

Prov6 th.at if /A b a-1-;, then

Theorem 2.7 as a guide.)
A

a (Use the'proof of

ANSWER:

b a=1 Hypothesis

2. q a * (b a 1) - a

3. b ..(a 1 a).
a

4... * b 1 M

5. b Mid

6. q. a b

110 ALGEBRA OF REAL hUMBERS
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Prove the uniqueness of q. (Assume that q, 'And 4. are Al

(bars and that. q a b. and. ri a « b. ProVe 4

Inalbar.that we are slab assuming-that . 4 0 p.)

, ANSWER:

/. q a « b,

2. q a r

a "b 4 .Hypothesisi

a 0. O.
. HyPothesis

4......:t" q Theorem 2.2
,

,, .. ..-,4 ....

-. - -

As in tte,addition case, we MI alio Trove the uniquenesa part of

Theorem 2.. 8 by shosiing that if q a .« b then' q must be,the

,(nnique) nuMbir b a. The preof is asa follows:

1.. q a . « b and a 0 A pypothesIs

2. a- exisçs M
in

3. (q O.,' a-1 ... b. a-

4.. q a i'l) b a'
-.

i Ma
.3

5. q I. « b a M
.in

. 6.
.q

. b a-1
. .

DEFINITION 2.5: If. 4 and b arelreal numbers and a .0 .0, .then:
.

-.

b.: a is the unique' real number q such that q a . b. Alter-

« b a-1.
natively, b f a

The quotient b : a
.
is often denoted by b

SuppAsi a is a non-zero real number and f and g are functions

defined by:

f(x) « X ; a, fOr each real-number x,

1
g(x) :x + a, for each 1 number x.

Then g o f ,is ihe function on the set of reel nunbers..

9

i.
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ANSWER:

identity'

-f o g As also the identity4function. Hence g is the inverse of

the lunction f- For thi8 reason, division is Often referred to as

the inverse .of the pperation multipliCation:

. We observe also that if a 0 0, then

--a/a + a.:,a '+ a % a 1 1.

DIVISION BY ZERO: 'In Theoram.2.8, we assumed that al 0 O. . What

portion of the proof of the theorem was dependent on the condition

a 0 07

ANSWER: The exiatenceaf the multiplicative inverse of a. .(This

was used explicitly in the first part of the proof. In-the secon4

part ii was needed in order to be able to apply,Theorem

cancellatian property. The proof. of.Theorem 2.2 in turn also re-

quired the existence of the multiplicative.inverse.)
.

. If we were to permit a, + 0 in the definition of= division, we.

would have b f 0 + .q implies b + q 0,

If b 0 0, is this atatement true far some real number q? What

.' theorem can you give as, reason?

ANSWER:

No

TheOrem 2.5.
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If b

bar' 0

ANSWER.:

4 he statement b q

1

true for ome rea'l num-

.

.,
Yes for every.real number

a,

Thus, if b. P 0 there is still ditficul;y in defining--b 4 O. In

thjs case every real nymbet q satisfies the condition, q a b

of Definition 2.5.

Whether b .9 or' b 0 0 we have Oifficultiis'in defining

b 0. Beneve1uat make the agreedent'that' b 0 0 has no meaning;

division by zero is never permitted.

-It is a'ndatake to try:to justify such eymbolism ad '1G/0 .00 If

_ b 0 -0" dialess one has the require& background.in limits (from

calculus). WithoUt this backgroUild.such symboliem can only betenn-,

.fusing.. Certainly the student shOuld never be given the iderthat

-the sytabol. ",.2" represents a real number.

4. .The division operation is not defined fot all ordered pairs of reil

nudbers; hence it is not a binary Operation-on the get of all real

nutbers. It.is defined for ill ordered pgire of ndtlitero realnum

byre; hence it is a binary operation On'theset of non-zero real

numbers. To prove that division(ivaclosed operation.on the set.

of non-zero real,numbers we have to show that if a and. ,b are

.non=lzero real nuabers then .

ANSWER:

b t a (or a b) is a non=zero real number.

Let q b I a, where a * 0 and b 0. Then ip q a.
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Since b 0 0, what theorea permits u's to conclude that q 0 0

-------
454

ANSWER:

Theorem 2.3.

. that q a

2.4 is,not a

(If we had q 0 then Theorem 2.3 would tell us
L
b is zero. Eft b 0 O. Hence q 0 O. Theorem

correct answer to this question.)

gawp ".*

All of the theorsa that we have provtd'about the real nu:abets,

Theorems 2.1 through 2:8,-hold fdr any field. In-partiOular, theSe

theorems hold for'erithMetiC modulo 3,-1/3. Remember that 1/4 and

1/12 are not fields; PrOperty.Nn fails, for,these systems.

Iu .I/12 we have 8 4 and 8 14 4.. Hence 8 2

8 11. This illustrates the failure of what theorem'for 1/127

ANSWER:

Theorem 2.2 - the cancellation property for multiplicat op.

The proof of Thebrem 2.2 depended upon Property Min. Hence there

was no reason to-expect Theorem 2.2 to hold for 1/12. Theorem 2.8

also fails for .1/12, so we cannot always define b a for a and'

b in 1/12, a 0 O. For example '3 4 is not defined in 1/12'

becauee there is no element c in 1/12 Such.that 4 ..c 3.

However subtraction is defined in each of the-modular arithmetics.

,

REVIEW IT

1. Prove: If a. is a real number. such that a x for.

eve* real numtier x, then a

Give a reason for each step.in your proof.

114 ALGEBRA OF REAL'NUMBERS
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ANSWER:

There are several ways to provedthrs. Perhaps the easiest is thd

following:
,

PROOF:. By tlid, a I a. By the hypothesis of the theorem,

taking. x lt wd have a I 1. Therefore a 1."

am,

2. Prove: If a and b are real numbers, (-4) + b -(a b ).

Give a reason fox oath step in your proof.

ANSWER:

1. [(-a) + b] + (e b) [11 + (-a)] + (a b)

2. pp; [b + (-a)] A- a + (-b)

3. {b + [(.-a) + a]) + (-b)

4 0

(b + 0) .4- (-b)

5. b + (-b)

6. 0

7. [(-a) + b] + [a - b] 0

8. Therefore ) + b] -(a

1. A
c

2. Definition of subtraction

3 Aa (applied tvice)

4. A
n

5. A
id

8.* A
in

, Theorem 2.5

4,

014,



3. Letthe operation- "o" be defined on the real. numbers as fol-

lows: a Q b b 1. where "+" is the,saual real amber ad-

dition. (Thus A , A'
'
A and A hold for n+ft.)

a c .

Prove that "q:'' is a closed operarion.on the real number. set.

ANSWER.: '

This simply pequires te observation *that "a o b" will be. a real

Jaumber whenever a and b are real ntmabers since "+'" is a 'closed
'operation' on the real numtier set. Thus "o" is also S.closed opera-

tion on the set of real numbers..

Pkovethat 010 II is a commutative.operation.

ANSWER,: 4

We dant prove a.o b o a.

1. a. o b a'+ b + 1

2./ b + a + 1

3. b o

4.- a o b o a

fo all real numbers a and b.

1. Definition of "o'l

2, Ac

3. Definition of

Prove that "o" is Luc associative operation. Reasons are not re-
,

quired.),

ANSWER:

We must prove a o b) a c a o (b o c) for all real numbers a,

b, and c.

By definition, '(a a b) a c i (a + b + 1) a c (a + b + )

c + 1 ni ta b + 1 + c + 1.

1.16 ALGEBRA OF REAL NUMBERS
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a

By de

+. I.

nition, o(b o c) a a o (b + c + 1) a a + (b + c + 1)

a a+b+c+ 1 + 1.

We have shown above (a 6 b) o c a a + b + 1 + c + 1; and by A
c

(and A ) this equals a + b t 1 + 1. This is equal to

4 0.(b 0 C). Therefore (a o b) o c a a o.(b o c) for all real

'numberd a, b, and c.

Prove that the identity property holds for this systeM.

ANSWER:

In order to.show that this mathematical system

perty we must show that there is a real number

aoeaeoaaa fo i all real numbers a.

The eguationaoeaa is equivalent to.a

is valid only if e a .-1. By, subsiitution it

.that a o(-1) a a and (-1) o a a,. a, for

Thus -1 .is the required identity element.
ft

-

gr.

has the identity pro-,

e such that

+ e,+ 1 a, which

is'easy to checit,

every real number a.

ProVe that every real'number a has an inverse underthe operation'

ANSWER: 6

Recall that -1 is the identity element. Solve the,equation

a -1 to find the inverse of a real number a.

a
Thus a o x a + x + 1 a -1 '

x

or -(a + 2)

a o x

Having demonstrated that the real,number set under the operation no"

pa.
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has the above:properties, we can-conclude that this structure may be.,

classified as a(n) . ,

'ANSWER:

commUtative group-

4. Let S' be the see.of real numbers an'd let

ation on S .defined by:

aob = aa+ab- 1, fo all realoumbers a and, b.

If b is a real number, whet is 1 o'b?

it II
tleelthe oper

ANSWER:

lob =-b. lob = 1.1+1 -1 = 1+b-1.... ... "t

Is .1 -an identity element for the operation "o"?

Explain.

ANSWER:

No. Although 1 o b * b, for eveey real number b, it is not

. true that b o 1 = b, for every real number b. For eXtele:
f

,t 4
2 o 1 = 2 2 + 2. 1 - 1 4 + 2 - 1 = 5 0 2.

5.. let S be a set. A binary operation on S is a functLon. Is

it correct:to say that the domain of the,function is an ordered pair

of elements of S? 'Explain.
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ANSW;R:

No. The domain is the set of all ordered pairs of elements of

the Set which we denote by S x S

If the binary, operation on S is clOsed, then an element of the

rsinge of the 'function is in what est?

.411

ANSWER:

S.

$

to

m mak Mk vv.

r

.6. Let -S, be the set.of positive'*real numbers; andflet

binary operation on S defined as follows:
. .

3 I ba o b .
2a + 2 for.all a, b in

1)

111b. Verify that .eob=boe= b.

. 3 e b 3 2b b .6.b.b.o b '= A = b.40 '2b '2(2b) + 2b 6*. b

3 b A 3 2b 6 b bb 0 e b .2b + 2e 2b 2(2b) 6 b

"o" be 0

.00 we cOnciUde that e is.an identity eleMent for the operation

"o"?

ANSOER:

No. As defi ed, e 'depende upon'the chOice of the element b. In

, order gar e ,to,be an identityteMment it 'would have to be such

that sob, .= boe = -b for every bfin' S. If e lb, the
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equatton e o -b b o b holds only for the particular b
used iiica defining it. For ensample, if b 3

6, then ,

e o 3 3 o e 3; but E a 4, 4; since
3 - 6 4 18

6 o 4 I si 4.
2 6 +.12 4 20 5

t.

)4,
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III. ALGEBRAIC SYSTEMS

f

THEOREMS ON ADDITIVE AND MULTIPLICATIVE INVERSES.

In thc first-part of this unit-we Will consider several theorems con-

cerned with additive and multiplicative inverses of real. numbers.

You will of course already be-familiar with.the properties given in
thestiltheorems. You abould-pay particular Attention howeyer to the

analogy that exists between theorems'about addition ,and,theorems

*bout multiplication:

)You' will be asked to wove some of.these theorems. Since it may be-

'come very tedious to show every time exactly how the associative and

commutative properties are used in proofs, you may omit.these proper-,

ties throughout this unit except when they are speeifitally tinv

for. You need inalude parenthesee4nly.when.they are required for

clarity.- However, to cales_where you are asked to give0 the associa-

tiveand commutative properties, you should show exactly how they are

used and be very careful rn the use of parentheses to indicate appli-

cationg of the assOciative properties. In any event you should al-'

ways gilie ai reasons the other real number properties wheuever they
are used.

In your proofs you daytse any.theorem fraa Unit U and any theorem

- from this unit whose number 'precedes that of the'theorem you'are pro-
v'ing .

s'
Theorem 3. . 4 a and b are teal numbers, .+ b)

What does b) designate?

7/7.7 7 ------ --- - 7 ------

s..



ANSWER::

Yhe additive_ inverse o (a + b).
11.

,If the additive-inv4rse of a real numberiis added to that number, the

sum is T 0".

ANSWER:
40

O.

'We. have already ftpved that the additiye inverse of a real number is
,

. unique (Theorefa 2.5). Therefore, if we cafi show that ((.74)+ (-b)5.

+ (a + b) g. 0
-

We caw conclude that .
, ____

,

+ (-71))

of a+b.

I.

-(a + b); i.e.,, (-a) + (-b) is the additive inverse

Prove tflat

PROOF:

+ +*(a + -0.

. ,

1. 1(-a) + (-b)) + a + b) s. [(-a) + + [ -b + bP (0
0 + 0 A

In

3 ., 0 Aid

%
[Note:. jn step I , A

a
and A

d
are used; bliii we previously

. ,

stated you may use these properties without indicating how they are

used. lipwever, list otha'properties as reasbne'S

I

ar
'Theorem 3.1 is a statement gout addition. There is an analogous

theorem about multiplication. Theorem 3.1 states thst the additive
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.

inverse of (a 4- b) equals the additiVe invefse of' tr plus the lid-
'4

.
. t

ditive inverse of ,b.. The ,mul,tiplicative theorem corresponal.ng to

Theorem 3..1 should staie lin 'words) that

.
e

-ANSWER:

the multiplicative itArerse of . a - times b equals the multiplicative

inverse of a times the Multiplicative inverse of, b.
40

But this statemenc his meanillg only if a and b -ere. .

ANSWER:

non-zero real numbers.

i
,

/ , -..,..,

Using symbols, the orem can be stated as follows:
.

.

Theorem 3.2: If a and ft, are non-zero real numbers,

-. -

SWER:

b)-1 a-1 b-1

e

Prove Theorem 3.2 (using the proof of Theorem isia guide. if
.

necessary).

PROOF:

1. a 1 an b-1 exist since a 0 0, b 0 0 , M
in

2. -1) (a b) (a- a) (b-1 b)

3. 1 I
f'%

4. 1

123
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This proves that a-I b-1 Ia-a multiplicative inverse for 8

By. Theorem 2.6, the multiplicative'inverse is unique. Hence a-1

b-1 (a's b)-1.
40

THEOREM 3.1. -0 0.

State Theorem 3.3 in words.

=Os

ANSWER:

The additive inverse of zero is zero.

.

To ahoy that the additive inverse of 0 is 0 we need only to ob-

. serve that''

ANSWER.:

0 + 0 0 ,

Wt.

0 + 0. 0 is true by Property

-ANSWER:

A
id

.

The multiplicative '1'halogue of Theorem 3.3 is

THEOREM 3.4 (State the theorem using symbols.)

ANSWER:

THEOREM 3.4: j1 I.
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Tha proof of Theorem 3.4 is analogous to the proof of Theorem.3.3

and will not be Oven.
.1

ft
If a and b are real nuabara, then a 4. b 0 if and only if

-b and b This tells us that -( -a) -b

THEOREM 3.5:- If "a is a real nUmber, then -( is a.,
-

State the multiplicative analogue of Theorem 3.5 which will be

Theorem 3.t.

4 01

ANSWER:

TREOREM 1.6. If 4 ia a.non-zero real number,.then

[Did you forget to include-the condition a 0 07]
-

- a.-

The proof of Theorem 3.6 is analogous to the proof of Theorem 3.5;

if a and b are non-zero real ntimbers, then b 1 if

and'only if a *b and b a-1, hence (a-I)-1 b-I a.

Row do we know that if a 0 0,.then .b n__a-1 is also non-zero?

4

ANSWER:
f"'

If. b 0 we would have a b 0, by Theorem 2.3. Aut a

1 by Min. Furthermore, 1 0 Q by Mid. Hence b 0 O.

The following theorem gives the sign laws for mu/tiplication.

THEOREM 3.7: If a and b are real numbers,-

(I) '.a (-b) -(a b)

(2) (-a) 13 c(a b}

(3) (-a) (-b) , a b

Proof : (1). To, show a(-b) . ab ige must prove that O.
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p.
ANSWER:

a(-b) + ab.

Complete the proof of (

41100

fr

ANSWER:

1. a(-b) + ab . a(-b + b)

2.

3. 0

4. a(7-b) -(ab)

Ain

Theorem 2.3

4. Definition of inverse,
Theorem 2.5

.4;

You-say be tempted to prove (1) by substituting (-1) b in place

of -b. Note, kowover, that 1-b is not deAned to hm_ (-1) b.

In fact the equality (-1) b -b is i special example of (2) of
4

Theorem 3.7. If we take a 1 in (2) we get. (71) b .

-(1 b) If.you used. '(-:1) b -b in yoiF proof.o (1)

It is tot correct.

Prove (2) using (1 ) and M .

c

ANSWER:

I. (-a) b b (-a)

'2. -(b a)

2.(a b)

)1, -(a b)

M
c

Part 1)

M
c

See if you can find an error in the following proof of (3).

PROOF:,

.1. (-a

2.

b).
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3.

ANSWEA:

in a . Ma a

.... ..... mir CT ......

The reason in step 3 is not correct. The correct reaeon La Theorem

3.5.

... .. ....
) ,

The.proof given is correct if we chliage the reason'sin step. 3 fr.om Mg

,to Theorem 3.5. State the multiplict!Iys analogue of.Theorim 3.7.

...... - - - -

ANSWER:

Theorem 3.7 involves both addition an multiplication, so it does not

have a "multiplicative analogue".

fObaorem 3.7 also valid for the arithmetic modulo 3; I/1? Moot,

wh;qhot?

-ANWER:

Yes. All the fial postulates ate valid for' I/1, and only these

have been used in our Proof.

.Is Thaorem 3 also valid for 1/12? If not, why not?

G

ANSWER:

,Yes. All the field postulates eAcept Min Are valIiI for I 12. The
a

proof of Theorem 3.7 in no way epends upon Property Min.

z
,

It is worth pointing o here en objection to learning the sign lows (.\

in Theorem 3.7 as "positive times negative equals negativeits "mega-
,
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tive times positive equals negative," etc. We will see lafer that

the notions of poaitiv and negative depend very strongly on the

ordering thet we .ha in the set of real numbers. However the use of

the minus Sign in Theorem 3.7 is.tp denote the additive inverse of a

real number, a notion which Is not dependent.upon the ordering. In

fact, Theorem 3.7 is valid in the modulai arithmetics (e.g., 1/3,
. .

1/4, 1/12) and in these systema the notiona?posit4ve and,tegative

have no meaning. It 'is therefore incorrect to think o Part (3) of

Therirem 3.7 as sayini.: ''The product of two negative numbers is posi-
.

.The following th orem also involVea both addition and mUltiplication
.

7 properties.
0

THEOREM 3.8: If b is a non-zeio real number, (4).-1 -(b-1).

In other words, the order in which we take the additive and

otative inverses of b does not affect the result.6

There are several ways of proving Theorem 3.8. There is one way of
. - r

looking at the theorem, however, which leads to a very simple prooL.

The.theOreft says that -(b-1) is the of -b.

ANiWER:

multiplicative inverse

Therefore we must show hat 0

ANSWER:

-b
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Prove that -(b-I)

Did:you use Theorem 3.7 Part (3) in your prodf? If so, cheek your

proof with the one given below.

't PROOF:

-(b I) b-I b Theorem 3.7 Nit (3)

* 1 M
in

We c lfidhave interpreted the theorem as saying that (-b)-1 is the

addi ive inverse of b-I. Then we could prove this by showigni that

+ b-I b. Todo this we observe ihat.

(7b) [(Lb)-I + b-1] (-b) (-b)-I + '(-b) b-

1 + (-b) b-1

r + [ (b b I)]

)
Since - 0, 4,e conclude -b -1 + b-1

Is Theorem valid for 1/3? If not; why not?

Property D

Min

Theorem 3.7
part (2

A
in

Theorem 2.4

ANSW.ER: .

Yes"

.Is Theorem 3.8 valid for I/12? If not, why not?

ANSWEit:

..No: Property Min.fails Per 1/12. Theorem 3.8 requires that b-1

exist for each non-air b. This is not true in I/I2:-
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).
The following theorem states that multiplication is distributive 'over

aubtraction. It is similar to Property 14 one of our.postulates.

You should expect to have to use Property D in the proof:-

THEOREM 3 9: 'If a, b, and c are real numbers, then a (b - c)

a b - c.

How can we rewrite a.- (b c ) in a.form to which we can apply Pro-

perty D?

AN§WER:

a (b c) a (b'+ [-c]), using.definition of subtractioiaP

Complete the proof of Theorem 3.9;

Have you used Theorem 3.7? .If. not, check your proof before proceed-

ing.
a

PROOF':.

a(b - c) a(a + (-c)) Definition-of subtraction

2: \ (ab) (a(-c)) ,D
= .(ab) + (-(ac)) Theorem 3.7

4. \It\ (ab) = (ac) Definition of.subtraction

The next theorem gives the sign laws for division. You should expect

to use Theorem 3.7, in your pioof.

THEOREM 3,.10: If a ond b. are real numbers and b 0 0, then.

(1) (-a) z b -(a b), or -a
b

(2) a : (-b) -(a '} b), or la .

1-3 -a). (-b) . (a ; b), or.':41 w
-b :
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Complete th0 prOof Of part (1),

1. (-a) * b -aL (0-1)
41

ANSWER:

1. (-a) b (-at) (1,-1)

2. i -[a (b-1)]

3. -(a # b)

Definition of diviaion .*

4

mi. ma

DefinitionLof,di4ision

Theorem 37.1

Tefinition of division

Prove plait (2).

Have you used Theorem 3.8 in the proof of part (2)? If not, check

your proof before proceeding.

. Proof or part 2):

1. A i (-b) a ((-b)' ) Definition of division

2., a (-(b-1)) Theorem 3.8

3. m. f-.a b21) - Theorem 3.7

4. a -(a 1 b) Definition of division

.

Prove part (3) without using part (1) or part (2):

A

ANSILI:
c-u

1. ,(-a) i (-b); (-a) ((-b)-1) Definition of division

2. (-a) (-(b-1)) Theorem 3,.8

3. a (b-1) Theorem 3.7

4. 0 a : b. Definition iff division
*.

Prove part (3).using part (1) and part (2),

131 .
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ANSWER:

1. (-a) b) ma * (b))

f b))

a * b

Pert. (1)

Pert (2)

Theoram 3:51

MATRICES

F

In this section weMJye some.further eximpleb of mathematicalmystemi

having propeitiea4i common with the real number system.
l.

9

A Matrix is a rectangular &fray of real numbers, for example:
, .

Agit 7 4
The veal numbers are arrangtd in rove and columns. "(given example

. . -

, has two rows and two columns. . Be careful to note that we are not
-,4 conrerned here with determinants, we are only concerned with the ma-

trices as arrays of numbers. In the first part of this section we

will reatritt our.attention to:two-rdW, tWo-col.umn matrices Late
,

we will cohaider Other types of Metrices..0L--

'Matrices are 1 If all correaponding elemsnts are 'equal. Thus

jillia

. a

means a .., e, b f, c g, and d . .h.
hid]v1

We Wish to define two binary operations, Sdditthn and matip1iCation,

on the set of all two-row; two-column matrices.

INITION OF "+4:

, For example::

q) (11 +

(d +

5) (1 + 3)
1) (4 + (-6))

es

ALGEBRAIC SYSTEMS



f.

es

The matrix is, the

/OF. all!

,ANSWER:

identity element

V

for matrix additleA.

.}M

-

ool. .00J

ANSWER r

f:

fla -1-c
a b

Therefore the additive inverse of

133



Own,

so, 14 4.11 .
Consider the following proof:

and thus

-+ ) (b +
a t (c + s) (d -6t)

+ a) (r+bfl
(a + c) +.d)

\
[ci

Lc IdT-+ wfl LcdJ

We conclude that metrix.addition is .

Deflation of +
8

A
c

for real numbers

Definition.cif +

ANSWER:

..)emeeutative. (or, agcommutative o eration)

In a simi1a0anner, prove that matrix addftion

In other words, prove:operation.

([11.
c d

e f q r#
.jg h .L: t

..

tdi

ia an associative

ef#

t
9.

vIndicate exactly how Aa for real numbers is used in your

ANSWER:

h4.1
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+ e) (b + ffl

g ) (d h

.Dajnition of +

+ e) + q (b + t) +
(c + g) + s (d + h) + t

[;
t

Definition of +



- -

lac + (g'+ a) d:+.034 0
+ (a + q) h + (f +

. A
i

for veal numbers

[! 1c d (4 + 0 (11 + 0
[t.isi + q) (f + 1

Definition oi + :

Nek lof inition' of +

eme.- ......
tJ.. ..... . 4, A. '

Nevi observed that the operatAg ie closed and hai the above pro

-'perties we can-conclude

atrix addition.

ANSWER:

nonnutative group.

DEFIN TION OF".";

that

d

2 .)4 2

a t

matrices fecal 1(n) under

-

+ be) (ar +
(cq + ds) (cr + dt)

'
Note: An element in 1st row and 2nd colnmn`(upper right corner) of

the product is obteined by adding the products obtiined*by multiply-

ing the elements of the 1st row of the first.matrix by the cbrrer___

sponding elements of the 2nd colunn of the second natvix. The oiher,

elements are similarly obtained. For saample, the element in the

2nd row and lst column of the product is obtained by adding the pro-

ducts obtained by multiplying the elements of the of the first

matrix by the'correspondiug elements of the 9f the second 12111-

trix.

a
alb
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4

Ilan:- 3a + 7c

30, + 7d. =

(DeterLne the

s

two remaibini(equations.)

ANSWER:

4. 4c 1

'b + 4d 4

From tibia we obtain a. pair of eqsations ih A and c and another

'pair of equations in b and .d. 1,

,3a.4- 7c, . 3

a + 4c 1

Solve this system of equations for a. and c.,

ANSWER:

,3a + 7c All 3-

3a + 12c

5c . 0 . a = 1,

012, .

Si*ilarly, we may determine b
A

ANSWER:

b 0,

Therefore,

from 3b + 7d

+ 4d

4
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. 41.

w
* . e

.141.

the following statement true for all

,,

ANSWER: -

Yes.

--
real numbers a,

W. ..

b, .c, and

When we defined.the term "Identitrelement", we raquirea that if e

is an identity element for an operation II on a set S, e a

6

a it' a for -each a 'in the.set S. AlLof the sAteme we haVe

previou40 considered have possessed th14-commutative Property; so*

: A a, we knew a e a. '

Out matrix multipilcation

test the equation, to
0

element for matrix.mu*tipl

ANSWER:.

0.]- 0- 1 Lc [aF.
cit]

CommOtative.: Therefore we mustalso

see if the mXtrix
, 0 11 1

an identity

ication.

Is the above equation ttue real numbers a, b, c, And d?

ANSWER.

'Yes.

*
w
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yind 0 four real number equationa.that resultufrom the fo1ling

at'atement:

[I d 2 LO. 1

ANSWiR:

'am + by

ax + bz 0

CW dy 0

jcx,+ dz

4.------------------

SolVe the shove equations for w* x, y, and z in terms of a. b,

and d. You may assumb that a d -,b c 0. 0.

ANSWER:

ad - be

-b .
aI - bc

-c
ad - bc
---A---
ad - be

'The above method for fiad ng the Multiplica tive inverse of the matrix

[P 64]

fails in came ad -*be 0. In lact, it can be shown, Sl-
, 0

thqu h we will not do so, that if ad:- bc 0 then the'matrix

dines not have an inviNaf Lifter multip ication.

if
d -b

0
ad - bc ad - bc

-c
ad - bc ad -

ANSWER: j

ad - bc; multiplicative inverse

is the of

41%

4 4
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Whet le thiMultiplicative [13.

1 4
ir

Check your answer by,multiplication' (check the proeuct in both or-

'ders).

ANSWER:

[4/5 -7/5.]

-1/5 3/5

CHEW

4

7] 4/5 -7/5 [!(4/5). 7(-1/5) 3(-7/5) + 7(3/
L1/5 3/5 1(4/5) + 4(-1/5) 1(-7/5) + 413/5)

11
1

0 .1 ?
'Also,

17 4 / -7//
6.1

L:1/5 3/5 ]

Doe?, [; siways hive an inVerse Under-matrix multiplication if

(16] L ?

ANSWER:

No. matrix

multiplicative inverse;

1-5 for which ad - bc
c

e.g.,
[ 212

0 fails to 'have a

ft

Thus the invesSe property does not hold for matrices under
...- 7.

1

mu tiplication.

We 1 eve not yet considered whether matrix multiplication Is associa-e.
,

tive. The detailed pro& is quite long and thereore we will only

consider a part of it.

We will calculate the term in the first row and first column of the

, final products obtained by the'two associatiOne. After showing that

IP
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this* 8108suts'8F6 equal we Willassuie the same thlng..could bevdOne

'for the other elements:- ,The natation will be chenged slightly in or-

..der eo Wimp trick of terms sprweasily.

4 .

Fill inleachof the blanRs bmaure tainclude all of thedecessary

parentheses.

a/1 al2

21821 82

141 b1;- ell Cl2

b21 b22 C21 £22

(Omit the
,second row) c21 e22

if
[Note: The subscripts appeering ou the lettere a, b, c,lithove tn-
dicate the row and column in which the idement lies; e.g., 812 ,lies
in row l'and column 2.]

'ANSWER:
P

mu bit t 812 P21 ali 1

610mit the second row).

+ al2112!]

oil D11,+ 812 .b21 811 b12

SOmit the second row

ANSWER:

ail the

-
812 b22 cll. el2

Omitt: s'E21 c22..

uecond columnII

(ail bil #12 .1' 0,11 ali h12 4" a12 2 1 (OM

,(0meicomitY

rilj

[!21

a-12

a22 b.21

b12

1;121

cll

c21

cI2

c2,2

(Omit the sec-
ond'colwnn)

141



<

ANSWER:

cll b12 c2.1

b21 ell b22 c21.

I.

(Omitr

(Qmit)

ANSWER:

Fa11 (b11.c11 4, br2 . c21).+.a12 fb21 c11 +1,22 C21) (Pat
: (Omitt) (Dmii4.

0,.

(Omiti'

(Qmit)

rOmit the seconA7
row and the oleo-

Land column)
f-

It is straightforward ts, check that:

(all bll + a12 b20 b12 a12 422) g21

b12 c21) a12 (b21 cll b22.C21).-

all (bllic

This completes the proof.

In summaiy, we seekthat the sysrem of two-row, two-column matrices

with matrix addition.and,multipiicatIon satisfies all the field pos-

tplates extept for M and M . Any eorem that we !nave proved
410

c in
th.

about real numbers and whose proof did not make use of PrdpeWes

\ Mc and Min is valid for this sytem of matrices. _In particulate,

all the theorems which are concerned only with the addition operation

,are valid. .

1
We illustrate with an example one theorem which is not valid for the

system of matrices. Let and B be Oatrices lefined ail follows:

***A 7327, [33'

'Then A and 'B' are non-zero matrices but . A B the zero matrix
iL....

° Q .this 'lx.apple show's hat. theorem 2.4 is not valid for matri-
0 0'.

ces.
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We turn now to-more general:types of matrices.' We will say that

matrix is an m x n" matrix if it has m rows and xi columns.

- matrices sie have been discussing IbUs lax are 2.x 2 matrices.

'will often...use -cepital letters to denete matrices and lower c e

letters with dpUble subscripta to dinote elements of the matr
A-Thus .a

ij.
will denote the element in th i

th
r

th
ow and j column of

frmatris. \

DEFINITION 3.1: Suppose A and B
1/4

and B have the eame number of r

If a
ij

-denotes the éleMent in the,

and .6 denotes the element in the
ij

+ B is defined to be that m

the I
th

row.and j
th,

coluMn is

and j 2, ..., n.\

Note that the above definition agrees wiiph the denition we have

reegly adopted,for 2 x 2 matrices. note also that A + B is nof

defined unless A and B have.the same number of tows and same

a

The

We

then, A

,ment in

m

are m x n matrices, i.e., A

and the same number of collorios.

row and j
th,

column of A,
th

th th
row and j column of B,

x n matrix such that the ele-

a + b for i 0 1, 2,

number of- columns.

Find the sum:

ANSWER:

1 5 -f
2 9

251 -1 4 -31

10 4 .

Find the sum:

-1 -2-
0

4 2

.16

1.
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ANSWER:

[211

DEFINITION 3.2: If A is an n x

matrix, then A B tile z " p

,procedurec the element' in the
tb

m matrix and B is an m X p

matrix obtaicl-ed by tile following

row-and j column of A ,B is \

equal to th Mum of. the .products Of corresponditi eleMihts of. the.
,

i
th

tow of and the jth column of B.

Be sure to note thet in the above definition the second matrix, B,

-pallet. have Ale same 'number .. of rows as-the first matrix, A, has col-

umna. The product A. B then has es many rows as A 'and as, many

olumns -as B.

ind the product of tife followipg two.matrices:

P.
1 -2
2 .5d 1-4

ANSWER: ,

1

+ 1 1 + 2
4 2 + 2 1 +

(-1).
(-1)

3

-4

3 + I.

3 +. 2

(-4 )+ 2
(-4 )+5

:

2
2

Find the proopp

71: 3 2- -1
2 1 4 -2
5 3 -4 L4

-5 14

l ANSWER:

1

28* 1
1

+ 3
0 1
+ 3

'

(-2)

(-2)

+ 2
+'4
+ (-4)

4

4

4

(- 3-

16

-17_
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gar

Find the produc .

p
.

1 2-1 p 3-1

tt 2 5j. -4_j
e

ANSWER: ,
..e

cannot be obtained since the nuMber of rows in th second
:vl

.

matt x is not equal to e number of columns in the fitst mat

Find the product:

-.3 -2 4

4 1- 6 3

2 1 2

OF

ANSWERP

-it) '18- li-

15 6 19

10 4 21

If A is a S x_3
roe

is a matrix':

T ---- -

matrix and' B 'is a 3 X

(>4 ANS4ER:

5 x 7

matrix, then A

If A- is a 5 X 1 MatriX and B is a :1 x 5 ,matrix, then A'._B

is a matrix and B x A is a gimattix.

, .SNSWER:

5 x 5

1 $( 1

T

'16

-
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Observe that the prqduet defin tion does not allow uato choose

)
_ arbitrarily twd pattices and determriav the matriX to whiCh this'

...
"operation" would asnign them. Therefore this definitiOn fails.tv.

define an operation ovet the setierf all matrices.' Matrix multipliea-.

'an be shown io be-associative whenever it id defined. Thus if

A an n x M Matrix, B is an m ,), p Matrix.and C -is a
,

matrix, then all a the products indicated in the expressions

(A C, and A (B C) are defined and (A B) C

A (1L C), Each of these expressions denoted,an .n x q matrix.
ewSs

For Shy g ven positive integex a, addition and multWication arei

Iclosed.operations oh the set of all. .n x n matrices. It can be .jcp

..teahoug.f.jj.Lat as we indieited previously4Q.the case a . 2, that.

fat the system of -1t5-11, matriCes all.the fild postulates are

Nalid except.for M
C

and M
in

. In pariicul r the multiplicative

identity for this sprtem is the matrix whose main diagonal entries
4 .

are all equal to 1 and ail!. of whooe off-diagonal.elements ate equal
A

tyi. These matrices pre shown below for ,n iu 3, 4, 5.

1

0

0

,

O.

1

0

Nk,

0

1_

, n

0

4 0 1 0
0 0 1

0 0 0

0

0

V

I .0 0 0 0

01.0 0 0

0 0 1 0 0
6 0 0 1

0 0 0 0

.

jpie_call these.,m4rices multiplicative identity pat es, Moregener-

.--

ally, Af 1 dvOtes'the' n x n multiplicative id y.matrix then

.

1 :15.!' - A for any m rix A with n' rows (and any 4mber of

rIumns2.,)pd A I s A for any matrix A w
.

lumns -(and

-AIL Alm number of.rows).

w

iliP
. .

.

s
' Matr.ices have been applied with great success eo the probl

,

solving systems of linear equations.

Fo4t.4ue first illustration of such an appliCation we will consider

the following'system of equat ons:

2x + 3y . 1

4x..0 5

146 'ALGEBRAIC SYSTEMS
0

-



e
_Find.th proeuct-of the following twomatrtces:

[.
2

ANSWER:

+
4x + y

The two elements in ihe Product macrix are the expressions on the

left sides of the tim equations. Since two mittfces.are equal,if

their corresponding eleients.are equal we can rewrite ihe, given pair

of equations in the followingematrix.form:

ANSWER:

[-; ] [;I

Tbe matrix
[I

3,1 has the caeffic ents om the equation system as

its antties and is usualliv referred to is the coe ficient Matrix.
, .

Construct the matrix equstion.which is equiv, ent to thi followirig

system of sfiquatious: 1

-.. 4ex + ly 11
.

t

2x +.3y ... 5

"

ANSWER:'

* 2 3 [1.r

at-

,
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Each of the above matrii equattgos is of the form A X a B where

4VA, X: and B are matrices. When we sollie a real nbuiber equation

of the form a x b and. a 0 0, we "divide bothisidea o( the'

equation by a" and arrive at the solutiom x a b/a: autNsil.vision

Ls defined in terms of multiplicaiion and depends,on the existence of -

the multiplicative inverse for its meaning.. Thus a more basic wAy of

arriving at the solution orth4 quation a x a b is to multiply

both sides of the equatton by a I thui.obtaining x a-I - b.:

A similar approach* can be used to s lve the matrix equation A X

a B. If _A 1 exists we can multiii.y both aides of the equation by '

ilikand arrive at. the equation A 1 (A X) A I B. (The order

of the multiplication is important since 'M does not hold for ma-
,. c

trix muItiplircation.)

- But A I (A X)

"

ANSWER:

X; A.1 (A X) .(A1.A). X I.Xa X,
matrix multiplitation is associative.

Thus 4

0-

ANS ER:

A 1 B.

The sokution of he equation

first finding the inverse at

matrix
c d

provided ad - bc 0 0%

4

4 L5.1

if it exi t

can be 'obtained by

fISP 1 tylt.,the,4
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Find .the inverse' of" 7
4 1

ANSWER:

t_

1 -3
-10 -10 10 10

-4 2 4 -2
-101-10

There'fore

ANSWER:

-1 ii 11
10 10

4 -2 5

10 10

m the above we. obtigin

ANSWER:

4

r

M-11..CR isthe'eolutión of.,the matrix equation, we know

t.

'Ili. la the solution of the nriginal system, of

equations.



ANSWER:-,

x .14/10 or 71/5

Y -6/10 Or -3/5

-- - -- -- - --
.B.y the giyen method find the solution of the mattlitequation 121 37

and the solution of the associated mystesi of equations.
5

ANSWER:

The inverae of

The fore

Thus x 1 is the solution of the system of equations...

- .

Solve' the following system of equations by the Matrix method::

3

-6x-+ 4y a 1

ANSWER:

F-
116

4, 21
4j

-4 -4

-5 -7
)

x y

I.

- We should per,haps point out that matrSes play a fundamental role in

vector geometry, the iMportance of whidh! is such that a course in
re"

vectors and matrices isinow atandard in college for pr.actically all
-

r

$

I

-150 ALGEBRAIE SYSTRIS 4 3'3



. .

mathematics majors and ter many students who major.in such fields,as

s cs, statistics, economics, and many of.the soëial ciences.

THE EMS ON FRACTIONS

In this section we'will present.several more theorems on real num-:

berS. The results Contained.in these theoremsare the familiar rukes

for additio,, subtractioh, mUltipiication, and divimion of fractiofis.

and b are.real numbers," b- 0 0, then we' denote.by a 4 b

or by 'a/b the quotient a divided by b. We have:

a b /JD' b- 1 1)-1 a.

Suppose n is a positive integer greater than I and that A aild B

axe n .n matrices. Since M
in

is not valid for the system of

n n matrices, A 1 H may not be defined even if B is not the

zero matrix, because B may not have an inverse under multiplica-

tion. Even if . 0 1, does ex t there is still 'a problem in writing:

vA B A/B A B 1 1 A.

What is the problem?

ANSWER:

M
c

is also not

might have A .

valid for the system,of nx n matrices. Hence we

B 1 B 1 A.

)
it should be clear from t preceding discussion thlt.we cannot ex-

Na . 2-,pect that,the ruleS tor ope tins with quotients of real n pumers

ehould be valid for matrices.*

For real numbers,

following:

.

the familiar rule Sor adding fractions is the
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THEOREM 3. . If a, b. c, *and d are real numbers with b 0 0
4 -d+c b

and d 0 0, 'then a/b + c/d
b d

Prove this theorem, y starting with-the _right hand expreseion and

chahiging It to the left hand expression. Give reamoturfor

wteps, excepPfor the associative and commutative properties.

Did you 'tole Theorem 3.2to com;ert (b .d)7I to b-I- d-17

Did you use Property D7 If not, check your proof before proceeding.

r

ANSWER:

1.
a d+c b

b d
. d c ..b) b d

2.& = (a d + c b) (b I d'1)

3. = a 4.1-.61 fi l +c11.131 '',. d
_I

4. . (*10P I) (a crl) + (c cra) 0
S. . .(a b. 1) l + (c d 1) I

6 . a b i + c'.'d I

7. s/b,+ c/d

1. Definition of

2. Theorem

1. D

4.

50. M
in

4
6. M

id

7.. Definition of division

,

111EOREN 5.12111 If a, b, and 4 are real numbers with b 0 0
.

and d 0 0, Chen .

s

a d'-c. b
a/U c/d =

b .1
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The proof given above for Thaorem 3.11 will also serve AM a

Theorem-3.12 if-we change in each step.the "plus" aign tO a

sign. However we muat also change,the reaaon for.step le

tj'roperty D we should list as relation.

ANSWER:

proof for

"mindS"

Instead

Theorem 3.9 (Actually Theorem 3.9 and Mc but we have agreed to

M
c

without listing it as a reason.).

use

THEOREM 3.13: It .a, b, c, and d are rekl numbers-With

and. d. 0 0, then

a/b c/d ,ac/bd.

We .an rewrite as fol ows:

a c

b .d.
(ac). (hd) I,

" Prove Theorem 1.11.

---- _ _

ANSWLR:

1. a/h c

2.

3,

4:

-

Ji/b b c d, C d I .

b (c

e) (b I

c) (b d)

ac/bd'

Definitio

#

Theorem 3.2

Defini ion of division

THEOREM 1.14:

0 OA and

If a, b", and
4 0 0, 'then

a/c : c/d
b c

By ThaoTam 1.11, d/c

are real numbers with b 0-

c/d dc/cd (rd) (c0 %

proves that c/d 0 0 (by Theorem 2.4) and that (c/d)
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ANSWER:

dIcle"
k

Using the fact that c/d 0 0 and (c/d -.d/c, prove Theorem

3.14.

1. c/d a and (c/d)-I 4/c

(Complete the proof)

Proved above

AilSWER:

1. c/d 0 and (c/d) I dlc

2, a/b c/d a b (c/d),_I

3. a/b d/c

4 0 ad/bc

41.411.Theorem 3.14.is the familiar fót-dividing fractioni, "tnviirt the

dinuminator.sud multiply."

--

Proved above

.Definition of diVisipO

'Stall 1.

:Theorem 3.13

-- - R. --------

Suppose we try to write down.a theore, for 2 2 matrices similar

to Theorem..3.11. We miihC.try the following statement.

If A, B, C, and..D 41501, 2 x 2 itriA and 'if B-I and 6-1 '

exist, then-

A H.1 + D I XA C B) '(Ei 0).

What mist keeCan you find In the oIlowing "procof" pf this state-
f.

menp.

PRA':
4

1. (A D + C B)

'ke.
ob

3.

.94,...RA IC SY STpis

D) (A 1) + C (B I
A D B-I D-I +
C B B-I D I

(A B I) (D 13- ) +
e (B BA) D-I



rtnn,

..11 1) I + C

A111.+CDI

ANSWEIU,

There. is a mistake in st p 1. We do not know that D) 1

B 1 D I. The proof of Theorem 3.2 makep use of M
c
, which ir not,

valid for 2 k 2 matrices. Step 2 is an application of Property D

(and M
a
) and is valid. Step 3 is not_vilid because Property M la

used. Steps 4 and 5 are valid.
C.

Actually the Spit emehl'for.which we have given an incorirect proof

As-hut true.. *%

0
THEOREM LIS: If a., 6, c, and d are real numbers'With b # 0

and 4 # 0, then a/b cid II and only if a . 4, a c b..

A statement,'.lik.ia that given above, using the phrase "if and Only if"'

is equivalent to a theorem In the "If *then .." form and its Con-

verse. ThiPthere are twa parts in Ihe proof of Theorem.3,15. in

.the."if" rurt of the proof we prove that a/b c/d if a .
f,

c b vihere . is the hypothesis and the conclu%ion.

'7+ANSWER:

a d c b

a/b c d

e

In. the "only if" part of the, theorem the hYpothesia is and the

conclusion .

r
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ANSWER

a/b c/d

4 d c 41

I.
Conalder the 1o11owin g proof:

1. a .,(1 c b
2. b 0 0, d 0 0, hence b-1 and cri exist

3. (a d) (b I 0 a 1> (c b) (b-I d-1)

4. (a b I) (d d I) (c d 1) (b VI)

5. (a b 1) 1 d'1) 1

a b r 'a c d 1

7. s/b . ad

2. Hypothesis and .Min

3..

4. 21 and M.
a

'5.
in

. M

7. Definition of Iiivision

fhts proves which,part of Theorem 3.15, the part or the "only

if" part?

do

ANSWER:

The "if" part. (Note that the reasoning proceeds from the hypotheais

d ,N` e b to thIc elusion 0/b c/d.#

-

The steps in the proof efin be reversed to prove the "only i

!the theorem.

' part of
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IS914ORPHISH OF SYSTEMS

Construct the multiplicatien table for the norro elements of .1/5

(a. Impale =if:Juin 5). Designate this.systemhby s1/5*. (The.*

\ d4ca4es that 0 haspbeen.Mmitted frcim 1/5).

,ANSW#R:

1 2 3

1 2 3' 4 4

1 3

3 3 1 4 2

4

Construct the addition. pnble for I 4..

ANSWER:

0

0

2

0

1

2

30

1

2

3

2

3

0

1

0

1

2

157



The above systems will_be compared13y setting'4 a PUnction f. which

maps the elements:of I14 onto the elementa of
$

.To distin-
. .

villa the elpente of 1/4 from tholl1;.Of 7t/5* we will underlin.e

the elemen'ts of '1/5*. Thus the %kit nf 1/5* is .(1,..2 3, 4).

We begin defining the ccirrespOndence f by let the identity

e1Opent of..1/4 coirespond to the identitY 'elemen of 1/5*

other woras, corresponds. to' .

ANSWER:

0 corresponds to 1.

We Will designate the function inthe following way:

0 1

'In 1/4, if we add 2 + 2, the'sum is.0. For Which.element 06 1/5*

different from 1,.is the product of the element with itself:equal to

the identy eleMgnt 1?

Since 2 and 4 are similar in thtrt uespect we III let 2- cotre-

.spond t, o 4. We will elio let 1 correlpond 2- -land 3 corre-

spend to 3. Thus the function is defined as follows: _ ,

111*
IF

f: 0

1 2

2 4

3 3
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.

we ,have defins4 a function which has -10, as Its and

1, 4} aa tt .

ANSWER:

domAin

range ,

T ...'r* VOA Ito

We could iavs let 1 cbrrespond to 3 and 3 , correspond to.: 2:

This woul4 have given.us.the correspondence':
, *

.

t
,

.

o :--.-----. 1

a 1 3 ,.

2

A discussion siidiai to the one we will give for f coul -be given-

41Ylefor this function.also. YoU should observe that both of th s faC-

tions are one-to-one (i.e., reversible) funottons.

4
We return now to the function f (the first of tbe above two

,functions).

1(1) mi

f(2)

tizef

ANSWER:

1

2

4

....11TI=0!
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Next consider the connection between this fullIbm and the'binery

operation:6Y

lif
..,rwmpoomanrip

.110111110.0

ANSWER:

1

1(2 + 3) 1(1)

4

3

f(2) f(3)

Thum we smooths. (2 + 3) ' 1(2) f(3).

Which of the following statements ere true?

a. f(1 + 2) f(1) 1(2)

b. 1(2 + 0) f(2) f(0)

c. 1(3 + 1) f(3) f(1)

d. 1(2 4 2) f(2)
1

1(2)

.

ANSWER:

All are true.

IF A
e4 he dee

1mi mai 1m

We have tested five out of the sixteoppossible ordered pairs .b)

'and lave seen that. af(a +.b) fol f(a) f(b)- It is,possible to
%

, ,

proveothat this statement is true for all a and b by examining

the remaiOng cases, but this wil;41. not be i%equired.
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4

U. will inatsad reconstruct the table for multiplication in I/5* so

that on the margins the elements. of 1/5* are in the same positions

; .9ctu1ed by thoii copesponding elemente of J/4 on that- addition
i

tab Mt the products 'are placed ow the 1/5* table weegn com-

,
P4 eth. -1/4 table.

11`.44\N\ /4 - ',I/5*

1 2 4' 3

4 j
4.

°

2 '4,

jk 4

4

comparing the reconstrucled table with the addition

t.able for 1/4 'tit:it Cite 'OPp;ratiois is preserved by th'e function f.
. -

For example. 2 corresponds ,to '4 and 2 occupies die positions

op the 1/4 table-whiCh correspond to the Positions occupied. by

on the. 05*. table.

SUMARY

.11,1e were able to detemine a fmrction from* 1/4 onto 4/5* such that 9

to iach element of I/4 a-there is. a urtiqa eiement 0 1/5* to which

it corresponda, atd corresponding to each element of I/5*-=:therc is

a unique etement of I/4. Such a function is called ,a one-to-one,

covespondence betwat41 1/4 and 1/.5*. Furthermore,-,.for all a. b
,

$1/4, f(a,+ b) f(a) f .

. 0 .

6i FINITIQN 33: If G is a 'gioup whose operatiOn itit denoted by "a"

and G" -is a group whose operation is denoted by. 'Ve, then int ,,a0
morphisItt of the voup G onto the group Q'

tion f C 'onto 6' :sucilf thdt:

f (SO A

A reversibLe func-

lor eath a, 'and . G. ii!le.s4y that., C and ate sotgprebic.'

-

-0

A, C.

-

0

00"
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In the example dipcuatmd G is /4 and the operation "o". is

addition in 1/4. The group G' iv 1/5* and the operation "A",

is mull[plication in

If two groups are isomorphic &en they are algebraically egyivalent.

The element* whieh Make up one group may.be dtfferent from the.ele-'

'menu' which milite up the other but any property pomeessed by the oper-

ation in ae group will /Limo be poseessed by the other:

MEOW! 3.16: Let G be i group with operatioti "co', eSt G' a

group with operatfon :"A" and assume that f :is en tsomorpilism of

:G onto GI. Thed

1. if e. is the identity elimpt of anti f(e). then e'

is the identity element of G'.t

2. -The-image of tbe invvse of an element a of -G is the inverse
4.7

, -of the image of a. (i.e., if f(a) * , then f(-a) . *.

.whete .-a idenotes the inverse of a in G and -(a') .denotes the

inverwe og. in

PROOF:

Assume a is the identity elemenvf G and' f(e) e'.
$

.

We must provelhat .

et,

ANSWER:

e' is the iiantity,ereme9 of G'; or e' A a' * a' A e af

' for each 0' in C.'

+40

Since e i* the identity.element of G 'we know that e o a .a
:

for each...a in G. Let a' -be an elemeni,of and leta a be

the element of G auch that f(a) *.
By the defigition of isoitorphism we know that

:1101*

r
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I.

ANiW

t(e) A

But f(e) and f(e)

Therefore, A a' a': for each 'Itin G'. Similarly,

al A e' a' for each 60. in G/. Thus e' is the of

. G'.

ANSWER:

identitytelament

.............. fa MS . ..
Let f (-a)'. No.t.carefu11y the conceptual difference be-

tween (-a) and -4(a'),.

(-a)' 1(-40 is the eleient of G" paired with the element -a

of G by the function- f; -(ar) -f(a) is the inverse'in G'

of thi element paired' with a by the function f. hi order to proiie

that fl-ar74 -f(a) it is aufficient to show
,

that

aF.
f(a) A 1(7a) and tt-a) A 'f(a). e

Prove eRat f(a) A f(-e) 0.

*

ANSthit
f(a) A" k(lp(-a

r
1 .

) -because I is.an isomoTphi

,^\

s



a o a si ce f .im an isomorphism. Also, in the preceding

-proof it was"showo the f(e) tha identity.element of C.

Therefore

f(s) t t(-a) - f(a o f-a)) fie) i.e., f(a)

fo. Alp

Similarly, f(-4) A f(a) - e'
, . .

Theorem 3.16 is often useful in findin g. au' isomorphism of one group

.0Pnto another. Tha4Adentity. element of, one group mu\t correspond tp

the identity eleMent(ef the other, and 41 twd eleients correspond

their inverses muat also correspond.

Find an isomorphfam fiom the additive grbup of I/10 onto the mul-

tiplicative group of I/11*. (An

noted I.) Part of the mapping is

table given as an example given on

element a of 1/11* .14111 be de-
m

already determined fdr you OA the
4

the next page, Construct a eunc-

'tion table and.fill An the firae column of blanks% (Ignore the blank

fable for 1111* and the seem& third, and fourth columns of the

funC t ion 'tabl; )

1 :3," 4 5 6 7

1 2 4 5 6 7 8 9

, .

4

6

8

9

3 . 4' 5,6 7 '8 9. 0

4 *5 6 7 8 .9 0 2

5,b, 74 8 '9 0. -1 2. 3

8 9 0 1 2 3 4

'7 8 0 1 2 3 4 5

,

8 9 0 1 2 3 4 5 6

9 0 i .2 3 4 5 , 6 7

0 1 2 3 4 5 6 7 8
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lap .

4 5 10

3 4 7 8 9 10

4 A 8 10 1- 9

3 1 6 9 1 4 7 .1 2

4 8 2 6 7

.2.: 2 , 7 16
9 4 ja 5

7 2 3. -1.g. 6 2 9

5 . Z 4 1 9 3

9- 9 5 3 1 12 8 6 4 . 2

10 IR 9 8 7 5 4 3 2
..

Function Table 4

vs,

0

2

3

' 4

5
4.

6 .

9

--

22,11*

0..1011._

.1

Vell swim . Alm

.rt
4

/If you feel 'that you'haye. given a complete, solution go to ft on page

d.167. If .you are tiot entirely mativiied with your, solutilok go to Cho

next itein

p. \.

P



Using Theorem 3.16 you can arrive at the ng easignmetge:

f
V

c
A M.. 1= MIS OM MN 4r.

ANSWER:

9 6 since -1 ..51 9 A, (We denote the inverse of

4/11*. by' 2-1 inste,0 of ,-2 since.the operation in ques,-.

tien is multiplicatron.)

If f is to be on isoslorphism we must have f(1 + 1) MY. f(1).

In other words, 1(2) .

ANSWER:

4
la

Cro,baCk. to youtsolutionjMtki ldditiops ro, pr Changes in,, the

function t Ole fillingin the second column of b1enks under I/11*.
. -

Do not write glia_more entries'in the lirst, collgmn under /41*

.01 .

...0!

If you feel that yoUt.have mow given a complete solution go to tt on'

page 167.* If nott go to the next item below.
v.

T

We have set ip correspondence 44chollowing pairs:

0,

4 2

2 .71+. 4
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f(144-2) *

Therefore

(1) ' 1(2)

.f(3)

ANSWER: -

14. /I'
Continue this process until the correspondence is tomplIte. Go teic

toyour solution. Meke'edditions to, or chenges.in, the'funciion .

table using'the.third column Alnder. Ii11*. Then go to the neSt.item..

Do.not write any mori entries in the lirst or_seco columns under.

1/11*,

t Does your

6 9.

-9

--
olution agres

-

with the following?

.11. %MP lima dim

If you wish to do so, yoti may now go back to your solution and mak#

say changes you lAke. List these-in the foUrth colypetif blapks.
. 5

lip nal dake my.shanges or write atamore entries .1,1021.9:firptjhree

Then check you solution, with the complete Solution givencOlumns.

Complete Solution:

1/10 /111*

0 1

2

2 4

3 4
a 0'

167.



.

4

10

9.

9 p

-

,

Theinitiak choice of the correspondence 1 -1-0 2 is somewhat arbi-'-
1 .

*.... , .

trarf in.this example.UWe could constZuct in'iy-omorphism by swann-

ing 1 to any etememt of I/11* xcept for the element 1.
,

The function f iv a r versible function.from I/10 CI to I/11*.

To show that it is an i amorphism we must chedk that for all a,

b. in I/10.

ANSWER:

f(a + b

a.

f(a). 0
.

-1

*
To ruvidt this confirmationwe will recOnstructth9:table for ..T1114'.

.by 01acirtg itie.elements of I/11* in positions on the lop and left ...

side's of the 'table on pagel6S which- correspond.to the poSitiona

occupied,by.the torrtsponding eiements on the edges of the -I/10

table. 'Thus tile 4' on the I/I1* table.will.be in a position:cor-

responding to 2 on vhe. 410 table. After you have listed easof

the elmnents.on The edges of 114' J/11* Table, com0.1ete,the table4y

fe.

-placing the respective products in the appropriate operas. Use the
t/s -

given. I/11* tahle fdr reference, if necessary.
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1/11* (reccostructed)

A

IMINIFIEln
111111301-0- Oen

ON
§-

111 NO 9 norm
1 niq 9 EN -§- 1111
1111 12 Me OM

Ioannina
12. NO NMnu

a III 6

Inn 133111 1114
Minlingirta 9

I Him atim ifla
A.cnaparison of

:reconstructed

isomorp

,t

he entries on-the 1/10 table with entries., A

II* table will confirm that this mapping is an

One other e of adisomorphisi will be given in this section..

1Let P rep nt the,group \consisting of the.positive reel numbers .

and-the mUltiplication oper tion.. Lei L--be the group which is.tha

set of all real numbers and the addition operation. Let f be the'

following.funetion from P to IA f(a) m log a for each a in
10

.P. It van be shown that f is a ,reversible functiOn frpm P onto

L.

-
. From your background in high school algebra you know

f(a $.b) log (a - b)
1 a

411



ANSWER:

log a + log b f(a) + f(b)
10 10

or f(a) + f(b) logoa + log,

Theritl,ore, as defined, f la an isomorphism I ro P onto L. Some
OPinteresting observations follow. For example: f (1) ince

1
,

identities must correspond.

ANSWER:

0
,

Thus 1(1) * log * 0..
10

Another interesting observation 6onceros division in R. (Retail.

a 0 b a'..b-1).

Therefore,

f(a * b) * f(a b-1) 'Au f(a) +

. But inverses are mapped onto inverses,

f(b 1) * -1(b)

ANSWER:

-1Ogoltb. (This shows that log .a * b * log a - log b.)
10 10 10 10

nA similar a-analysls would show that corre ponds to n log a. .
, 10

for all integers n.

*
The de.finitiOn of isomorphima can be extended to include mathematical

systems with two Oi more operations, The following deflation would
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be suitable an isomorphism from a .field F onto ield F'.
4

DEFINITION 3.4: !C is an isomorphism of the field F with opera-

tions "+". and "-O.' onto the field F' with operations ."(0" nd

"0 if:

1. 4 iv 4.0 -to-one, or reversible function from V onto .F',

2. 4(a + b)

3. 4(d .b)

e. 0(a) (i) i(b) for all a, b in F, and

a', 0(a) 0 05(b)

Further applications of th

in the course.

RgVIEW ITEMS

1. Consider the theorem:

for alr alk..12Aa F.

af isomorph4tm will be made later

a.

Theorem: If a and b ale rwel numbers, then - (a - b) x

. -
Write-the muittPlicatiye analogue fdr.the above ram.

a.

ANSWER:

'If' a and b are non-z real numbers then (a/b)-1 b/a orA
(a D 1) .1 b a.

2. Fin9Vt6e miStakes in the following proof.

W100,
Theorem.: If A and B are non-zero 2 x 2 matrices, then

(A-1 B 1) (A B) I.

PROOF:

1. A and 8 are non-zero 2 x 2 matrices Hypoth s.s

2. A 1 and 13'1 exist

3. (A 1 , g I ) (A B), (A-1 B-I) (ft A) Mc

4. [ (A- I B- 1) B A M

[A-1 (B-1 B)].. A Ma

6. (A-1 I). A
iv
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r A-1. A

1 r I

ANSWER:

Step (2).is not correct abce M is not Valid for 2 A
in

ces. Step (3) is not valid since M
c

is'not valid for Z )4 2

matrices.

3.

OM/

Prove or disprove: a : (b + -C) r (a C b) + (a 4 0 for all real'

numbers a, b and c where .1) +\c .0 0, b. 0 0 and -c 0. O.

0

tANSWER:

This is e false theorem. On c unter example is sufficient to dis-
.

prove it.

Let a r 6

2

a (b + ) r 2

b) + (e 4 c) 9

a 4 (b c) ' (a b) + (a c)

*ate that in-fraction form this statiMent would be given as Soliows:
i

b

-a -

----- r a/b4.,a/c whic'h yow recognize as a cOmmion error made by+ c A
hi6 school (and college) students.-

4. Let F, Q, R, and S denote the following matrices:

P. Q R S C,-.--
,

0 1
[i. Cl- [1 4 foI 0 -1--

4
4, Define the operation "*" in the following manner:

' 'X * Y X R -Y for all X and Y from the above set. In

other word;1, to find X * Y you find the matrix prOduct of X, R,

and Y where R' is always 'the matrix [
31. .1q].

*ftim

IEBRAIC sx!TEms .

1* 9 0

L.,

4'



For example:

P *S a PR. S

(Recall that matrix

o .1

[io o
L. q

[o
,

Q.

multipligation'is associatAva,'.thus'tke grouping

one lives above ts unimportant.)

Uaing-the following example, conatru0 an operation table for the

set (P. Q, R, S). and the operation "*"..

WER:

Q,

QSRQ
R P Q R/ S

SQPS R
_ I___

S p

Using the.above table and a information about matrix multi-

plicationIyou find helpful, kove-or'disprove te 1611o1ing tate-
.

704 Mtnt:
1..

The'set (PoliQ R, S) forme a_group under the,operation "*".

0
ANSWER:,

Q, R, S) fonnsa group utdr the operation "*.°.

PROOF:

1. An examination.of Vie table establishes closure for

1

a

01.173



2. * .is net assoc 0 ive operation becaUse matrix mulriplication is"

associative.- (X * Y) e (X R . Y) * (X It Y).

R: Z whereas X * (Y A m -X * (Y R /) X R (Y

X Z). Them* reunite Ate equal by the assoCiativejoroperty of
'MO , . I

Matax;multiOlication. -

efer the table.)3. 11 is the rdquired identity

(Refer to

Q * Q

the
/

P *11 0., II,

etc.)

Thus each.element has an inverse.

t

Therefore M }forms a g u under.the operaion "*"..
OP

5.. Given that (P, Q, R S) forms a group under the operation "*",-

is this grOup.isomorbic to' the multiiiicative group. I/5*? Cora-
1

pletely explain the reasons supporting your-answer.

AilSWER:

"1/5*

. '$

4

1 2- 4

1 11'2 . 4

2 4 3
/4.

1. 2

416
3 2 1

. .

.These'two groupa Are not isomorphic. One key is that eaCffelement

in t, Q, R, S1i'... s a pthf-inverse whereas only 1 and ,4 are,

self-inverses in. /5*.. 14 you attempt to reconatruct tier-table fcir'

N "*" "Nu 41 up with the following con d ction!

174 AtGgliRAIO SYSTEMS
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aa

Let k

and. ?, Q, or S :*-4 4

Wherever yOW placethe other own

elementr, Q' and. S,
1

'lents dn the diagonal of the table

willpqnsl R. ,But in tbe table for

1/5* the diagonal eleMentit are not

always equal to 1. Thus the 'opera-
. .

tion cannot be preserved under any

one-to-pne mapping.

.18

Off
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4.*

40

r.' 1.

IV. ORDER IN TRE,REAL N
I,

4

(Aiwa POSTULATES

MBER SYSTEM ,

N 0. )
41 .

If you check thetable of contents of a traditional h4h 'school math-

emafhicp teat you will likely Ond very few pages devoted to the

topics Of order and ineqqaliti-e)t.. In 'contrast, S.M.S.G.
%I

Inter-

mediate Mathematics, Text Part I, 1960'Egiiidn, has at leayt 38 pages

of discussion and problems. Roy Debtsch in his 'feacher's Guideato

\tiotito Modein (D. Va; Noiarand Com-accowany hIs Introduc

pony; Princeton, New J

% cer:tlinly6e informed
A

doet as'frequently ai equalities".,

ersey, 1960, p. WO) says, "The studnt,shou/d

that inequaltties 4tre used:in mathematics al-

In thp development oi the real number system as an example qf a fiel

we,have so 41r epcountered no ?roperties which,tell us theirelative

"size" of.twô nuibers, You know that ft makes sente to Say that "12

, is less h5n .).6",-that"-2 is less than 0", Or'that "1 is greater

than but'a reyiew of the field properties and the theorema we

have proved front them will show .that yoU have noi yet been given an
4

logical basis for such Statements about

ndMbers%

th reldcive order of two
4

In.addition, to the field postulates for the real numbers we will also
3

assume that there is a'"wgeater than" or "less than" relation leving

certain well defined

as follows:

properiies. This assumption is Stated forma1,1y

\-)

Thefield of raal numberF is an ordered field 4n the sense that there

is an order relation."<".iti 'R .which satisfies the four, basic pro-

perties ytatad beloW. (The' symbol "a < b" is read ha ,is less k.

446..



than b"; "b

1 a < b and
e 1

. 0

.
, . .

.

, a" is read (1% is greater than aft. We a zee that
, f

b a mean the same thini.)

1.41

ORDER PROPERTIES:

01 Trichotoity (or COmparison) property:

If a and b are,real nu7bers, teen one and only. of,the foly1

is true: b, a . 71), a > b.

A02 Transitive property:

If a, b, c are real numbers suCh shat < b and b,<-c, theil

Co /01

.403

3.

03 bidillon property:
%

If a, b,*,c are real nuOers sUch that a < b, then la..+ c < b + c.

04 Mu1tiplicat4 property:.
r

If a, b, c are r41 numbers Such that a'< b,.and 0 < c, their

ac < bc.

A
The properties ldseed above are added tto our list of pos tulates. 4

%

the real number system.

g"

4

In Unit I we-fined a binary relation to be a set of ordered pairs.

Wecan also regard the order relation introduced above as a set of

ordered. pairs. We define 0 to be the set of all ordered paits

(a, b) of.real numbers a and b such that \a < b (or 'b > a).
,

Then 0 is a binar relation according to the definition of Undt I.
,
The ordere'd pail's (0, 1)b.(;,, 5), (-2,-s-1), and (-3, 2) are in the

set. 0 because we have' 0 < gl, 2 < 5, -2 < -1, and -3'< 2. The
.

ordered pairs (0, -2),,(1, -3), and (-8, -10) are not in) 0' be-

causeit ik not't-rue that -2 or I -< -3 or -8 k 1.R.
& --"r\, el

4 t
The basie propeOties 01, 02, 03, 04 .cart be restated for the set 0., '

Thus instild of-writing "a < b" . we wr&e t

af,' b) .is in 0." The

properties are restated as follows:,

L

177
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,o

a ,

Ic

01, Triehot'l!! (or comparison)apropetty:

If a and b re real-numbers, then/one and only one-of the follow-
.

ing is irue: 7a, ,b) is in 0, a'- , .111, (be

If you refer badk to the previous statement

that tht or4y chew made ka that "a < b" 1.

is in 0", and- "a b" replaced with "

Complete the fopowing mi!tatement
. \

02_

is in .0, 1%,

of 01, you will fore

s replaced with ."(a, b)

If

in 0, then.

of 02.

a, C re real nuMbors such that

1

-ANAER:

(a, C) is in

(b, a) is in ,0".

and (h, I are

0
03 Addition protmrty

If a, 6, C arereal numkers such thk4

4ANSWV:

(a, b) is in
4

(a + c.,b + c

0.

in O.

04' Mulkiplication Rroperty

/Write out the Rxoperty 04.

ANSWER:'.

If a, ki are real nuMbars such thilt

0, then (ac,ivbc) is in 0. .

4

478- ORDER IN 1111 REAL 1UMBER SYSTEM
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We will from time to time point Out geometric interpretations of

. sone of.the order properties whieb lot
/

help ul in aolvibg. ine011ities to be

into geometric terms. We should say,

derive. It is.often very ,

.able to transIpte a problem
,

howeVer, that we make nd at-

tempt to establish a logical.basis for the connection-between the

set of real numbers and the set of pointa on kline. To attempt to

'do so Would take us beyond the scbpe of this course.

When we associate.real numbeTs.wIth.points on a horizontal line in

.the ustial way, if ao and b are veal nUMbers and a < b theh the'

point assockarEawith a lies to ihe left if the pOint.associated

with b.

. 1 1 1 L:_l
c -2 -1 b 0 la 2

f Figure 1

Refer to Figure i and tell which of the following stateMents is (arg)

\true.

0 t

ANSWER:

True

(2) -2 b

t.. ... - 1 - ----------- -- -
' I

ANSWER:

False

t.

I 7

411.
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43) (b, a) is in the set 0.

ANStElt:

.

True .

(4) -2, a) is in the setqO.
-

I-----
ANSWER:

I

True
I 1;46 .

0

4.1r th .

.4
. I .L

0

If .a, b, c are real numbers such that a b, then a + c

+ c because of the addition.property of .equality. Recall that

this results from the fact thgt addition associates with each order-
.

ed pair of numbers a unique number. If a A Ai then (ai c) .and

.01, 0 are names for die same drdered pair; henFe a + c b + C.

r If a, b, c 4okre'rea1 numbers sucti that a < b, thRn a + c
y

*lb + c. Why
I.

ANSWER:

<, by 03.

n

The addition property of equality is a theorem whith follows from

the definition of a binary'operation, the assumption that addition

is.a binary operation, and the meaning of equality; but Property 03

must be regarded as a postulate.

Note:that the inequality "a < b" is not altered,,,when a or b

(or both) 4re replaced by.eqUal quantities. As in the previous

units we.will mske:free use of this idea.of "substitutidn"-ind will

give no explicit rpasonwhen it is used, except Where supplying the

180 ORDEIL IN THE REAL NUMBER SYSTEM .44



re*trou might prevent coniunion.

Thua if. a P m and b
.-

replaced by the inequaliq

.

then the inequality a < b may be ..

-without a

. AhWERf

m < x (other answers: a < x, m < b)IP,

a7 (7
^

I \,.
.

Reread the multiplication property, 04, for the "<" reiiition.: aye
apy errors been made'id applying it in the numerical evamples'b IOW?

Explain..

(1) Let a_ = 4, b = 7, c .6 2 then -4 2 < 7 6 2

(2) Let
_

4,, b .6 7, c = 0, then 4 0 < 7 01

(3)-Let a 4, b 7, c = -2, then 4(.7.2) 7(:-2)

(4) Let a 46 -7 b
v 0

s. 73, c 6. .2, 'then' (77)(2) < (-3)(2)
i.t.

,

ANSWER":

t (
(15. correct: since > 0 - 04- appl,ies.

(2) Wrong: since , 0,, 04 does not apply.

(3) 'Wrong: since c,< 0 .04 dots not apply.

(4) Correct: since c > 0, 04 applies.

IA terms of the order relation we shAll make the following defini-

tioAs for pos.ttive Ad negative numbers.

DEFINITION 4.1:

(I)..A real number a is iositive if anAnly if a.> O.

(2) 'A real number a is negative if' and only if a < 0.

When 0 Is substituted b in the Trichotomy astumption, we

have three alternatives for a real number a: a < 0, a 0 and

a 0. This divfdes the real numbers into three non-overIapping
'

1

18].
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4

,

subsets; -What are th6y?

4

' 4L,

ANSWER:

The set of negative reaLnUmbers,

(0) (the set whose onlY member zerO),

the set of positive real number

' mir

and

Note carefully that in Definition 4.1 no ment,ion of a "minus sign" is

made in the definition of ilesatiVq-number. Thus if we denote a num-

ler by -a we are -indicating the-additive inViiie of,the number .a.

Use of the syiabol gWes no indication as to Vhetherthe number
a

lin question.iapositive, negative, pr zeyo. We shall See presentl§

that if 0 is a ppaitive 'numbei then -a is a negative number, apd

lhat if a ie a'negative number then -a is a posiave number. 'We

, already knew from Unit III that if a is zero then -ta -is

ANSWER:

zero.

4I

Wa-shall make frequentFuse..oi the set notation ix i in4h1ch

the defining conditions for x. arelwritten ih the blank space. For

, example, ix I x is4read "thdinCof.all. x Such that x s

greater than 4".

4 ,

'We s!lall,also Yefer to certain,subsets of the real.numbers in the'

following ways: Set of non-negative teal numbers, set-of Positive
a

real ers, see of negative real nuMbers-, set of non-positid rdal

e4nuMb

Select the proper title for each of the following:
(e

182 ORDER IN ICE REAL NymBp SYSTEM
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Si

a

(1)

ANSWER:

( 1) -Set of positive. re al numbers.

(2) 1 0)

-ANSWER: !

(2) Sgt.of non-negative real numbeis.

(3) fx r 0 < x)

.ANSWERf

(,) 'Set of vositive.real nutbers:

-'7
(47 tx '01

F ANSWER:, ,

i4) S7kt bf negativ real numbers.

i

ANSWER:

1

(5) Set of non-negative real. numbers.

4.

183
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(6) (xl x < 01

ANSWER:-
- - ,

'(6) -"Set of non-positive real numbers.

Reminder*: If 0 reaNmber is not'negativeit is titither zero or a

positive nupber.

ORDER THEOREMS .

/

= \ 4

, s
1

." There are many important theorgps which follow as consequences of the ,
,

.,- .

order properties of relil nullbera. *We eha.1.1 state 71314 prove'e number
,

of'these theorems. In the begInging; in proving order theorems, you ,N

1

are asked'tngive complete probfti. iheving each step in whichlyotfuse

either a 'field property or at order property of the reakonum6ers.

You may use tpe sts of field-postulates and theorems given in'the

precetiingunits or reference. A little later you will'he permitted

to u the field pertiés witout teferrinveach time to the Pro-
.

'per which you.are using', This Will altlowyou to concentrate your

attention on the order properties. Each time.an order theoremiis
r

.; doved, it aay then be uged as'a reason in a later Oropf.
1

qr.
'

TliEOREM 4;1: If a, b, c, d are reel npmbers auth that a < b and

c < d, then a "4-Pc < b d.

The proof of this theorem ts based on two order properties.
4

Suppose c is added to both members of the given inequality

Write the inequality thus obtAined.
4 (

Similarly, write the. inequality obtained'when b 'is added to both

members ofIthe given inequality, c < d.

These etatements are justified by which order property?

184 ORDER IN ThE REiL NUMBER SYSTEM



.,

ANS1416

< b c

-1) ( S .f b

03 (additlom)

- -
,

clhat ordet property permits one t cnci.ude from the two statements

ai)Ove th*at a + c < b + d?

,

- .

ANS1,}ER:

02 (transitive

-

4,4

a

Using thrpreceding auggestions, -write a comp1ete proof for ThectteR 1

14:1. RemembertO list as reascAts,a1I field properties as well as 'a
_ -

'order yeoperties that you usv
4 0

4.

iftplaR:

.1. a < b c < d, .a, b, c, d fare real numbers Hypothesis

2. a +- c ; b + c 03

3. .c + b;< d b 03

4. b + c' b d A

- 5. a-4- c < b 4-vd 02'

A theorem similar to Theorem 4.1 can be ktated as a -consequence of

the muItiplicatioli property .of order.

YHEDREM 4.2: If a, Tb,' c, and yd areVos.ffive re#1 numbers with

a < b and c < d, then hc < bd.

Give a numericalf example to show that the shore theorem is not trile
,

11,

when the.word positive is omitted.

fa-
et.
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ANSWER:

There are many examiles; here are two:

(I)

(2)

-2

-4

<-1,
$.

< Q,

and -3 <5

and' 6.-.(s
but

but

.6

(-2)(-3) is not. letis,than (-1)(5).

(-4)(0) is.not less than
7

1

The plan of proof fôr..theorem 4.2 is Similar to'that Of Theorem 4.1:

Wrifte acomplete proof for this theorem.
V)

ANSWER:

(I) a < b,-41 c < d, a,- c,-d are Hypothesis !,

positive real nymbers

(2) c N 0, b > 0 .,,,..PAargEinition 4%1

(3) 04

(4) .cb < db 04 .

(5) bc < bd. M

(6), .. üç .< bd. 02

You may,count your proof as being córroct even if you omitted, sipp 2.,
1°

flio.

'From your plst'experkences in.algebra you should be able to supply

conclusions for th Lcalowing statements. -.Nur next task will be to
A

prove them.) Foillany real numbers a and b

(1) 'If a < b,'then a - b -O. ( nsert < or > .)

(2) If a > b, Vamp

(3) If,la - b ).4,

,(4) b < 15;

a -.b .0.

then a b.

then 'a . b.

dOISWER:,

.(1) 1) >, (3) >,. (4)

The four statenents from the preceding item are of Oe form, "If F,

Q

186 ORDER IN THE REAL NUMBER S/STEM
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II '1 . ler ,r'''''

then. Q", where .E and Q. ate statements. Thus the theorem , "If.
.

ta <.b, then a b .? 0",, has this.foria Khere P is the statement 1
.. .

6,11.4 b" ,and Q is.the.statement "a -lb' e 0",. P -is the hypothe-
'4

sis, or aasume'd part, of 'the statelient .and, Q 4, the:conclusion. -.
...

The -converse bf a 'theorem- is obtained, by making the conclusion, the

hypothesis and by making the hypothesis -the conclusion., (If the

hypothe'els or Conclusion -is a cobtpound Statement-, a co nverse may be

olitsined by interchanging a "part" of eachd -The converse of rlf

P then. Q" is "If Q then P"- Th e. convers$ of "If <*.b,

then b < 0"' ,is "If: a .7 b < 0, then a

, Write the cQrrses of theJollaving thsdrems:

Tor any.reai :limbers a! an4 b,

(17) if a > b , thed.a - b > 6

(2) ii a + 3 M b, titien .

ANSWER:

For any real ritusbers a and b,-

(1) if a - 0, then -a s, B.
-

(2) if b >a, then a + 3 m b.

Consider the converses given n the previous ttem.

Does (l) lappear to_be. true?

Does (2) appear to be true?

If a thedrem is, true, is its converse necessarily true?
A

ANSWER:

The converse of Theorem (I) is true (the prdof is given later).

The converse of Theorem (2) is not true. There are numbers -a and

,b such ihnt b > a, but a + 3 14 b; for example a m 4r

10.

SIC
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If theorem is true,. its converse ld nnknecessarily true.

-7

THEOREM 4.354' Eor'any real numbeis a and

a - b e 0:
,

IA proving this theorem-recallthatby definition of subtraction We.

1:; if a < b,then

can:write a:- b in jhe form- .

7 4

.r6:a

7
'ANSWER:

a + (!-0,

.

Give a cowlete proof of Theorem 4.3a using the addition assumption

for inequalities; i.e., add (-b) to both members pf the inequality,
,

a < b. Include a reason for the'existence of -b. '

..
'

il ..
.

a < b Hypothesis

. 2. -b exists A

3. a + (-0, < b + -(-b) 03

4. a - b < b + (-14 Definiticin.of stthtractipn

5. a - b < 0 A
in .

Le ut Call the converse-of Theorem 4.3a,Theorem 4.3b. State TIO(0-

rem 4.3b and witea prloof.of it. .'Give a reason for'each step in
. .

your proof. Remember to includefield as well as order propertiea.
a

. ANSWER:

THEOREM 4.3b: For.any real numbers a and b- if a - b.< 0, then

a < b.

PROOF:. .

1. a - b $< 0 Hypothesis
(

q ..
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EID

4.

.

a

a +. (-b-) < D

(a + + b < 0 +*-1)

a +' ((7b) :4- b) <, 0 + b.

'ar+ 0.< + b

0,1

Since Ihearem
_.

in a single st

THEOREM
,

a - D < 0; f

a b

Sefinition

03

, A
a

A

4.40-

4ED

of-sub

4

4.3a and itaitonverse are both true,Jthey may be joined

Citement as follpws:

For real m9mberekoiL.,.antlt":11[1, C411

'''

0, *Oa i;
41.. N.

.e%1

The if egof this theorem i Theorem 4.3b and the*anly .1.1 part is

theorem 4.3a. . Seate the c rrespanding theorem for a b in, the*if

and only if form.

ANSWER: -

THEOREM 4.4:

a. - b > O.

For real nuAbern a and !"

p.

a > b if and &illy if -'

Using ithe proof of Theorem 4.3;as a guide, write a proof of :Theorem,

4.4. You shouledivide your answer into two parts -1/Theovem 4.48,

a statement aad proof of the aplv if part vf the theorem, and Thedr

rem 4.4b, a stateMent and proof of the ff part.of the Theprem. Give

reasons for all steps in your proof.

ANSWER:

tREORE1r4.4a:

a b > O.

1.

,
For'any. real numbers a and b, if.. a > then

Hypothesis'

7
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a

-

3.., a + > b +

4.
r

_ b

v5. - a -.b > 0.

a

tat
THEOREM 4.4b:- For any real numbers.

a >

PROOF:

.1. 'a b 0

2. " .61 +%(-b) 0

.3...(a I+ (4.0) + b >0 + b

4. a,+ ((-b) + b) 0 + b

5. a +,0 '> 0 + b

6. a >

.4tn

Ain

a a

. .

Hygpdiesia

9

0, then

Definitien.of subtraction

03

A
a

A
in.

A
id,

4

It is worthwhile' tc.note the:geometric ignif1ence oi the proofi of

Theorems 4.3 and 4.4. :For examlile in.Theorem4.3a the.hypothesie r-

a < b. means that on the real line 46 point a is to the left of

the point b. Adding a number c to both *sidegof the inequality

a 4 b translates each of the points a and b, along the line 1407

the same direction and the same distance. - (We wilEreturn later in

More detail to the consideration of dfiijance on the line.) The

translaelon -is to the right if 'flc igpositive and to the left if. :

is negative. n the proof of Theorem 4.3a we choose c -b. Then
;

a is'translated to -a - b and b .is translatedto b - b O.

Therefore A - k g the left of .0; a .-.b < O.

In plrovIng the following theofeps you may wish to.Make use Of the

List of Pciatulata and Theorems. Remember that ypu may use Only the

definitions, the basic Inder properties, ehe -propecties of a field,
. .

and the theorems preceding the dbq on Which you gra working.

THEOREM 4.5a: If b is a real numbei and 0 < 12, then -b < O.

/1Write a proof of Theorem 4.5a/using TheoreM 4.3a. Give a reagon for
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each step ic your proo
)

-

°( ANSWER:

PROOF:

I. 0 < b

2. .... 0 - b.< 0

3. ,0 (-b)

4. .-b10

f

e

itypo6Osis

Theorem:4.3a

'Definition of subtractio

yam.

A
id

State and prove the converse of Theorem.4.5a (which will be labeled

Theorem '4.5b).(-Give a reason for each step in youx prbof.

A

AN

THEOREM If b is a real number and -b < , then Ir.,.

_Here a ree alternativ proofs:

131(00.1 1 (based on Thevem 44;):

I. -b

'2jr .0 -'*(-b) 0.

3. O.+ (-(-b)) > 0

4. . 0 + b 0
%

5. b 0

ç.

Hypothesis

'Theorem 4.4a

Definition of subtraction'

Fteld Theorem 1.5

A
id

.
. 4.

PROOF 2 (liased on Order Property 01):

1. -b c 0 . Hypothesis

2. (-b) + b c 0
It" . 03

3. 0 < 0 + b Ain
1

4, O., b Aid

I
OROOF 3 (based on. Theorem 4.3b):

7

1. -b .< 0

2.. 0-+ (-b) < 6

3. 0 - b '.: 0'

Hypethes is

A
id

Definition of subtraction

391
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1. .
.

We have proved that Theorem 4.5a ana it!i converse, Theo.rey.4.51i, are

trtie true.

State a tiheorem which combires these tr'theorems. Label it Theorem'

4.5..

a

'Theorem 4.3b

4:

la

ANSWER:
8

THEOREM 4.5:. For any real number

Ia, Aka

> if and only if. -b t 0.
-.

ter

THEOREM 4..6 lp If b is a real number,. b. <-40, then tb > O.

Give a Complete proof of this theorem%.

ier

If you\fell you have give? complutwproof skip to.the Cop of-the

next page. If not, go to the next item below.

411M

What field 04orem is the ipstIfication for writing 'b < u the
a

form -(-b) < b?
Li

ANSWER::

.Theorem 1,5

Gp badk.to your proo

.ing, 's

. Makgbaddi Fns or corrections before procFed7

f
Complte proof of Thaoresn4.6:2,9favan on/the following page.

,
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ANSWER:

1. ,b 0 0

2. -(-b) < Q.

3. -b 0, A

.0

.4
Hyppt eau; .

Fleldjrheorem 3.5

Order Theorem 4.5

Prove the convers jof Theorem 4.6a:

4
ji;EOREM 4.6bi' If b is a real number and, 71) > 136 then b < 0%

-

ANgWER:

PROOF:

It -b 0

2. -(-b)

3. b < 0

Hypothesis' .

Theorem 4:5

Field.Theorem 3.5

We combine Theorem 4.6a and 4.6b tobbtain
. .

,THEOREK 4.6: For any real number b, b < 0 if and only

As is.cleai from the proof, Theorem 4.6 is essentially the same as

Theorem 4.5. It is only necessary to observe that -(-b) b,

'whick Its Theorem 3.5.

.

Complete the exaMples below by stating the order relation-of the

given nuMbers and of their additive inverses:

(i)

(2)

5 and -3 > -5

-4 and "-

ando . 6

(4) If a

-a..,

.41

and b are real nambers, a < b if and only i -b

a- -

193
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ANSWER:

(2) -7 < -4 and - (-7) > --(-4), .e., 7.

(3) 0 < 6 an4 -0 ,> -6; i.e., 76 < or-
(4) a'11*461) if-and only if -b .-a.
-"

v.

Suppbse a and b are rek numbers which are associated with points
on a line as foLlcrws.:

.Mack each of the -following statemen'ts as true or '
(1) -a is to the left of 0.

C2) -a is. to the right Of -b. '.

(3) -a lies between 0 and 1.

ANSWER; -

(1) 4`F:alse'

'(2) True.

(3) False

< -a.

Thete are two statement4 to prove. What arc they?

alse.

.7: / For real numbers a and b, a;< b if and only i

AN WER:

(a)L, If
,

(b) If
and b a e.real numbers and a < b, then -b < -a. `.

a , '4nd b are real .numbers and then a <
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*To perMit.you to ctoctntrate on the order propertigs of the avil num-
/

berg you will no longer be asked to.give as reason's in proofs the

field properties thee you use."... You tould continue hpwever, te; iist

order propetties.

Write a proof for Iireorem 4.1a.f

ANSWER:
I.

Two proofs are.given b$low.

PROOF. 1:

1.

- b <

-(a b) > 0

Li,. -a -
S. > -b Th

(Note that 'stop 4 follows from step 3 by fiel
1 ,

agreement to omit fi'eld propertie4 as Teasons,

Hy.iothesid

Tbeorem. 4.3

Theorem 4.6

em 44

operties. By our

reason- 4a- ,given
for step 4.)

PROOF 2:

J

By hypothesis a so, byr 03, a '4- (-a) < b + (-ij i.e., .0 < b -

at_ Again, by 03, 0 + (-b) < 7 a + -b <

what was tcfibe pro4ed.

Write a proof of(Theorem 4.7b, uLng Theorem 4.7a.

ANSWER:*

-PRO0i:

1. -b <, -a

2. -(-a) <

3. a < b

Hypothesis
Theorem 4.7a

al

195



A

THEORD, 4,8: For real numbers

tHen a+j, O. f

THE0RE14.9: For realinumbirs a and b, 'if a < 0 'and b 4 0,

then a +.b O.
.

.."\

S. j A

4...

W

!L-

a and b, I " 0 and b > 0, .

ANSWER.:

Q1-0 #

.

1

Write a cOnverse o.k Theorem 4.8s,

'.Possible ans ers:FOr rearnumbers a and h,

(1) if a'+ b 0, then a. > O. and b > O.

(2) if a + b .> 0 and a.> 0, then b > 0.

(3). if sa.+ b > 0 and b > .0,then a >. O.

Are any Of these converges of TheoreM 4.8 true?

ANSWER:

No.

t a

Show bir Theorems 4.8 and 4.9 follow directly

-.P-----
ANSWER:

from Theorem04.1.

Theorem 4.8: Since a > 0 and b >,0, by hypothes4 we can'conclude

from Ttorem 4..1 that + b > 0 + O. Thus a + 'b > O.
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-4a

Theorem 4.9: By hypothesia,'0,-.> a.,and 0 b. )4, Theorem 4.1,

0 + 0 > a +.b; i.e., 0 > a + b.

11/4 a.

.4

* .
.

.

State a converse of Theort914.9. If you think your converse is true,
.

.

prove it. If you think it,is,not true, give an example to disprove

..

A
If a + b <40,5othen a . 0 ahd -b < O.

7 Counter,exImiple:,9) + 2 < 0 but 2 > O.

(Thera are other correct answers.)

( P
YouOfamiliarity with tit1 7rules" for multiplication of positive.and

'negative numbers shoul7 enable you'to complete the theorems. below.

T1IEOREM'4.10:

then a b

If

O.

a and b arg real numbers, al> 0 and b > 0,

THEOREM 4.11:

than a b

If

0.

a and b are real numbers, a .< 0 and b < 0,

TAEOREM 4.12: If a and tN ar real numbers,. a > 0 and b <

then a b

a

ANSVER0

n ^ -----

Criticize the following proof'of Theorem 4.10:

PROOFc By hypothesis, 0 < a and 0 < b. Hente, bY Theorem 4.2,

t-
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4

ANSWER:
.

-

qt.

Theorem 4-.2 is incorrectly applied. Inilthe. statement of Theorem 4.2 -

each,o1 the Atabgrs a, V, '4c, and d is assumed to be ;ositAve,

herice not zerch

Give a correct proof of Theorem 4.10.

min 41,0.

ANSWER:

PR:00F:

1. a > 0, b > 0

ab > b

3. ab > 0

4/

Hypothesis -

'04, muliiply by b.

,THEOREM 4, 1: For real numbers a 'and b, If a < 0 d b ,<*0

then' Ab''. O. Can we apply the multiplication Property .04 immediate-

ly --to proveTheorem 4.11? Explain.

4.

ANSWER: .

6

No. 04 applies only when we,arg muktiplying b'y a positive nuMber.

4
If. b < 0 what do you know aboui A)? Give a reaso3.

ANSWER:

-b 0, Theorem 4.6.

..%
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Write a &Akof

ANSWER; Two

PROOF 1.1

10 1.

2.

or Theorem 4C11.

oofs:

a < 0,1b < 6
-b > o

3. a(-b) < 0(p-b)

-OW
ab > 0

.

OOF 2:1

at 0, b < 0.

0, > 0

(-a)(-b)> 0

Hence ab 6 "NO

r.r r r ........ r r
0 Thearent 4.12
v ,

11,0 11. We wi 1

G.$1e can 'use Th
i
'importenTt the rem.

-19

Hypothesis

Tbeoren 4.6a

04Z

Theoru 4.5a

Hypot

%Theo

esis

m 4.6

Theo m 4.10

k.

an be proved much as we have Arov d Thebrems 4.10 and
not*give a proof here. ,"

.

orems 4.10 and 4.11 to easily r. e the following very

THE M 4.13: If a ia real number and a 0, then a2 > b;.-

If a 0, ,w4 can conclude by Property 01 th

ANSWEk:

either a > 0 or

Completg the pronf of Theorem 4.13.

40,

,

r
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I.

If a > 0, 'then a * a ' 0 hv Thiorem 4.10. 'If'.1.:( !),

a a.> 0 .by Theorem4.4.11. Therefore, if. a-1 0, a2

.
I

0* ta > ..

I

. -I-

.P
the

nt ..... 0b.
Since 12 1, an immediate consequence of Theorem 4.13.is the

fact that 1 ' 0. The statement :"1 > 0" will perhaps not sound

-,quite so trivial if stated 4n the following more general form:
;

In any 9rdered field the identity element for ilaultiplication is

1greater than the idsptity element for addition .

Since 1 > 0, it fellows from Theorem 4.8 that 14. 1 > 0;

> 0. Then similarly, 2 + 1 > 0; i.e., 3 > 0..
.

--,...' ..
.

Wean. be shown by an extension of the above that all natural numbers
..-----'-., .

are positive. Such a proof uses . A principle called "mathemati01

"induction"c' This principle will be introduetd in a later unit and a

pAgof that all natural numbers are, positive will be given there.

or.

wr pm

Theorems 4.14, 4.15, 4:16 resemble the "cancellation" laws proved in

UnipII. Relying-again on your past experience,'formulaxe a con

sibp,

a <JD, a b for each of the'fol

THEQREM 4.14: .For real numbers a, b, C, If. a + e, < b + c then

T4EOREM 4.15: For real numbers a, b; c, 'if pc < tic and c > 0

t

then 41,

THEOMM 4.16a: For rei1 numbers a, b, c, if ac < bc and c < 0

then:

200 ,ORDER iN THE REAL.NUMER SYSTEM
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,,,NSWER;.

.. < b.

a < b.

In Theorem 4. 4, is the conclusion trbe for all values qf c i.e., '

< 0, c 0, c 0)?

ANSWER:

Yes.

,

U.

IP.

Write a proof of Theorem 4.14.. List as reasons all order properties

thatipoeouse.

ANSWER:

PROOp%

Ma

4
1. a + c'< b + c Hypothesis

2. -c exIsts
Joele

3. (a. + c) + (-c) < (b rc) + 4-0) 03

4. a < b

(ln.canfamity with previous agreement.the ieI operties used nee4

noi be listed. If you omitted only step 2, do not k yOur proof

incorrect.).

A conversecof Theorem 4.14 is'given by order Property .

ANSWER:

03

me.

201
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Theorem 4.15: If

then a < b.

c are real numbers. ac < bc, and c

F.

4;
Can you prove Theorem 4. 5 directly swing 04 in the way thalt Theorem'

4j4 Jafe.proved using .03? Explain. f .

-- - - ------- --- -
,ANSWER:

.

/
No. In using 04.directly to prove ThOrem 4.15 you would like to

muitiply.beth aides ot the inequality ac < bc by c-1 'to get L-

-,a, b. However, we do not know-that c-1 > 0 when c > O. Although

this is true it has not yet been proved,

'7

s A direct proof of a theorem is one which sure with the Aypothesis

` and proceeds step by istep. to the conclusion. The proof we have given

foi Theorem.4.14 is-a good example of a,dltect proof. In giving an

indirect proof of a. theorem, bne'startaout by assuming that the Con-

clusion of the theorem is false. 'Then one shOwa.that this'assumptAon

1ea4a.to a falae conclUsion, or to some contradiction:-.This then

proves thai the conclusion of the theorem could nothave Won false.

Of course-,the hypothesis of the theorem will be used'at some step of

the proof, but it.4sri1l not generally be the first step. We will il7

Iustrate with a proof of Theorem 4.15.

Tileorem 4.15 ie a statement about real numbers a, 11, c. The hypoth-
1

.

,
esis of the theorem ip )

f ANSWER:

ac < be and c > O.

The conclusion is

4

$r.
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ANSWER:

a < b '

%

In an indirect proof of Theoiem.4.15 the first step will be: assume

that the conclusion is fare i.e., assuie tgat a.< b" is not'true.
14

!Jiang 01 w6,cat then conclude that' .

,ANSWER:

either a

.

or d
1

The Ades now is to shOw that either, of the conditions a = b,'

a > b, will give a contradittion of the'-hypothesii. Complete the

following proof of 'Tporem 4.15.

PROOF:

(1) Assume' a < b "is'not true.

(2) Tben a b or a b by 01.

(3) If a = b, then ac be, bui by 01 ac .bc and

ac < bc are not both possible. So a -= laves a contradiction

of the hypothesis; ac < bc.

(4)' If .a > b then

ANSWER:

PROOF:

(1) Assume a b is not true.

(2) Then - a = b or a " b by 01.

(3) If a .. b then cc = be, 'but by 01 'ac = bc and.

ae < be are not both possibl . So. a b gives a-cAk ontrali tion.

of the hypothesis, ac < bc.

(4) If a b then. ac > be by 04, since-we have c 0, by

hypahesis. But by 01 ac > be and ac bc are not both pos.-

S.
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1

sible. .90 a > b gives a contradiction of the hipothesis ac < bi..

(5) Since a b and a b both lead tocontradictiona we Must

have a < b..

A converse of Theorem 4.15 is given, by., order Property

ANSWER:

04

The proof of.Theorem 4.16a will be omitted.

Ik we multiply both side; of an inequality by a positille number the
.

. .

direction of inequality is' preserved. This is the statement of Pro-

perty 04. HoweVer if we.multiply both sides of an inequality by a
/ 4

negative number tii direction of inequality ia-revpreed. This id the

statement of the followlng theorem, Which is a converse of Theorem

,

The'orem 4.16b: For real numbers a, b, C, if a > b and c < 0,

then ac < bc.

ririte a proof for this theorem.

ANSWER:

PROOF: '

1. a :1), c 0

2. -c 0

3. -ac -bc

4. of bc

.018

Hypothesis

Theorem 4.4

04

Theorem 4.7

204 ORDER IN THE REAL NUMBER SYSTEM
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We Corbin* Thiorems 4.16* and 4.16b to

THEOREM 4.1616. For real numbers

and only if a > b.

In. planning * proof for Theorem

su.ch ad:

form ,

4 b, c, with c < 0, ac <c if

4.15 you,saw. the need for a theorem

"If a number is Positive then its muitiplicative inverse is posi-

tiye." This theorem and its "relative" are,stated as follow:

THEOREM 4.l7:.,, a is

THEOREM 4:1.8: If a is a.real number and

a real,number and a.> 0,

a < p,

then lia 0,

then 1/a 4 0.

To prove Theofem 4.17 we observe that 1/a A. a. 4. '1 and 0 -

0. SlIce 1 > 0 we have i/So as> 0 . a. Theniby Theorem
-

conclude that 1/a >

ANSWER:

'*

a

WC

The proof of Theorem 4.18 wiil be omitted. Sin e the multiplicative

inverse of 1/a is a, fbr any non-zero real. iu4ber a, it follamd

himediately from Theorems 4.17 and 4.18 that if lia > 0 then

0 and that if. 1/a < p ,then A < O.

a I

'Notice that ehe foregoing de;lelopment we used Theorem 4.15 in the

proof of'Theorem 4.17, . Theerem 4.15 was
A 1

ac < bc 7an4 c > 0, then each of the assumptions a b and A

';Instead of.this alipro ach we could have

proved by sheWing thet'if

leads. to,a contradictiOn.

first proved Theorem 4.17 bY

assumptions. a71 . 0 and

ahow4 that if a > 0"theweaah of the
als

C-1 < 0 leads to a contradiction. 2.."Then.

we coyld'have used Theorem 4.17 and 04 to prove Theorem 4.15.
,

then4 THEOREM 4.19:

-.1/b > 1/s: -

4

For real numbers a and b, if a > b > 0

20A



The inequality 1 b..> 1/a can be obtained by nultipiy1ng b4 sides

of the inequality a > b by

ANSWER:

I/eb, or 1/a . l/b

elm^

What theorems can beuaed to deduce that 1 a l/b 0 Explain.

!,

-

ANSWER:
-

*1 ..

By hypohtesis b > 0 and a > b. Hence a > 0, by Property 02.

Thane by Theorem 4.17, 1 > 0 and' l/b > O. Finally, by Theoilem

4,10, 1/b

The following theored providee a convenient technique for order4g

two fractions.

,THEOREM 4.20: If a, b, c, d tre real numbers with b > 0 and
-

d > 0, then a/b > c/d 41 and only if ad >'bc.,
4

Prove the "only if" part of the theorem, i.e., if b > 0, d

and a/b > c/d, then ad >

> .

ANSWER:

.PROOF:

1. a/b > c/d, b > 0, d

2. bd > 0

3. a/b(bd). c/d(13d)

4.. ad > bc

206 ORDER IN THE REAL NUMBER SYSTEM
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The proof of the "if" pirt of Theorem 4.20, i.e., if 13 > 0, d > 0,

and ad > be, then i/b > c/d, is essentially A reverstil of the steps

of the preVious proof.

Write the proof.

L

ANSWER:

PROOF:

1. ad > bc, b > 6,

2. bd > 0

3. l/bd > 0

> bc(1/bd).

S. a/b > c/d

/

Hypothegie

Theorem 4.10

Theoiem 4.17

134

. The followingtheorems may be added to your list for reference when
.

you are solving problems in themeia unit. Prpofs of these theorems

(will not be given'here.

THEOREM 4.21: ,For real numbers a -and b if 'ab >0, then (a >0

and b > 0) or (a < 0 and b < 0).

THEOW 4.22: For real numbeTs, a and b .if ab < -0 then c1(0.

and b < 0) ,o (a < 0 and b > 0).

THEOREM 4.23: For real numbers a and b, ab > 0 if E'thod only if

a/b > O.

,THEOREM 4.24: For real numb-ers a and b, a/b'> 0 if an4 only if

(a > 0 and..b- >. 0) or (a < 0 and b < 0). "

THEOREM 4.25: For real numbees a and b, a/b < 0 if and only if

(a < 0- arid b > 0) > 0 and b < 0).

THEOREM 4.26: For real numbers a and.. b, if , then
,

42 b2(
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THEOREM 4.27: For real numbers a and b,

b 0, then a b.

We "have taken the red-number system as,:our

field. Yoa will see in laterseCtions.that

of ordered fields. However, not all fields

the. system 1/3 of integers modulo 3. Let

an.order0 field and show'a contradiction

By Theorem 41,13, 0 <-1

Then bY 03* 0. +'1 < 1 1, i.e., 1<2

, Again by 01, 1 + 1 < 2 + 1

We have reacheet a contradi tion.

, .

r-

if, a 5 0, ind

Model of.an ordered

there Are other examples

qre ordered.. Consider

us assume that this is

ANSWER:.
16

In fhe sySste° of integZre moduloy, 2 + 1 0, -in step Y we
. ,. .

have 2'5. 0.* lint this life statement that if 0 ' 1 'and
., .

1 < 2, then 0 '<-2 (the'trane tive properV °Corder). 'Thus our
. . .

assumption'that the int0g4ra modulo 3 isan ordered field is not

true.

G.

't
. Le and

statemen ts! 4

C.

real numbers, b O. Consider the following two

(1) If a, is negative and b ts negative then 4/b is positive.

(2) -a/-b ,a/b

Do you think

Explain.

00

hese tWo statements-say essentially the same thing?

" NSWER:

-The two étatemdnts Are not the same. They are conterned 14th entire-
"

iy ditferent concepts. The notions of positiVe and negative depend

/
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upon order tn the.real number system. In statement (2).the minus

signs have nothing to do with order. -a and -b are the additive

inverses 41 a and b. The notion of additive inverse depends only

upon the field properties, and therefore, if has meaning in systbus

which 4re pot ordered. Statement (2) is true in any field. state-
.

ment (14does not make sense unless the tield.is ordered.

. 's
The faci that not every field is ordered tells us that the notions

of "positive" and Inegative" for real numbers cannot be.derived trom
,

the field properties.alone but depend also upon the order assuMp-.

tions. The statement "a negative nui0er ia a.number Whi,Ch cancies
.

a minus sign",is not a definition of negative number. It is simply.

a statement about notation. The mcre fundamental use of the minus
. 4

sign is to denote ihe additive inverse of a number and the notion of

additiv.rse depends only'upon the field properties!,not upon the

order properties. To emphasiEe.this ioinryoncmight recailuithe situ-

atiOn in .1/2, arithmetic mqdulo 2. In this arithmetic ..3.1 t'. ,l,

but the minus sign denotes the additive inverse and has nothing to do

with the notlon of "negative number", Within Ole real number system,

if
,

''s s udent is'drilled,in. fthe idea that.the minus Sign alyw s means
.

"nega ive" then he will probably have a difficult time reconciling

statements such as ge following:.

(1) The absolute value of..any number is either positive or zero.
P r

.(2) If a is negative, the a solute value of a is -a..

Note that in the second statement -a is a positive her, not a

negative' number.

REVIEW ITEMS

1. Insert the correct syrbol (<, then prove the tieorems. Use

LA.
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(a) If , 0 < a b, then ii
(b) ,If b <a < Q, then a2

b2,

b2.

,

In Four proofs you neip,6 not list field properties that you use but

list order properties.

ANSWER:

.(a) a? <

PROOF:

(1) 0

(2) 0

(3) a2,

(4) a2

(b) a2 < b2; two proofs are.shown.

< a, a < b,

< b

< ab, ab < b2

< b2

PROOF 1:

(1) b < a < 0

(2) -b > -a > 0

(3) a2 .< b2

' PROOF 2:

'(1) b c a, a < 0.

(2) b < 0 -

.0) -b > 0,

(4) Lb > 7a

(-5) b2 > ab, ab > a2

(6) b2 > a2

2. A stem with three elements 0, 1, a,

gypothesis

02

04

02

Hypothesis

'Ttrorem 4.7

,Theprem (a) above.

Hypothesis

02
.

Theorem 4.6

Theorem 4.7

04

02

having addition and mul-

tiplication tables as,shown below is a.field,, i.e., all the Cield

properties are satisfied. .
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Is this system 'an ordered Had? Prove your nswer:

ANSWER:

No.

PROOF1 'Asaume that the field ia ordered.

(1) By Theorem 4.13

(2) By 03 0

0

+ 1

<

<

1.

1 + 1.

(3) By Aid and defini,tion of addition ,1 < a

(4). BY 02 0 < a

(5) By OT, 0 + 1 < a -F

(.6) By Aid and definitioh of addition 1 < 0

.(7) From step (1) we have 0 < 1 and from step (6) we have

But by 01 these cqnnotboth be true,'hence we conclude that the ays:
.

tem defined above is not ordered.

3; Prove the following theorem. Justify each step buieas of'#

field property or an order postulate. 141 a 'and b ar. real,nUm-.

bers, a < 0, b < 0, then a + b < O.

.ANSWER:

PROOF: 1,

(1) a < 0, b < 0

(2) a + b < 0 + b

(3) a+bkb
(4) a + b (.0

-,--Rypothesis

03 .

A
id4

02
1.

S.
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.4. \Trove the following theorem, listing any order properties used in

your.pyoof. You may omit field properties.
t.

If ab 0, then (a.r.0 indA b > 0) or. (a < 0 and b <Na,

[Hint: Shim first that a 0 and b, . 0 are. both impo'ssible

if ab > O. Then assume that one of the numbers, say' acsatfsfies ?

6. Show that b > 0 is impossible.)
7

ANSWER: -

PROOF:

(1) .ab >-0', by hYpothesis

,(2) If either a im 0, or b 0, then ab 0 which by, 01 .

is contrary to the.hypothesis ab O. Hence neither a- nor is

. zero. .-

(3) If either a or b is positive, say b > 0, then by Theorem.;

4.12 if a < 0, ab < 0, which again by 01 contTadicts the hypothe-

ab > 0, Hence if either a or b is positive then the other
,

is also positive. .* t

(4) if either a. or b is negative, say b < 0, then by Theorem

.4.121%f .a > OE ah.< 0, whiCh by .01 contradicts the hypothesis.

ab O. Thus if either a ot b is negative, the othelis also

negative. This also follows from steps (2) and (3). If neither a

nor -b is O. or positive then, by 01, we must have a < 0 and

< O.

(5) Since 01 we must have either a 0, at . 0, ..or a 4

and ither b > 0, b b, b < 0, we conclude that

440 > 0 an b > ) 4. or < 0 .and b < 0).

.5. Prove: If c is a positive keal number such that a + c b,

than a .c b. List all order properties used in.your proof.
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ANSWER:

PROOF:

. 0 <4.

(2) 0+a<c+ a
(3) a < a + c

(4) 'tat+ c b

(5) a < b

Hypothesis .

03

Hypotgesie

6. Prove: If a is a real number and s < 0, then lia '< O. Give 4

order properties only as reasons.. Use only 'theorems numbered 4.17 or

lowei.

ANSWER: Two proofs are shown:

PROOF A:

(1) Since a < d, by hypoithesis, we know that a exists.

(2) (1/a)2 0 TheOrem 4.13.

(3) a(1/02 5 a 0 Theorem 4:12'

'(4) [a(l/a)11/a < a ..0

(5) lta < 0.

PROOF B:

(1) a < 0 by hypothesis

(2) If 0 then 1/4 a a .0.5 O.

But 1/a a a. 1, and 1 0 0, hence this is impossib
. .4

Thus the assumption l/a 0 leads to

.(3) If 1/a > 0, then by Theorem 4.12 A(1/a) < a 0, Le.,

This is a contradiction by Theorem 4.13.

(4) Since 1/a 0 and 1/a > 0 are impossible we.conO.ude by

01 that l/a < O.

a contradiction.
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EQUATIONS.ANO INEQUALITIES

4.

SDLUTIGN OF EQUATIONS AND INEQUALITIES 1

One of the principal topics of algebra is Te s.0*olution of eqciations..

The Ball State Program describes the proceks of solving.an equation

is follows: "To sol4ve an equation Cor inequality) in x is to find

all numbets which when substituted for ,x convert the equation to a

true statement. The set of all suCh numbers ie'called the ablution

set." The S.M.S.G Program refers to equations .and inequalities as

open sentences and calls x a variable. The Illinois Progrsm'calls

x a "pronumeral". In sal of these programa the solution of an equa-'

tion orfnequality is defined as the set.of.all number§ each Of,

which, if substituted for x, changes the equation to a'true state-

ment.

The approach to solving equatiOns in the traditional curricule has

tended to be a "rule book" approach. Our purposia in this unit is to

provide a logical basis for saving equations-and inequalities. We

shill tasume 'that we are seeking Solutions in the field of real num-

bers, and therefore we will be able to use the field And,order pro-

.perties of the,real numbers;

In solving ah equatiOn or inequality you may find it.tedious to have

tp write out in detail every step_with reasons; and if the aim were

-simply to find the solution set it would of-cdnrse be absurd to re-

quire that the process of solution be given in snch detail. The main

purpose here, hoWever, is to illustrate how the properties of the

real nutber system are involved in the process of solution. In those

Vroblesaa where complete solutions are required you should be careful



to do evervthin which is logically necessary inOrde?..to specify the

solutiOn set exactly. The)example. presented on the next Age is
,
-broken.down-lOto'Steps sp that Swu can see the

Solve theeqUation 2i + 1 x + 2. Give a Complete solution, n-4

cluding reasons.

.Saution: Suppose that x', is a real number, and that/it is, in

fact, a solution of the Enuation 2x + 1 = x + 2.

(Note: As previously agreed.we will use addition and multiplication

facts for natural numbers without reasons; e.g,, we van here replace'

.21by 1 + 1 since 2 is simply supther notation for. 1 + 1.)

ill/ in the blanke:

c

1. 2X'+'1

2.. 2X +1 *-

3, 2x =

4. ( + 1) : x

5. "A. e+1. X
,

=

*6. x + x

x + .(1 + 1). Hypothesis

(x + 1 ).+ 1.

x +

x + 1

x t 1.

x + 1

7. 1

.21

ANSWER:,

2., A
a

3. Theorem 2.1

5. D

6. I:lid'

7. Thsoeem 2.1

4,1

1

1
. .. i .

!By using the field preperties,. we_have shown that if x is a real

number such that, 2 x + 1 *. x + 2, then x = 1. Notice, however,

that our reasoning up to laslig based on the 'assumption that x is .

*aim real number-which is 4 solution of Qie equation% therefore, be-
,
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fbre we ,dan be certaiii tWit (1) is the solution Set we lawn prove

that . 1 id actually a %Diution of th, equattippi.,This can bot done

in two.waym. We dhall illustrate both. liU1 in the blanks..

A.-

1.

3.

4.
....

.

6.

7.

Suppou .x

x +
_

(1 + 1) x

. 2x

2x + 1

2x 4 1:

2x + 1

1. Then

+ 1

.

=, x + 1

= X i
.

*

'(x OP 1) t 1

= -x +).:(1. + 1) 4

= + 2

4
.

Henct the solution set is (1}.

. 141.ci . . .

t

ANSWER:

3. D

6. A
a

.

'Alternate Method:

5. Suppose x = 1. Then

, 1. 2x + 1 2 1 + 1

2'+ 1 M
id

1 + 2 A
c

2. x + 2 = 1 + 2

Therefore

3. 2x + 1 = X + 2

Hence the solution set is .{1).
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Vind the aolution met for the.equation 4x-- 3 0. 2x + Give the

complelts solution . pamember there aretwo parts to the solytion:

(1) you Must find the "candidates" for'the solution set, (2). you

must prove that the candidates are solutions to the given equation.
.

Present all the Steps in your solution as clearly and precisely 'as

possible. (Later,items may direet you to' make additions or,correc-
.

tions in your Work, therefore-you shouid place your answer ,glose to

the top of the space provided., Number the steps in your solution so

thatyou can refer to them when making changes or additions.)

Lf you feel you hove gveWst complete solution sk p to" UI on page

219, If not, go to the next items below.

Here is aframework for part of the solution. Fill in the blank.

,Suppose that' x is a real number such that 4x -.3 0 2x 4 11;

1.. : :4x - 3 2x 4.11 Hypothesis

2. 4x + (-3) 2i + 11

liNSWER:

Definition of subtraceion.

*.* * . * ... *
Two possible procedures now would bel (a),',Add 3 to both sis of

the equation, or,.(b) Change 2x + 11 toff form which wiXI perm t

you to uop the,cincellationoproperty"o addition to cancel -3 from

both sides of, the equation.

Co back to your solution. Make additions or coirdctions before pro-
.

teeding.

111
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1

If you 'have given. a complete solutlon go toi on page 219. If not:

. go.to tip next items below.

41, ow. ow or .WO 4M1 we&

Hers. is a continuation of,the saiutton using two p ssible procedures.

Fill in the blanks.
I)
3. [4x + (-3)] + ,3

4. 4x + [(-3) + 3]

(2x + 11) + 3

Zx + (11.* 3)

4) 5. 4x.1: 0 ix + (11 + 3)

6. 4m 2x + (11 3)

7. 4x 2x + 14

ANSWER:

4. A
a

5. A in
6. Aid

S.

.
1 /

Aternata procedure:
.

4x + (-3) 6 (2x + 11) + 0

4. 4x + (-3) (2x + 11) + (3 + [-3])

5. 4x + (-3) = [(2x + 11) + 3], + (-3)

6. 4x (2x + 11) + 3

" 7. 4x n 2x + (11 + 3)

8. 4x 2..x + 14

!

WER:

\:r
id

4. Ain

.5. Ra

6. %Theorem 2.1

7. As
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6

-.Try to. change 4x into a form that will permit you to cancel 2i

from each aide of the equation- int ; ax + 14: Thep use thecancel-

lation property for multiplication'.

Co back to your solution. Draw another.line.under your work and
q

writ* the'humber, 2. at the end of the line. 'Made additions orcor-2

rections in'the 44ce beneath. Do not make changes in the work above

the line. Then go on to the next item.

04;

Your solution may differ in acme respects from-the one given and'

still be correcHoag.ver, you should check carefully the following

iteMs:

(1) Did you use "definition of .subtractiOn" as .reason for..writing

"4x - 3 m 4x + (-3)"?

(2) Civing "combininiflike terms" as reason for "2x + 2x -4x"

is not correct. Property D is t%e key-fiere.
f I
(3) Were you crliful. to point out each place wheie you used the

associative property?

(4) If all that you have done is to show that if w a real2m-
\

ber such that 4x - 3 2x.+ 11, then x 7, you have not cora-

pleted the solution.

Go back to yolir solution. Draw.a line across the.page and write the

number 3 at the end of the line, -Makwadditions or corrections in

the space beneath. 1Wnot make changes in thd work abeire'the
4

Then check.your solpkion with the one given.

Complete Solution:

Suppose that x is a realinumber such that 4x - 3 m 2x + 11.

1. 4i - 3 2x + 11 'Hypothesis

2. 4x + (73) m Zx + 11 Definition of subtraction

.3. J4x + (-3)] + 3 ... (2x +' Definition of subtraction

4. 4x [(-i) 2x +" (11 + 3) A
a

4
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Th

S. 4x + 0 2x + (11 + 3)

6, 4x 2g + (11 + 3)

7. 4x 2x + 14.

8. (2 + 2)x 2.x'+ 14

+ 2* 0. Zx + 14

10. 2x 14
,

1I. 2x 2 . 7

12. x 7

Ain

D ,..--

Theor-em 2.1

theorem "2.2,
:

Stepu 3 :- 7 may be replaced by the following alternate. proc?f,'
3. 4x + (-3) . (2xP+ 11) + 0 A

id
4. 4* + (-3) (2x +.11) + (3 + (-3)). Ain

S. 4x 4 (:3) ((2x +-1,1) + 3) + re3) Aa

6. 4x .... (2x + 11) + 3 \..Thilereag 2.1

7. 4x 2x + (11 + 3) A
a

8. 4x 2x + 14

To complete the proof we need to ehow.that if x 7. then 4; - 3

2x +,11. Two Iliethods are ehown:

Method 1:

r. .x

2. 2x

3. 2x

4. 2* + 2x

5. (2 + 2)x

6. 4x

7. -3 exists

8. 4x + (-3)

9. 4x - 3

/ 10. 4x - 3

11. .4* 7 3 (Zx + 11) + [3 + (IX] A
a

applied twice)

12. 4x - 3 (2x + 11) + o Ain

13. 4x - 3 ZAL + 11 A
id

.

.

2 . 7

14

2x + 14
.

Hypothesis

. 2x + 14 D .

22 + 14

A
in.

. (2x + 14) + (-3)

(2x + 14) + (-3) Definition of subtraction

. [2x + (11 + 3)] + (-3)

Th
220 EQUATIONS AND INEQUALITIES



Mathod 2:

1; I x 7 Hypothesis

2. - 3 4 - - 3

28 - 3

28 + (-3) Def nition of subtract",

(25 + 3). + (-3)

2x +

25

25

25

2

14

25

+ [ 3 '-f

+ 0

+ 11'

11

-

a

A
in

.

A
id

4. Therefore

4x - 5 - 2x+i1.

-The'solution set of the equation 4x - 2x 11 is/the' set (7).

.

The reasoning in the firse part of the solution of an equation or.

inequality is directed toward identifying the possible "candidate"

bl "candidates" for 'membership in.the solution set..- atarting with

Ape assumptions that the set contains at least one member, and that

te membere of the set are real numbers. The reastaiing.in the aecorid

_part of the solution is directed &ward proving that the Candidates

which have.been identified do in fact satisfy the gtren equation.

(i.e., make it true.)

The second.part of the solution may be.carried out in many cases iv

reversing the steps in the proofs used in part one. It may also be

carried out ky replacing the variable in the original eqUation with

eaeh member of the tentative Solution set and showing that eachof
,

the resulting "sentences" is true by carrxing out the indicated oPer-

ations." Taklng the solution to the above. equation,for,example:

.
I.
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If" x 0 '7, then 4(7).- 3

ANSWERI

25, .

25,

4x - 3 2x + 11

In many elgebra. Mit*, carrying.out.tbe steps in the first part of
1

.the solution is celled-."solving" the equation,,and the equation-is

..considered "tolved" when these-steps are completed The students is
.

often%equired to "check" his.work, bui t it is often not-recognized

that this is an essential part of the process of solution.

The process of "checking* the solution to the foregoing equation is

solsetimei carried out in the followini way, by inserting the members

of the solution set into the original equation.

4 7 - gg 2 7 + 11-

28 - 3 14 + 11 '

25 i 25

Sometimes question marks are placid over all the equal signa.except

the last- one to indicate that the equality iS in question until the

last step is reaChltd. This method Of setting ddiin the 'checking",

process does: n21.makeTclear what _the chain of reasoning is. Upon

first glance it appears- that one. is starting with .the'assuMption

that. 4 7 - 3 2 4 + 11 and proving thtt 25 me 25., This

Would of Couree be nonsense. However, it would be acceptable to

start with 25 - 25. and prove by.reversing the steps that 4 7 -
_

3 .2 7 + 11. Perhaps the c earest form for "checking" is the

following:
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I.

4 T - 3 28 - 3 25

2 7 + 11 1414. 11 25

Therefore,

4 7 - 3 2 7 + 11

The kind of r$0Soning usid in solving equation* is used in solv

inequalities.

S.

Find -the solution set fo.# the i,hequalfty 5X < 30 -!, x . Give the com-

plett solutidn, ineluding reaSOns for each step.

Have you given the Second part of the solutiop? If not, you can do

so by reversing the steps in the firstpart.' .If you do this be sure

to give the correct reasons for the reversed steps.

your solution should be concluded with a statement of the solution
a

set.

Go back to yOur solution. Hake any additions or co rectiads before'

proceeding.

ANSWER:-

Part I. Suzpose that x is a solution of the inequality x < 36 -

1.

x.

5x :s x itypothe*is

.5x < 36 + (-x) Definition of Subtraction,

, 3. 5* + x < (36.+ (-x)) + x 03

4. 5x + Xi< 36 + ((-x) + x) A
a

5. 5x + x < 36 + 0

- 6. 5x + x < 36 A
id

1

7. 5x + 1 x < 36 M
id

8. , (5 + 1)x < 36 1 D

V
9. 6x

10. 6x 6 6 Z--
,

11. x < 6 Theorem 4.15
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Pert 2: If x <6 then 5x < 36 - x.

3.

4.

5.

61

7.

8.

9.

(5 + 1)x < 36

5x + 1 . % 4 36

5x + x < 36

- 613it 04

Hypothesih

.

D

M
id

-x exists

(5x +.x) + (-x) < 36

5x + (x + (-x)) < 36

5x t 0 < 36

A
iu

+ - 03

4. (-x) A .

a A

+ (-x)
.Ain 0

.10. 5x <.36 + (-x) A
id .

U. 5x < 36 - x Definition of subtraction
A A

Hence the solution set is fx i x <. 6), i.e., the set.of all x such
'that x < 6, (or the set of all-real numbers less than

It would°be very tedrs in the following to go on justifying each

.atep in every proof. Therefore, in'the remainder orthis unft you'a

may use.the field properties without listing them, but continue to

list thdorder properties.

Solve the inequality,-2x 4i3 > -5

ANSWER:.

Part,l.

1.

2. (-2%

3.

4.

5.

Suppose there is a real number x

-2x 40 -5

+ 3) + (-3) *), -5 + (-3)

-2x > -8

8 > 2x

4 x

224 EQUATIONS Ag.JNEQUALITIES

2
..;;;

such that' x
i

+ 3 > -5.

Hypothesis.

03
1111111

TheOrem 4.7

Theorem 4.15



r 0

(An alternate method for steps 4 and 5 used Theorem 4.16 with c

Part 2.

-If 4 x then

1. 4 > x

2. 8>2x.

3. -2; > -8

,4. + 3 > -8

.5. -2x + 3 -5

3,> -5.

.UNFotheais

Q4 /

t Theorem 4.7

+ 03

s,

Hence the solution set,is 4 > x

The%graph of the solution set for the inequality -2x -5 i

the set of all points on the number line whose coordinates are less

than 4. This is the setj. of all poinis on ple number line which lie

to the left of the point whose coordinate is 4. The set ii shown

thus:

<
-5 -4 -3 . -2 -1 0 1 2 % 3 4' 5

The sentence%.-2x + 3 >,-5 is a compound sentence. ,It is interpret-

ed'ak -2x + 3 > -5 Ca- -2x + 3 -5. *The solution set must con,.

tain.all the numbers which satisfy either cirthe conditiOns x < 4

or. x 4, hence ihe solution set is (x I 4 > x).

The, set is shown thus:

-5 '-3

YOu cam Often carry out simultansouslfl000th parts, (1 ,tind (2), of4

a solution by Showing that each stell'is :reversible.
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Consider, for example, the.eolution'of the inequality SS < -3s +.8:.

Step 1. b \p3 5x < -3x + 8

8x < 8
Step 2. by Theorem 4.15

x <

The-solution set is (x 1 x

Step 4. by 03

Step 3. by 04

The above can be written in the following compact form:

5x < -3x 8 44.00; 8x ( 8 1,1Y 03

8x < 8 4(sisio x < 1 By TheorFm 4.,15 and 04

The solution set is Ix x e 11.

4 (The SymbO1 1640.is read "if and.only i

Write a solution for the inequality (4y.- 1) - 2(y + 1) . 0 using

the "if and only if" form. You may combine several steps when.field

properties only are involved. You dead not list field properties

used.

ANSWER:

(4y - 1) - 2(y + 1) 0 44-ilo 2y -

2y-3.0*-2y3 03

2y .> 3 (---),10: 3/ 2 Thenrem-4,.15

)4,,?nce the solution-set is- ty 1 y > 3/21.

Show the solution set of.the previdus equstion on the number line be-

low.

-4 -3 -2 -1 0 1 2 3 4
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ANSWER:

3/2

4

0
The santanee 2 < x < 6 ie equivalent 'to a compoinadaentancs

consisting pf two inequalities and

ANSWER:

2 < x + 3

x + 3 < 6

4.

Whenevartwo inaqualitila are combined In this way,; x + 3 .<

it is always slimmed that both inequalities told.

TO find the solution set we see that by order property 03

C.x + 3 4E.

z + 3 < 6 44.

Hence the solution set is

S.

AMR:
- 1 < x

4rx

- 1' c x

x < 3

- ---- ------ A

.The solution set for the previous yroblem is isusiiy written thus,

(x
I
-1 < x < Y1 and is read "th set of aj1 x sueh that

II. .110.
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ANSWER:

IC is greater then -1 and fleas than 3, or

and x is less than 3.

is less than x

6

Indicate this vet on the number line thown here':

ANSWER:

-4 -2 rL

_We do not combine two inequalities into one statement of this 14n4

when we wish to steee that one or the other holds. For.example, if

we know that x > 3 or k < -1 we would not write 3..< x < -1. .1he

geziof all x aUch that X > 3 or -x < -1 in set notatiOn is writ-

ten (x I x or x.< -1). Show this set on the nuiber 1 ne be-
,

Iow.

4
-6 -5 -4 -3 - -1

-6 -5 -4 -2 -1 0 1. 2 3 4 5 6

ANSWER:

1 dir-17-1--31
3 4, , 5 6

_.%
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rinAhe solution set for ibis. inequality 7 < 1.< 15.

.You may ..kee this reauckwe in. writing your uolution, but uhow your

wo*. Arrange your,.work_ in the.."if and linly If" form. '(There are

two i equalities to

-

ANSWER: .

7 < 5 - 2x 49P. < -2x,

2x <rilo -1,

7 _< 5 - 2x and 5 - 2x. < 15.)

and 2x.< 15 limih -2x

and -2x < 10 440. -5. '

The.uolution set x < -11,

S.

Show. the

below.

solution oit of the preceding inequality on the nutber line

ANSWER:,

Study the'example below and fil n the blanks. .

Finil the values Of x for which. x2 - ,5x.+6 >At.

x2 - 5x 6 > 0 411. (x '2)(x - 3) > 0

(x 2)(k - ,3) 0 44+ (1) [(lc 2) > p and (x - 3)- > 0] or
(2), [(x 2) < 0 and (x 3) 0] by Theorem .`
Case (1) X 2 0 4.2). x 2, and x 0 4440 x > 3.

Now x 2 and. x 3 areboth satisfied only.when x >

Case (2) x - 2 < 0 agg> x <,21'and x < 0 41* x < 3.

Here x 2 and x 3 are both satisifed only. when

+
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Or.? ana (x

Or X

ThUs the aolut o

ANSWER:

Theorem 4.21

x

2

3 or x < 2

or x< 2)

< 1

Show the solUtion 's t'
ba1m:T:7

> 3 or x ,< 2) on the nuaber line

:ANSWER:

4
-5 -4 -3 -2 -I 0 I 2 3 4 5

The solution' of the previous inequality may ke arrsng4 in the form

of .a chart as .shown. below,. The first line of the chart, has beep com-

plated tO show that ii a less than 2, then the sf actor x - 2.

is negative, the factor 'X - 3 is negative, and . the product (i 72)

tx , 3) ip positive.

Complete the second 'and third lines and the final Statement;
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.- 2.)(x - 3)

If x < 2

If 2 .< x < .

If x3
1-

Neg

.

Nez.
,:.

,

Pos.

- 2 (X - >' 0 +alb
1.44

ANS :

x - 2 x - 3 2 x .- 3)

If

If

x < 2

2 < x <

-

3

Neg.

Pos

Pos

..-

N4114

Neg.

Pos.

Pos.

Neg.

_

,

x < 2 or x

Note that (x 2)(x - 3) 0 if 2 or if 'x

The information froM the chart can be shown graphically thuS:

The chart also gives you the'necessary information to state the solu-

.tion iet for the inequality (x -.2)(x - < 0.

Wbat.is the solution set for (x - 2)(x - 3) < 0?

ANSWER:

{x I 2 < x < 3}
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Consider thelholution-of *2 25 < 0. outlined below:

x2 - 25 < Q lsk (z - 5)(x + 5) < 0,

By 'Moor?* 4.22, 5)(x + 5) 0 .E.qo ii) . or. (2)

4-

,

ANSWLR:

(1) x - 0 and x + 5 > 0 or

(2) X - 5 > 0 and x 5 < 0

Therefore (x - 5)(X+ 5) < 0
,

(2) x. 5 And x < -5

44.
-

x S and x -5 or

.Which one of the possibilities listd above must be rejected?

Give the solution set for the inequality x2 - 25 < 0 .in set nota

tion.

ANSWERi

The second possibility Must be rejected since

is not, true for any value of x.

The solution set is J....it I -5 < x < 5).

. -------

Complete the solution below o fina the,solution of the:inequalitY

12 < .4x2'7

12'4 2-X2 7 5x. lei+ 0 < 2x2 52c- 1.2

- 12 > 0 4.m4 (2x + 3 )(x - 4) > 0

sue > 5 and x <

, .

. 2x 4,- i x - 4 (2x 4. 3)(x - 4)

if .x < -3/2

If

If. N

..- ,
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The solution ,est is

.. . .IMP

,

2x + 1 x - 4 (2x + 3)(x - 4)

t
If

If

If

< -3/2

-3/2 < 4,:

x ). 4 , )

4

Nag.

Pos.''
%

Pos.

Neg.

NeS-

Pos.

Pos.

Neg.

Pos.

x < -3i2, or x 4 ).

41P

If we change the "is iess than".. sign in the above prOblem to "is

'lass than or is equal. to"':thus:

12 < 2x2, -'5x, what Is the solution, set?

ANSWER;

(m I < -312 or

Li

4}.
P"

&MI

This example shows how to apply the foregoing techniques to more tom-

plicated probleMs.

Find thiesolutioM*set of the inequality

by coMpletini-the.outline below.

:1.. (x + 5)(x - 3).(x -7. 7) 7.. 0 4+ x

i*

(x + 5) (* 3) (X. -

x or
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2.

. . .

x + 5
.

x - 3 (x + 5)(x - 3 )(x - 7)

.-

If x 4, -5
.

If ',-5 .4, x < 3

ru 3 <. x 4, 7 tr"

If X > -7
.

IndiCata the positive an0 negative sections oW the graph above.

3. Hence . ( .+ 5)(2c -.3)(x - 17)< 0 -44

The ,solution set is

sANSW.ER:

I. -5.

2.

7

- +.5)(x - 3) (x - 7)

If -5 Neg. ,Neg. Neg. Neg..

If -5 < x < 3 Pos. Neg. Neg.

If 3 < x <-7 Pos. Pos.
e

Neg. Neg.
.

.

X ) 7 Pos. Pos. Pos. Pos.

Neg -Pos.

1. 1 1 4.4

-6 5 -4 -3 -2,

or 3 < x < 7.

Nei, Pas.

fx I x -5 or 3 ex < 7),` i.e., the seE of all real numbers x

sua 'that eitheri x < -5 or 3 < x < 7.
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"'I.

Pi lid the solution
youf solution are

740.4 reationS,,but
vnly if7 forM.

set for x +-I. > x + 2. Show that the steps in
reversibke using the` symbOl le+
show the steps in your solution;

You need not
using' the. "if:and

ANSWER:

x + 1 > +. 2. 4+ 0 >

The solution set has no members ince 0 > 1 is not true.

Fifid the solution set fo x +1

. ANSWER:

x + 1 x + 1
x x 1 - 1

The

/
-

x x

0
la 1

olution set is R, the fief o

Show, yoUr 'work.

all real numberi.

ye the inequality x2 + 1 > 2x. Shiyour wor'k.

ANSWER:

ix I ', 14 11 or fx
x2 + I > 2x 4).

- 2x4 1 > 0 4I10.

40*
and x -

4.*
The solution set is

x > 1 or x < 11. 9
*2 - 2x + 1 > 0.
ION- 1)(x - I) 0. -
(x - 1 > 0 and x 1 > 0) or
0).

x >, 1 or x < 1.
ix 1 x 0 11.

Indicate on the number line the set {x j x or x < -2}.-
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ANSWER:

Indicate 011 the number line the'set aMd. x <
q.

-4
-2 - 2 3

2.

ANSWER:

There are no nUmbers in the.set since there is no number x such

that x., 1 and x < -2.

IM'dicate on die number line the set. d

I I

-4 -3

VtNgWER:

-4 -3 -2 -1 0 4 2 3 4

An inequality requires a carePalis solution when the variable occdie in

ihe denominator of a fraCtion. Consider the problem x"--1.2 < 0. In
3 - x

'simplifying the inequality by "multiplying by the denominator" one

has to worry aboui whether the denominator ia positive or negative.

This difficulty is avoided by the following solution.
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x + 2
By Theorems 4.25, -3-7.7-c < 0 +0.

SliER:

(1) [x + 2 < 0 and 3

(2) 1(x + 2 1 and

). 0] or

3 x < 0).

4.

(I) (x + 2 < 0 and 3 x 0] 4+ dIx'

Thus tyl satisfy. condition (1).,_ x must ba -
#

(2) [x + 2 > 0, and 3 - x/1/0]. 41410 lx

Thus to satisfy condition (2), x mutt be

. (3) Hence x 2 < 0 4+3 - x
(4)

t

The. Solution-set ie.

,

-

V

--

ANSWER:

(I)

(2)

(3)

(4)

If

(1)

(2)

(3).

(4)

(5)

x-< ,,..2 and x x must be Lail than --2.

x > -2 and .x 'IL x illAxst be greater than
. t

x < -2 Or x 1.
i

{x I x < -2 qi x > 3}.
13

el

7
x satiafie1 the ronditions,

x > 0 au / x > -2, then,

4.

'

x.< 6 and x 5, then .

x > -2 and x < 3, then

x < 0 and x 5, ..then

x 1 and x < 1, then_

ANSWER:

(1) x > 0.

(2) x < 5.

eav )



(3) -2 < x t 3.

(4) There are no values.

(5) x 1.

Solve the inequality 3-1-=-1 0. Show the steps in the solution and
. . x + 5 . .

list the order theorem you use as a _reason for your first. step.

ANSWER:

L:Pr 22

>. 0 and x 5: 0 I

- 2 < 0 and

x < -5.
- 2

Hence -
x
---- >No +
x + 5

PO or x < -5.

The solution set is ix x > 2 or x < -51.

. sand.. :

me+ Ix -2

:

and

be, Tpeorem

-5) +1>

4,60 < 2 and x <-5]. ** t

3
What is the volution set for the inequality

1 - x < 0?
.

Indicate thetolution- set' on" the number line below.

ANSWER

% x x

4..

-5 4, -3 2 1 0 1 2 3 4 5

Not%by Theorem 4.25, since 3 is.guata than zero, there is op
c.... Air I

one case to consider;
-

0 4H0 [3 > 0 awl I - x - 0)
. I x

++ I.\

_.

. ,-----

, - - . ,
0

\
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Ube i solution set.for the inequal

Indieat t is set on the number line below.

1
ANSWER:

< I).

-5 -4 -3 --2 '-1 0 1

What are the real numbers in the solution set of the equation
3

i .0?
1 x

ANSWER:

There are no real numbers x such that

x - 1
Consider the inequality

3' ( 1) may'be ne ative or

- 1), may b'e_posirive, depending on the value of x, 1)ence we

must consider two possibilities. Two-'olutions will be-gives;

Solution 1:

1

2.

-

4 1 +
2. - 3x + 3

.

5 - 3x
x - Its-30

41.

Complete the solution. What theorem is tsed j9f he next step?

a. -r ONE
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By Theorem 4.24:

1 [5 - 3x > O. and x - 1 > 0] 410

[x < 5/3 a 4*nd x > I] 4 [1 < x < 5/3], or5 - 3x
x 1

(2) [5 7 3x < 0 and x 1 < 0] 441.

[11 > 5/3 and x< 1]

SAtice there is no real number x such that x > 5/3 and x < 1

the solution set-fs, from Case (1),. fx
1 1 < X < 5/3)

SoIutIon 2: To salve the inequali

cases 1- I > 0 and x 1 < 0

Complete the solution of Case

Case i: x 1 > 0 and
2

x - 1
1) by Order Property

Complete the solution pf Case 2:

Case 2: ix - I 0 and
2

1
3 440

x -

2

follows:

- 1)] by Theor

Hence thd soluti n set is

3 we consider'the two

> 0 aud 2> 3(x -

<.0 and 2'< 3(x

ANSWER:

Case 1: Orider.Property 04.

[x - 1 0 and 2 - 1) 4E40 tx > 1 and 3x < 5]

*40 [x > 1 and x < 5/3]

44 11 < x ".< 5/3]

Case 2: ThePrem 4.16

fx - 1 0 and 2 , 3(x - 1)] < 1 and 3x > 5]

4+ x (111 and x > 5/3].
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ince there le Ao real amber x such that z 1 and

solutionset, from Caie 1, is the set. ix I 1 < x < 5/3).

.Find the va1ua0 of x foe' which
1

< -2 is tree: (Sive he- x
.problem using either type of solution outlinid in the prece ing eX-

.
c:amOle. Show your work. Nolte/mons are required.)

=0 ela dim

ANTigk:

Solution 1:

< _2 + 2 <4.40 0,1 - 1 - x
3 +,2 - 2x-

41010 < 0,
1 - x

< 0.
--x

7

There are two cases to consider: (1) 1 - x ' 0 an

(2) 1 x < 0.

3 - 2x
1 x

0 +I>
(1.) (5 Zx < 0 .and

<

Or -(2) (5 7 4 > 0 and .1.7 x

(1,Z7N4x 5/2 and x <

Lcir (2) [x < 5/2 and x > 1].

Note: Thare,is no real number ,x sat sfying conditions (1)

x , 5/2 and x < 1], but fruit 12) 1e obtain 1 < x < 5/2.

3

< 72. 4+ 1( < 5/2.

Hence Ihe solution set is (x 1 1 < x < 5/2).

Solution 2: We consider two.cases 1. - x'> 0 and I - x < 0.
-.

case' 1:

01,

<0]. *

(1
3

x U 'aand < r21 40* 11 x > 0 and 3 < -2(1 - x)]
1 x

[1 > x, and 3 72 + 2x],

> x and 5 <. 2x),

(1 x and
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Casa 1 As.inpossIbIS Since there is no rea1..number x such that

1 and x > 5/2.1

Came:2:

[1 x < O. at* 1-7; < -2 40,00

,4410

040

1E* < x < 5/2j.

e x and 13 -72(1 - x)),

[1 < x and 3:> -2. + 230,.

_11 < x and 5/2. > x).

.Hanee the solution set is {x ) 1 .< x < 5/2}. ,

_ _____ _ _ - _

% 4 ,
work.

X
Solve the inequality

+ 1

ANSWER:

Two solutionseare shown.

Solution 1:

Case 1:
x + 1

[x > 0 and ,

Cas 2:

x +
lx < 0 and > 2

X

Case 2 i impcsible.

2. Show yo

imp 4. ...V. 41,

0 and .* ; > 2x];

+51 (x>O and 1 >

(0 < x < 1],

x < 0 d x + 1 -< 2x

x.< b. And J

...UmeC;*the aolution set is 0 .< x

4'

Solution 2:

x + 1 -
x + 1 - 2k

,-
1 -.x

*100 ------ > 0
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[ (1.- 0 ,:o

- < o
4.1"
and

El

1 > x and x

I
> 0 1 < x and -lc < 0

le Or
i.e., 0 < x <-1 .

x > 01}
x < 01

Hence the Solution set.is (x 1 0 <

(impossible)

Mee. eels 4.1p

Sblve the jnequaltty 1 x. 'p ow your work.'

OM,

ANSWER:

(1) (x < x < 1)

Solution:

X2 4111e40 0 x2 - 1

4. 0 > (x i)(x + 1)

(x 1) >' 01[(x -.1) < 04+ or [x 1 > 0 x + 1) < 0]

><111 (impossible)

[x c, 1 and x
<141°

-1 < x < 1

'

x"--+ 1 x - 1 (x'- 1 )(x + 1)

x <.-1 Neg, Neg. Pos.

-1 . x 1. Pos. Neg. Neg.

,Pos. Pos. Pos.

Hence 1 > X <. 1

The sRlution set is- ix < x < 11.

. ,

Is the following true?

142 > 1 5.1** 1 > x2
_

4:1)
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iNSWER:
4r

-No. Reread 04. This assumption bOlds only when c 0. x g 0

is an elomen of the solution set of 1 x2 but 1/x2 1 has no

meaning when ,x 0.

Solve the inequality > 1. 'show your work.

'ANSWER.;

Since x2 d. 0 fOr all real inimhere x,-we.do not "worry" about'

changing the direction ofthe inequality if x.< 0, however 1.42: is '
_

undefined at x 0, therefore l/x4 4,600 tx # 0 and

1 x21. %Row refer to the previoue problem for-therest of the.inlu-
.

tion. jx 1 -1- < xc 0 or -0-< x < 11 (The solution set consists of,

ell real numbera between -1 and 1,, except O.)

.

wa

( 1

,

At each step in the process of solving an equation i inequality) we

replace one statement by another. As you have seen in the previous

Problem the'replacement may.notio/ield a statement whiich is the "same",

in terms of the solution aet, as the given one. Th a leads to the

concept a eouiVglent equations or.indquilities.

DEFINITION 5.1: Two equationspr inequalities tiqe eaid to be iquiva-

lent if and only if they haventhe sane solution set.
4

. .

When a rule of algebra is applied to tra1iafor6 an equation or in-

:equality the resulting equation pr inequality may, or may not be

equivalent to the original one. Some transformation's, ho liver, an

ways result in an equiitalient statement; .

"In solving ah equation or Inequality, a s 4indhAir.hi-e given.
A , p

a

statement is

bible

(1) Is

transformed intq, an equ
A

28, -1
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.

e is said to beirever-

-7 + 3x?



Li. this step reversible?

(2) Is 2x + 1.< 4 egisi'valent to 2x < 2? 4

`Is this step reversible? .

1111SWER:

(0 Yee

. Yea .

2) 'Yet

Yes

. Addition _of a non-ziro constant to bo1 sides of an equption,or in-

equality yielditt an equivalent reauft. Similarly, multiplication of

an equation by.a non-zero-constant or multiplication of an inequality

by avoeitive constant gives an equivalent equation or inequality.

1
NoW consider the 'example Where ----- has been added-to both members

1 -
of an equation.'

2x + 1 cquiVabent to 2x + 1 +
1

1 - x 3 + ?
1 x

. ANSWER:

Noi the solution set of the first equation is {l} Lae the second
e

equation has no member in the solution set. [HI-- 'is not deiined
1 - x.

when x 1. Addition of to both.sides of the equation
1 - x.

is not 4 e r ible step] Y '4

wl)on 0!,p expressioniinvolving.the verishie x is added or multiplied

on boll sid'es of an equation or inequality7theoresulting statement

may not be equivalent td the original.

Is 2x + 1 3. equivalent. to (x 1)(2x + 1) 3(x - 1)?

-a



, ANSWER:

Yes, ths solution mei for each equation is (1). (Reread the.def ni-
.

;ion'ior equivalent equations.) Nate in thii example, multiplication

by an expfeseion invo1v4Ing theyariable didnot "chins*" the solution

fill

+ 3 equiva ent to x(2x +.1) , lx?

ANSWER:

No, x

&N.

satisfies the escoij equation but not the first.

equiValent to 4(2x.+ 1) s 12?

ANSWER:

Yea,the solution .sets axe the same. Multiplying each side of the

equation by 4 ;esulis in an equivalent equation.

Ia 5x/S 3 quivalent to >"-Sx + 24?
t.

ANSWER:

-Yes, both have th solution set

..... .= .1Im

The student shommld be awareghit oilte Of.fov.different rea.ulte may be

produced when anNaquatlt!nor inequality is transformed by use of the

multiplication properties. Let Skibe the solution set foithe

original snd 5' 'be the solution sec for the transformed equation or

inequality. Then " N)

(1) S S' or

s

0 014 IA.
.1.40
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(2) S C: S', '5 0 S', or

'(3) S'C S, S' 0 S, or

S S', and S'Itt S.

.

8eider the equation- obtained from when.botb mem-x 1.
bars krt iultipliid by .(x - 1)2. The solution set for the derived

equation (x - 1)(x + 3) g 8(x - 1) is

m . The solution set for the original equatIon is S

. Ad the equations equiValena.

ANSWER&

(S, 11745).

No, this is a case where 'S C S', S S'..

Consider the equation obtained fro:2 x - ; + 4 x -when both

iembera of the'equation ar 'multiplied by x.

(I) The salUtion set 5'

(2) The solution set. S .
X3) In this eximple S S'.

P.,40. 416 1 .4 ......
.

-r

(1) (4, 11.

(2) (4, 11.

(3) the equ tions are'equivalent:

...
Conoidet the ihequility obtlired from > when both members

are multiplied by x. .

The solution set fors%171% > -1 is S

The solution set for 1 > -x is S'

In this example S S'.
.

ANO



ANSWER:

S (x -1 or x = DI.

S' tx x -11.

s ct , ana s ' ct S.

Consider the equation obtai d from oci-TY 1. x when you

quare both of its members.

.(1) The solution set

(2) The solutiOn set S

() Are these equations equiValent?

-

ANSWER:

(1)..{-2, 1).

(2) tli.

(3) No.

the follUwing are soiue 'morals" to bs.drawn from this.discussionc

If all the steps in the solUtion of an equation or inequality are re-

versible you may use the symbol limiS in writing the solution and

no furtler aheck is necessary.

If certain steps are not reverSible then you Oust check the possible

exc*pfipns.

You.must be sure that you have not

tion, that are invalid.

Complete the solution-for the following prOblem: F4nd t e va ues of

x fo? which -1
+

3 is true. You may.ocit zee ons, but
- x I

show your work.' The answer should be.in set'notation.
.

44,

erformed pperations in your solu-
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411.

Step 1.

-1
1

< 3 4.1, - <
- 1

and. 1-c-=-1: < 3

..

x + x 1

There are VI,i4D cases:

Case 1: x + 1 > 0. or

Case 2: 'x + 1 < 0.

ANSWER:
.

Two solutions will be showh.

lutiou 1:

1 <
x + + 1

c.

1

, ;VO. ,

Case 1: x + 1> 0

(x 4,1 0 and 2x 0) and /(k + 1 > 0 and -2x .-

.; 44 [(x > and x > 0 ) and (x .> -1 and '-2 < x)1

*40 [x > 0. and x >.-1]

> 01

or
Caie 2: x + 1 <

+40 t(x 1 cr afid 2x .c

[(x < -1 and x < 0)

*40

-L and x < -21

[2( e

Hence the solution set i

< 03
\.

0) and x +.1 < 0. and 2x,- 4 pfl,

and '(x. < :1 and L2 >

x < - or

°Solution 2: -1 < and ,
x 1 ,

Cape 1:

1
4!rollo ( (x + 1 00, and -1 5 and

t.1x 1 , 3)1X + 1
4E4 [ (x + 1 0 and -)i. 1 ". x 1) and (x +. 1 > 0

x 1 < 3x + 3) ]

+410 Ix N -1 and' '0 < x and < x

44 , 0]

4. 7

a

t,



or

Case 2:
x

4640 [(x < and .-1 <
1)

and (x + 1 . U. and
x-1c
x,+ 1

440' 1(x + 1 < 0 end -x x 1) and . (x+ 1 < 0 and'

x.- 1 3x4 3))

I 160 (x.< -I ahd 0 > x and

4.410 (x < -2]

Hence the solution set is {x x < -2 QT. X > 0}.

We now wish io illuitrate some of the.CompliCations'that can SHAW in

solving equations over a system whiCh,does not possess all of the

field properties. This will emphasize howimportani these properties
. I

are in some of the'routine work Which we do.alth.equations.: We will

consider the system:of all 2 x 2. matrices -ofreal numbers., Recall

that:the multiplication of two auch.matricea is carried odt in the

f011owing.manner:

L

ANSWER: .

12 3.) 4- (1 i) (2 5)"4- (1
.A3 3) + (4 I) (3 ' 5) + (4 6

L.3 31E91

'Whin multiplicative field. properties are not possessed by Matrix

multiplication?

ANSWER:

M M,
ln
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Recall tisat the ieal number equation .a x c uld be solved

1
:suing basic field properties by multiplyingloth aid a of the equa-

1tion by.

*Me alolo .......... . 47 411k

ANSWER:

a-1. (This is possible of tourse',. nly if .0 0.)

,a... ff.

A. unique solution to the above equetion exists for all real numbers.

4 and b except a 0. Welter, several, complications arise

when we try to solve the equation A X B where A. and B are

.mattices add, A 0 fi
0
.0 0

For example, does he followip equdtion have a solution- X ,where

X is .a" 2 x 2 matrix? Explain how you arrived at your. answer..

0 1

,,

ANSWER:40

No By the way matrix multiplication ia defined 1 X' could not'
0 -0.]

have * non-zero element in its second row, regardless of whet the

matrtx X is.-

tt

Therefore, we

T1 60-
A 0

. inverse then AX B, has the unique solution A-1B .

ar

Part 1. Show that' ifIAX 0 B, X A 1 B.

Part Show that Af X A-1 B, A X B.

see that not every equatimon of the for m AX (11; B, with

has-a solution. 'Show that if A has a multiplicative

251



ANSWER: ------... 04%. ,

Part 1. Since A X B, we have 4-1 (A1C X) A-1 ...B.

A-1 (A .. X) , m. (A-1 A) P X mg 1 6 X (where I' is the

ituity matrix).

ollf. X 4. A".1-e B.

Part 2. Let X .A-1 B.

.Then A (A-1 8) (A'. A-4) B es B B.

Thus A-1 B is the unique Solution of.the equation A

where.. A has a multiplicative inverse.

WI

*The abaence of the field property I prevents one from proving 4
a

iS Also, in ienerai, solution of the equation A X

ANSWER:

. M

SuPpose A has,a multiplicative inverse.. -would B/A be a geod:

notation for the Solution A-1 of the equation A . X' . B?

Why or why not?

ANSWER: A

No,. since multiplication is not_commutative in gendral, A-1 B and
,B A71 are'not ReCesiLrily equal.' 0/A conic! represent A-1 B.

-
Or B 40 andthis would, have a dnuble'peaning in soMe casea.

For real numbers the equation ax b is equivalent to xa., b

_because of the commutative law for multiplication?' However M
c

cities

not hold flmatrices. If A has a multiplicative inverse,- what is

252 E:QUATIONS AND INEQUALITIES
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. .

-the unique solution of XA 5?

itecell frost Unit lU that if A 'EP

.ANSWERt

ad bc ad'T-hc
A-1

1 -c a
ad - be ad - be

and ad.- bc # 0, then

- - - ____ ----- -
Let A

ANSWER':

A7 1

0 What ia A-1 ?

Let A and 5 . Using the results obtained0 lj
1 0

in the above item find the solutions of the equations AX B. and
XA B. .

ANSWER:

AX B ! X A-1B

: X BA-1 oJLioJLoo

253



This example shows that AX B and Xiit = May apt be equiva-
,

lent.

."A more Complicated linear.equation is one which has. the form A1XA2

U. If toth AI ;mi. Ail. have inWerses, then the unigueSiolutiOn

of thisequation is X =

ANSWER:

X. = Al BA:2-1

Note thpt ItAAz 1, etc., are not correct answermoanCe

4

. .

matrii. multiplication is not commutative in general. For example; if

we take X = A1'1A2-1B, then

A1XA2 = 'AIA1- 1A2 BA2 w 1A2-1BA2 =, A2-1BA2:'

Since .BA2 and KA may not be tiOsame we cannot conclude that

AIXA2, = B..

The:situation is even more complicated for quadratic equations. Over

the field of.real numbers every quadratic equation is equivalent to

an equatio0 of the form axi. + bx + c = 0, with a # O.

Quadr tic equations over Che $ tem of 2 A 2 matrices may have very-,

compl ted forma coMpared with quadrabic equations, over tbe field

61 real numbers. For examplei_we may have equatilte of the form

-A1XA2XAj + B1XB2 + C = [5. 4bere
0

fi,/A2 and A3 are.differ- .

ent Irom the zero matrix, and this is northe moat general form. If,

in the given equation, we let each of the matrices A2,-W3, and B2

*al the identity matrix, I, the equation reduces to the form

I.
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'WER:

2 + alx + c
o(1.

pa'

Recall AIX / X I ,AIX2 etc.

proof of the quadratic formula depends upon the field properties

and M so that it does not hold in general for matrix aqua-
e . in

tious even if the equation has the.form A1X2 + B1X + C

Even the simple quadratic eqUation X2 A leads to difficulties.

There may be no solutions or many solutions.

The iollowing examp10 will Must:roe one of these possi
7--

,Let X

write the
wi]

-and A !]
1

Then if X2
4

following matrix equation: .

0

F-1

L.,/ 0

ANSWER:

Et/ + yz
zx viz

xY
zy + w2

PIN eat

14,

Since two'matrices ar equal. pnly if their corresponding elements are

equal we can arrive at the following system of four real number equa-

tions:

ANSWER:

(I) x + yz

(2) xY Yw 1

(3) zx + wz
01/

(4) ry + w2 0

-". .

255



From eqUatIona (2) 440 .(3),

.... .. . 41. .... eai

eArSIS4

r - - - ... ... . ';7' - mt .....

Theiefore y z. In what way does this requirement introdule in

in6onaistency in the above system 0 equat ons? [Hint: Look at

equation (1).)

ANSWER:

If y z, equ tion (1) can be written x2 + y I. But x2 +

y2 ?. 0 a -I < tHua the sytem_of equations is,inconaintent.
) AO

61,1

Therefore we tuat conclude that the equation

no solution.

2

,On:the other hand -if a%71.1: 'any real number.and

know X2

ANSWER':

o 9

1
has

0

0
Therefore the equat4on i2 41[0 lob as many j;olutions aspi-

denced by the above choices for X.

Solution of polynomial matrix equations btfactoring also.involves

certaind.ifficulties., If in solving a real number quadraticequation

we.can arrive at the'stuteme t (x a).(x - 4) 04 We can fvrther

256 EQUATIONS ANb INEQUALITIES
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conclude that or'

4

rfir yr, 444.

.

This' procedure ie. dependent. on the property giNten in, Theorem 24. In

the proof.of TheoreM 2.4 Wilisee the 'property Min.' This should cause
N,

,..: U3 Vul be suilpicious,otAkif4 petedure if weattempt to :apply it to
. .

niAtrix.ecivations...4pe follouing exaripii will supPori our suepicions.-

.Let A '.. . and B ...

[I. 10 L 0 Show by substitution 'and
..

evaluZition illi%t the Identity:matyix, I, i's a solution of the equation

(X "-- A) : .(X. - B) 5* I! !]0 0

_.

dr,

But - A is and

ANSWV.R:

rii
0 71

t

'

0 0,

di

-007 ,

Thus /(I A)(I B). Ot but (I -.A) 0 and! (I - B) O.'

ieto'. we have obitrved. in .t1;e.preceding mateFial the iolution of .a ma-

tcix equation. cannot; In*therql, be atriied at through us? .of ithe
( 4

\\.

0

.0'0'

257.'
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A

I '

.techniques we use regularly in sqlving real number equations. This

is due primarily to the, failure of M
c

and M
ln

to hold for the

=Aix opfrations: For the some reason, mew familiar factoring for-

mulas fail to hold over the system of 2 g.2 matrices. To Ulla-
0

trate 'this point we will consider the following example:1

Expand thairexpression, (X A)2. (Recall that matrix operations-have

all of the field properties except 'Mc and

ANSWER:

(X - A)2 (X - it) (X - X(X A) 7 A(X A)

m X! - X.A\- AX4 A2.

In .ordei to illustrate that thip is not equal to X2. - /AX + A2 we

will consider ihe f011owing results,: (Note: 416 defile ZAX io

meaaAX + AX.)

Let X $3. and A
.161.

- *

Compute X2 -XA-A.X A2.

ANSWER: .

[1:
0 0 0 t

1 ':

I-
Q. 0

-I IT

a Q,

.00
1 1

-2
ri (5-

I. 1 94;

00
1..

Z1'

1. 0 0

(1 °I. L(Z)7

o

.4e

Compute X2 - 2AX -4- A2 for the .giveo X and A.

7
'ANSWER:

-1

S 0 0 o'0

258 EQUATIONS AND INEQUALITIES
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40.

dow

The tiilb reaulte are not equal. Thus in general t1E.- A)2 # X2 -

ita + ti2. f

. . .-

ITkMs
.

u
Find solution sets in the aillowing problems. .Show your.uork.

,

1. x2-- 1/4 < 0 / .

ti

ANSWER:

{x - 1/2 < X < 1 2} I%

Solution:

x2',N1/4< 0 140* ( 1/2)(x + 11.4.1,

4+ (x 1,12) ,<

(x'- 112), >

.6 and (x, +. 1/2) > 0 c)

0 and (x +,1/2) < 0

and -1/2 or

x 1/2 add x < -1/2' (impossible)

Hence.the solution set is fx -1/2 < x < 1/2).

2. + 25

7-%

?ANSWER:

Nu'real4w*lues ior

Solu x + 25 s 0 40111, . x
s\

,

Since . *2 > forall eal'numbers, there are no real numbers-_
,

that X2 25 < O. ,

4,

*.t

r

A

4.

uch
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3.

ANSWER:

{x 1 0 < < 5}

Solution:

5x x2 > 0 *9 x,(5 x) > 0

grat

4401 x 0 and 5 - x > 0 or

x < 0 and 5 - x < 0
-

6 and .5 < x iimpossib e

> 0 and 5 > x or

Hence he solutilan set it: ix 0 < x < 5).

x -24. - > 0

ale

ANSWER:

ix X < .0 o x >

Se.lution: b

x 2-,> 0-
x

,

*

x >s0 and 'x 2'S 0 or

0 ad& - 2 < 0

x > 0 and x >, 2

x < 0 and x < 2

\

26. 1-

x < 0-...,

.Hence.,the ablution set is ix

5. x 2 < 17

x < 0 or. x > 2),

P.

. Z60

va
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ANSWER:

ix I -1 < x 5)

< 3x + 2 < 17 *40 < 3x < 15

4.4 -1 < x < 5

Hence the soluticin set is .ix < x < 5

RS.

b. (x + 1)(X - 3)(2x -

=4

ANSWER:

{x I 71 < x < 1/2 or x 3}.

Solution:

x + 1 2x - x -= 3 (x + 1)(Zx - 3) (x - 3)

. -, .
x .< -1, Neg. Neg. ,Nag. *R.

1

.1 x < 3/2 Pos. Neg. Neg. :Pos..

3/2 < x <,3 Pos. ,. Pos. eg.

x .'...,3 .
Pos. Pos. Pos. Pos.

,

The table shows that. (x + 1)(2x - 3)(x 3): positive If a4 only

. if 71 < x A3/2 or x > 3, hence the solution set is ix 71 < x

< 3 2 or x 3).

: 4

7. Let A
1! !]1 0 '

B .{!
0 11"

Show whether of not the equations' AN S and NA,

equivi!lent. e-

4

1

B are

r9

a .t7



ANSWER;

Part 1.

A-1

LqJ

Part 2.

*
51 -

ro 1. 1
a./5 -2/5j

1

I 0

11/5 -2/5 [0 111

g 611 ..X ." L1/5 -1,51

x " 17°--00 Ll 5

4>
Lo

ro
-2,;]

3/:5-

1 - 1/5 -2/5

ri/5 3/51

LYS -2/2.1

The equationa are not equivalent since they do not have ihe same

Tff.0 11solutiOn sets. The solution set for AX B 4.0
1 5 4-11/5.1i

The soluion sit-f6r XA B "is
1/5 3/flt

-2/5

I.
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ABSOLUTE NALilE

,

Many students beginning a course in calculus have difficulty under-
standing definitiems and explanations which'involve the use of .0so-

-\ -

lute values. Material in this unit should prove very helpful to the

student who expects to take mathematics courses beyond the high'

school level: It is especially'usef,u1 tn connection with the,

of 1.in4ta in calcurlua.

0,

DEFINITI
.6.1: The abaolute yaluklat of a real number

fined. thus:

a .if. a 0;

0, if a 0;
#

-a, if a < 0.

(1) Refer to the akird part of thie definition. 13 the absolute

ue of a, when a < 0, a negetke or a positive Feel numbsr?
(2) Supply the sorrect numerical .valuea:

If x 4 th-en !xi J.

If x 10 , *then Ix1

' If x -4, then ixi

r

'41

!..

ANSWOR:

(1) Positive,

(2i' 4

4

A,

( ee example beld4

4

263
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Mote: -A)

Give nume0cM1 answeta for the following:.
.

(bI 12 - 51 .(c) -15 -.54

(e) 141 , if a represen't the (11.4-k

tanee (54 the num1:41- Aine from the point whose ceardiuste is 3 to fhe

(a) 15 =_21

(d) 1-4/31

pc:riot whose cocirdinafe is 77:

,111. ..... .. %M.

ANSWER::
.

-(4) .3.

(b) 3

(c) ,Q

-(4). 4/3'.

(0' 10'

Some authors define 41stplute valUe of !anumber thus: 01 ); and

4;04 a 0 .0, lal is:the positive member of ihe Pair. a, -a. You'

should see that this is.Oquivalent to our-deefinition. If al> Q,

.then a is'positite, hence jai a; 'if .a'< 0, en -a is posi-.

tive.andhence -a.
4 .

Note: lal 0 if and only i4

From these remarks canwe conclude
fa

(1) that !al..> O. 413r..,e'very real'number 04.401
,N

(2) that -jal 0 forevery real number ,a-'?

(3).16,t1at,if, %A,.> 0, Jill al

V

AlkIgWER::

(1) Yes.

(2) Yes.

4
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3), Yes .

T14EOREM 6.1: and b are real numbe s then'. al ..-

To grove this theorem we note" first that if either a . 0 or,
b . 0 then I ab I 0 and l al lb 0; thus thp__&heoresa is .

- true .in 'this case.. If a 0 and b & 0, we consider four cases.
I. a > 0, b O.

Whia are the oter eases?

ANSWER:

II. a <Th, b 0

III. a 0, b 0
IV. a < 0, b < 0

For

ake,

(1) I > 0, 'at a, and if. b > 0, h, by definition
OrabSolute value.
(2) Thus [al 1111 .ab

(3) ,Also, if a > 0 and b > 0 then ab 0, by Theorem 4. O.
(4). So abl ab, by definition of al?solute value.
(5) from steps (2) and (4), .rat Ibl labl.

Complete the ;:troof for Case II below, giving order properties as rea-

sons.

Case II:
(1) If .a < 0,.-jal , and if h > 0, Ibl

265



(2) Thus la ibl

%E.

XS

(Coisplete the proof)

ANSWERS

(1) -a, b

(2) (-a)b [ or -Cab)]

.Also, il a < 0, and b > 0, then ab

(4)\ So lab( -(ab)

(5) lal Ibi labl

(1) 'Definition of absolUte value

(2)

(3) Theorem 4.12

(4) Definition of absolute value

(5)

For Case III the proof is the same as for Case II with the,roles of

a and b interchanged. Write a proof. for Case IV; giving order

. progerties as reasons. Field properties need net be given.

ANSWF.Rp

'Case IV:

(1) If .ja < 0, lal -a, and if b < 0, IbI

(2)' Thus lal 10 (-a)(-b ) - ab

(3) Also,,if a-< 0 and b < 0,'-then 'ab 0

(4) So labl ab

(5) ** id! lbl lad

(4) DefinitAon of absolute:value

(2) .

-(3) Theorem' 4.11

(4) -Defiatiort of,absolute value

(5).



r

To .find th sealution 'sets for equations or inequalities such as

lx + 21 <.5. or 13)(1 > 10 .two'additional theer4ms are useful. Ovr

problem is trvchattge a statement involving absolute value signs into

one which dots nor involve them.

'THEOREM 6.2! If a and x are real numbers and a 0 then lx1 <

a if and only if -a x < a.

THEOHEM 6.3: If a and x are real,numbers and a > 0. then 1x1

a if and Inly.if x < -a or a ,x.
--I

Before atteMpting to proVe either of these theorems let us' oak at

some numerical examples.

Consider,the condition lx[ <.6. By Theorem 6.2 any real number be-
%

'tween apd satisfies The condition. Show this set on the

ANSWER:

6 S.

- 8 .,-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5' 6 7 8

Note that the end points -6 and 6. are nor included in this set.

Complete the following statement:

If .1x1 c 6.. then, by .Theorem'6.3-,-A

ShOw this set on the number line below:

lji I

7 -6 -5 -3 -2 1 2

A



ANSWER:

x < -6 or. x

Let Theori!m'6.2a be the "only if" part t Theorem 6.2, i.e.,

THEOREM 6.2a: If a and x are 'Ireal n bers, 0 < a, .and

a, then -la < x a.

If you recal4 the defitirtion of al-s-o-i-Ute ue you see that there are

x
three cases to investigate with respeet tip x,

0, Case II:. , and Gese I
. -

ANSWER:

x 0,

x <.0.

If x 0 then 1x1 O. In this case .the inequalitifs- -a <
x < a and 1)6 < a clearly hold.

. 41\

Cbmplete the proof for Case II below.

Case II:... x ,'0.

(1) Since 0, , by the definition of absolute value.
(2) Sy hypothesis 1xr < ; hence X <

(3) By hypothesis 0 < a; hence < O. Whyf (Give an-order theo-
....

rem.or postulate).

(4) How can we conclude that -a < x?

s (5) From Steps (4) .6411(2), we have

a.

< x and x < a, i.e., -a <

2 6?)hIls LUTE VALUE
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ANS E.31:

x

(2) a, a

(3) Theorell 4.5a

(4) Frdm .step (3) and the hypothesis'we have -a < 0 and 0 < x.

By the transltive property of the.order relition (Property 02) we con-
_

elude that -a < x.

e I I. x < 0..

Again we muse.prove thlt

ity '1x1 <

x < U.

4

-a < x .and that -x < a. Write the inequal-

a: without absolure va14v, signs; rememker we are assum6g
T.

AA.SWER:.

< a, .because -x.

Complete the,proof that 7-a < x arp

ANSWER:

(1) From 'Wove, .-x < a. .

(2)' By Theorem 4.7, -x < a implies -a <

(3) By hypothesiA x < .0 and 0 < a; hence, by Property 02, -X <

(4) From steps (2) and (3 ) we have -a < c and x.<

x/c< a.

0 . ?
Refer to Theorem 6.2. State the "if" part of ehis theorem as Theorem (

P

4

2 7

_
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a

116

ANSWER:
-

THEOREM 6.2b: If a and are real numbers,. 0 < a, an -d

a, _then. ixl < a.

.1110L - - , --------- -

. ,

.Again there Are three tases to cons.ider * ..6, x..). 0, and x < O.
, y

IL x * 0 then clearly x < a and' VI <.a are xalid: Cive
' . .

a proof of 44q theorem fo x 0. Note that the hypothesis

< a means that -a < x an .x < a. Listas reasona alllor-
(

der.:properties that you use.

Case II: x O.

ANSWER:.

. (I) By hypothesis x 0; so 1 by definition bf absolute

(2) Also, by hypothesis, x < a.

(3) FrtXr1 steps (I). and (2) wt conclude lxj < a.

Ctve a praof fog Case III. List as reasons all order properties used.
gb.

Case III: x k 0. t.

.S.ANSWEI6

(4) By hypothesis x < 0; so lxl * -x.

lb

(2) Also, by hypothOsis, -a < x. Therefore, by Theorem 4.7, -x

(3) 'Froicl steps,(1) and (2) we conclude Ix! < a. /-7

THEOREM 6.3a: If a and x a

then xlr -a br X.

lk , 0 and

/
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ANSWER:

I

r

Write a proof for case II: x > 0 and Case III: x <1 0, allowing

that in CasO fI, x a, and in Case III, x < -a. List as reasons

all order properties. used.

eiase x > O.

Case.III: x

ANSciER:

S.

4

..
r`

Case II: q;

SinCe x 0 , xi x, by defintion of absolute value.

esi; , xi. a. Therefore x a.

'Case x < O.

By hypoth-
S

< 0, I -x, by definitiOn of abnolthe iialue. By

'h esis, i xi > a. Hence -)% > a. Theno by Theorem 4.7, -a
r,

TH;OR.61 ,3b: If a and x 'are real numbers, a > 0, ,t1r14 - if x

1;.).
i xi > a.

Prove the theorem 'in, two parts, Part A: and Ogirt B: x <

List .as reasons all ordeT properties used.

Part A: x - a.

ANSWER:

Part- A:

.(I) sBy hypothesis, x ' a and a > C. Hence x ' 0, by frope-rty 02.

(2) Sence x ,? 0, 1.,x1 . x by dwpfinition of absolute value.
s. .

(3) Therefore ixi '.a, because 4
Nto
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Part 13:' x <" 7i..
. .

, .

. . ---- -- iv ----- ,

)

ANSWER:
. .

.

Part B:

(1) Since x < -a, by Theorem 4.7, a .5 -x. ,
4

.(2j By hypothiesis, 0; hence, by Theorem 4-5, -a c 0.
.

(1) x < -a and -a < 0 imply, .by,Properv 02.,.that < 0.

(4') .11 < 0 implies thet 1 x by the definition of abOolute

'value.

(5) From hell ( and (4) we can corrc\lu#e 'that Ix!

,

. lf a iS . a posttive rdal 'number and x , it ea real number then
Ixf 1'

. a if at,d, only if. x a* .,a Or'. x. .- ,-a..' Tht fact yields o the- fc.-

lowing corollaries pop Theorems 6.2 and 6.3:

1. If a and. 'x are real nutbers and '4, 0 then ix] < a if ;Id
only if -a.< 'x < a. .

. .

2. If a and x. are. real numbers and
, a , d, then kV> a if and

. , .1 .

Only if x < -a

above is involved as a reason'in a' proof'the reasonWhen Cor011a

nall be giv t /simply Theorem 6.2. Similarly, when Corollary 2 is
inyolved the reason Will be given Theorem 6.3.

.We ;low illustrate the Use. of the precedfng theorems, in solving in-
.

equalities.

Tn solve tile inequality 'Ix 4-21 < 5
1

we first write an eq uivalent

statement base0 on Theorem 6.2, then proceed in the usual manner.

(1) 21 < 5 44110 < * < 5

(2)

(3) Henc. the solution sti4, is .

Theorem '6.2

0
A
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8.

ANSWER:5

(2) -7 < x < 3 .
1/4

(3) {X -7 < x <

'Indicate'the soldtion set {x -7- < x < 3} on the 'number. lin e.
.

.. .... 7 4"

4
, ,'HP a and b are real numbers', ,then la - 131 geometrically repre-

r"
sents the distance along the ,number line beiwein tile points with
cdordinates a Lind b.. If. a,.> theft a is la i a-- b
units to the right of b dn the' line. If a < -b then a ,is Ia,

b - a uctits to the of. b. Th. is reiSark is ciften useful

it guessing' the solution of. an:inequality.

,The inequality in the preceding elample, Ix +- 21 < can, -be rewrit-
.

ten 7 (-2) 1 < .5.. Hence the c ition on is thet the distance

from'. x to -2 along the number ne itt less than 5- units. It is -

gorsetrically Clearthat this condiion is equivalent to 77 < x < 3.

Hence je could guess that the solu 9n set ie. {x -7 < x < 3}.

Consider the inequality j2x - 11 I. The condition here is 'that

the distance frour 2x to 1 a4cing ,the number line is' less than or
%

equal to 1. This 'is equivalent .to:-,,r0 < 2x A 2. Hence we ,can guess

'qat, the solutiot set is {x j 0 < :o
%fr

l< 1), You are now, asked to ver-

gy that this is ee.correct, soluviott-set by using the theorems we
.1' ,..

Th...
haveproved.. ' ,

f
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40

Solve the tnequali4**-- f'2x - II 1. Write the.steps but give a rea-

son only for the firstistep. Indicate tile solution set on tbe number
wf i

.6 ..,
' line.

4."

A
AAWER:

1,2x - l< 1..*t -1 < 2x 7

.0 <- 2X < 2-

44 < x <
1 -

Hence-the solution s ix I 0 < x < 1

liAE:1, '1 L.
-1 0 1 2 3

I

';

Theorem 6.2

of

4

Geometrically, in terms,Of dllstancc, the inequality. 4 < I3x - 21

stges that
e

ANSWER:

The dist4nce, frotir- 3x to 2 along the numbee'line is gre4atei than

a

0

4 ,
Guess the solutIon set.

* %

ANS)./ER:.
.1

ix I x or x > n . ,
, . . e .

The inequality

lows.

-Stip 1. 4 <

.0-
( .
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b

:can solved using Theorem 6.3 as fol-

4.
- -4 or 3x - Theorem 6.3

..



. <-0 Or

. Hence the solution uet is

Indicate the solutiop .vt en the number line.

ANSWER:-

2. x . -2/3 or x

3. x < -1/3 x )

-2/3

)sing distance considerations guess the solution sit. of the ineival-
ity 1x
Next write out a solution 'of the iequa1ity using a theorem of this

3.

unit. Indicate which theorem yodouse.
I to

I
Finally irldicate the solution set on the number line.

[ I [

-10 -8 -6 -A -4
I I J 1

2 ' 4 6 810

ANSWER:

'x -> 4 x < -2 I (Your answer should:be wrftten in see nota-

Solution.

1 ,- x > 3 .4(.4, - < -3 or 1 --
,

4(.4 "-x -4
x , 4 or .x

Theorem 6.3
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Write the solution set of'

set notation.

.3. Answer should.be in correct

ANSWER:

ix x or x 2/ or , 8)

ale the soluti9n set of 4Ix - 51 < 3,

I 2 x < 8)

a a , 421.

Write ihe solution set of > 3.

'

ANSWR:

ix I x < 2 or x > &I

Explain why there is no real number x whrch is'a soldtion of

13x - 11 3 < 2.

ANSWER:.

I3x + 3 < 2 1H0 I3x 11 < -1.

Sut lad > 0 for a,ll a, by definiiion; therefore it is impossible

to firid a number x iuch tkat I3x - 11,4 is less tfian

276 ABSOLUTE VALUE
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6. .Show the
4
steps -in your solution in the re-.-

H
veiSible sap forth (441,, ) . You mff omit the reason's. -14ite the

'.solutien set using set,notation..
.

1

4-*

440*. -2 < 2y <

<14 <

'Solution set; ty.] -1 < y < 21.

;t; --'

I

On the number line below sh the set of all numberp ,x Whlth satis- '

Irthe following.conditiong:

(1) 'xi < 4;
i

(2) ixi > 4..'

-9.-8 -7 -6 -
,1 I. 1 I L 1

1 2 3 4 5

P

. (2)

4 177--f-rjr1"%k_ 1! IrrTA-7*
,9 -7 - -5 -4 -2 -1 0 1 .2 3 4 5' 6 7 8- 9

c

(2)

In the us1141 set notation de'cribe the set of'alf x. whiO.sp,tisEy

the condition

value signsf

lxi 4 or x 7 Do this withuilt using ,absoluie

t
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,

.-4 ..I.
.

.,
\

ANSWER: -0. 0 - 'y
'..

,.. .

tx 1 (-4 < x < 4 ) (x
. . .

-7) 1

- Refer el& the.preceding item . What 4ice the real numbers x . which

1 4< 4 \and > 7?

r
satisfy the conditions

r
ANSWER:

There are _none. It is impossible to atisfy simultaneously the eon-

7 ). e k this on the

' Of

-

'.ditions -4 < x < 4 and. fx > 7 or

graph.,

San.

X

d

Consider ttle inequality 2 <

2 < ix 6 31 < 8 +0310, 2 <

4310' [

)

x + 31 < :\

+ 31 and Ix 31 'g,

] and (

it

ANSWER:.

[x 4 -5 or x , 1 < x < 51.

The two csges above are combined at fdllows:

Zx < -5 and -11 c x < 5] or .[ x > ,-1 anol) -II < x < 5] +i>
.] or [

(1:k tiumb-et line may help.Lyou to determine the' answers.

71mswER:

4

( See the accompanying sketches of tiicr4various sets.
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I

3-11-11/79- .96 -2

11 < X < -5, i.e.,

ar

xf 5 and- -11 x<5

7 -6 3 -2 -1

x < 5,- i.e., (-di < x 5) and (x -)1.)

.41-10 - -5

-11 4, x < -5 or -1 < x.< 5

The complete solution to-the above problem is presented below.

2 lx + 31 < 8 enlo 2 < + 311 and 1 x + 31 <- 8

44 [ x + 3 < -2,. pr x + 3 > 2 ] and

[ x < -5 or x > -1 t and [ -11 l< < ]

These. cases are combined thus:,

[ x < -5 and -11 < x < 5 or

[ x(z.-1 and -11 < x < 5 I

'41 < < -5 or [--1 < x < 51

Note that it is easy to .guess the solution set.of 2 < x + 31 < 8,

since we ear# interpret lx + 311 geometrically as the di-stance along

the number lin; from to -3. Thus the cksdition on x .is that

its ,distance 'from -3 is greater than 2 but' less than S. It is .

then geometrically clear that the inequality 2 < ix 31y8, is

equivalent to: < < -5 or < x '< 5.

279:



a

.Gueis the solution set of the inequality 1 <- ix - 21

using correct setnotation.

Write it

ANSWER:_

{.73 < x 1 or 3 < x 7}.

The.condition is that the distance froix

< <,

or equal to 1 but less thatkor equal 'to 5.

is gieater than

Writg out a solutlon of the inequality 1 . Ix - 21 < 5 Using the

theorems of this unit. You need not list reasons for steps. Use

the reversible step form (44). 4Indicate the solution set on the

number line.

.r.-
.1

-7 -6 -5 -

ANSW:

-1 0 1 2 3 4 5 6 78 9

1 Ix - 2jJ2 5 4> 1 < 21 and 1x - 2 -5.

4H00 [1.< x - 2 or x 2] and

[-5 < 2 < 5]

440 [3 <:x 'or 1 > x] and 7].

These cases are combined thuS:

4E4 [3,< x and -3 < x < 7] or

> x and -3 < x < 7]

< x < 7] Or [-3 < x < 1]

The solution set

;

0640

is

[1

[3

-4 -6 -5 -4 -3 -2 -1 0

280 ABSOLUTE VALLIE

[3 .or [-3 < x <

1 .2 3 4 5 6 7 8 9

-e



You knew fr*.Theorem 6.1 that ).z1 1Y1 fz1'. We look now'for

a corresponding iheorem for sums. Insert the correct relation
t-

<, or >) in each of the following.

14 + 101 141 4 1101.

+ 1-3I.

.I(-9 + 141 1-61 + 110.. 2.

1(-3) (-7)1 1-31 4.

For any real numbers -!Ic ana

the answer.)

'ANSWER:

14 + roi 141 + 1101

12 -3)1 <-121 -31

1(-6) + 141 + .114j

1A-3) + (-7)1 I' 1-31 4' 1-7.1

ix + yl 4x. + IYI

This last statement is proved below.

A

411ZOREM 6.4: If x and y are real numbers, then .1x + yi < lx1 +

lyl. .
_..

ThI/e nequality in Theorem 6.4 is sometimes referred to as "the tri-

ang e inequality":.

To prove Theorem 6.4 we will prove that. lx + y12 <
1 1 1Y1)2!

Then the theorem wilt follow by Theorem 4.27. .

.PROOF: (Supply the missing reasons.)

(1) lx + y12 - I(x + y)7I

(x y)2'

x2 + y2 + 2xy
11--;
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y1)2. - 1x12 '102 + 212(-1

1x21 + ly21 + 2J1'!I

x2 4.Sr2.4. 21x1 tyl'

ANSWER:
I .

Theorem 6.1 ..(In + yl lx_t yl 1.(c +.y) (x + y) I)
Yi

'Definition of'abselute value, since (x + y)2.). 0 (Theorem 4.13).

(2) .1:theorem 6%1 '(lxi Ix.' .1%. Ix ' xi, 1Y1 .10 ;. ly % yi)

Definition of absolute value,,vince x2 0 and y2 > 0. .

is IF

411.

Me continue the proof by shc;wing that 2xy' 2
4

(3) if xy> Oethen -kyr- 'xy Definition of
.

(4) if xy < 0, then . Definition of

0

xy < -xy
1.1

(5) from (3) and (A) we conclude

that xy

ixyl 124; IYI.

xY < ixl IYI

2xy 21.x1 Iyi

Theorem 4.6

.Theorem 6.1''

absolute value

absolutii,value

ANSWER:.

(4) -xy

02.

Compleite the proof.

'ANSWER:

(8) 2xy 21i1 1y4'

J
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.
4- 2xy .x2. ; y2 + 21.

I
03

4%,..Y12, C12,t1 4 1Y1).2

(11?
l 4 Y1 < Ix! IYI

REVIEW'ITEMS'

4.

Theorem 4.27

-

*0

1.. Prove:, If lx1 I 0, then x 0. .

.?

List'as reason'each order property that you gse, but do not list

field properties.

40

ANSWER:..

y 01, either lc 0,, x > 0, or x f 0. The proof con-

sists of showing that x > 0 arid x < 0 .are impossible.

Suppose x > 0. Then lx1 x, by.definition of abspluxe.wslue.
.

Bence. lxlm> 0; Since, by hypethepts, ixt 0 : it cannot be true

that lx1 > 0 (by 01). Hence x > 0. is impossible,

SuppOse* x < 0. Then Ixl -x, by definitioo of absolute value.

Also, -x > 0; by Theorem,4.:6. .Thus .1x1 > 0. Again (by 01) this

canAOt be truevio x < 0 is.impossible.

N

2.. Let b be agnon-zero real number. PfOve that lbj

LiSt as reason any theorem you use from this unit.

ANSWER:

-vSince I > 0,' III,- 1 by definition of absolute value. Then.
.

'\ lblbl '. 111 1. But lb/b1 irg lb 1/bl 1bl 11/bl, by

Theorem 6,1. Thergtore lbi 11/bl 1' 1.

11-.)

t.
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$inav *el 101 w 1; 17b1 1/ tif ifo
i!

rovvrthaf., number
4
, b. Using this f

.4.

,c' nizabgrs a Aihd b with I, ,* _ 0. Liit.,,Aa reaion pny theorem you

use froim thia unit:. 4

. ,

ch n6n7zerd repl .

lal/.1b1 for real ,

. .

ft .0 dp. _ _

ANSWER:

- '
4 a/b . a 1 /b I j al , by Theorem t .I. But by the

above, 11/b1 w 1/ 1 bl. Therefore . I a/ lal 11/bl w. 1 1

1)1b1

.
a. Find the solution set for-the inequality 18 2Iy + 3,1 > 12.

.

Show ,your Work, No seasons are required.
A

'

IrANSWER:

.18 2Iy + 3

4,
> 12 *4 .9 21y°+ 31

4.4 3 > + 31

4-) -3 < y 3 <

'.0w* -61 < y < 0'

Solution set is fy 14-6 < y < 0}.

4

4. Give ehe sc:lution

(1) lx1/x < 2

(2)' IxJ

(3) -31:.(1.+ 3

et

ANSWER:

. (1) 4x.1 x 0 0).

(2) The set of all real numbers

(3) ix 1 lc: 0 0)

a

ta
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5, Prays: If

16.

a

S.

and- y -ars mal numbers,. tli;an

List, as reason(s-)...any O.:sore:1aq tha

[Himt: WrIfte x 44(g y) +

iNswEir
PROOF:-

lxi " y) <

lxi IY1 YI
f

. -------

4

4'

4

you use from this- unit.;

-
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-COMPLETENESS OF THE REAL HUMBER SYSTEM
.0010.0`

t.

COMPLETENEB ItgAli111,1413ER SYSTEM'

s

a PThe real number system is not the oikly or ete field. Foteexample.,.,

the system of. rational numbtis is also 4 tield having the properties..
..

01, 02, 03, and 04. But the sysiem Cif awl numbers has.an addition-,

al property called completeness which'the set.of rational numberS /

does not.have. We eay thet the real number system is'a complete.or-

dered field.

4(
Before we can state this property it is necessary to defintv-tWo new

/-

terms, sipper bound and least upper-bound% Conpider ihe sit A

,

{1, 1.4, 1.41, 1.43.4, ...) obtained by taki% aUccessive dee:-

4.

.

15proximstions for ThiS set A isre subset of p

x .4s a. real number.and:,x2, < 2). Each of these sets cont ns num-

'biers which are less than (f 154A neither has 'a member' w $ch is
. f

greater than (T. Then it Licould ieem that seCokild p called Sn

upper, bdqnd for the set A or for.the det B. By tis saMe reason-

ing, would you call 3 an upper bound? 1 2.5?. 10 .fie

-

'ANSWER:

Yes

Yes

Yes,

No

I
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DEFINIfION 7.1: A number is called an diver ,bpund ocia non-empty
. .

set S: *.,real numbers if
I .

u > x tor each element x in S;_
. . - 1z

Let (-'4 tBe set of all 'n4atiye real numbers.
:7

Is 3, enUpper-bound of S?
r.

Is 0 az npper boUnd of S?
,

Is -1 La"-upper boun0 of S?

' "dt

41 \ ,,,......
e^... ....,''. .. .... .... ..,, ... . .. :. .... . . ... ... .. ... . ..

4 A
1 .

. ..lc
ANSWER:

Yes.

Yes.

'No.

tt

If B (x I < X < 12, and x is a real number}, which of 41e

folluying are uppe ound& fof the set B? 12? 15, 3, 12.1, 11.9.

At. -

ANSWER:

if 1

4ye an upper bOund for the set S.

. ber .

1.1

ANSWER:

There is'no upper bound for this set.

> 2, X is a real_num-'

,EFINITION 7.2: A real number v is called the least upper bound

(1.u.b.) of S if

(a)
r'

v is an upper bound of S,
. .*

(b) ior every upper bound b. of S, v < u;

r
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771 .

)11..
4

V(

For 'ail 4pet,bbun4&of the finite set. S '.?3, 6, 9,../1.2 15, 18) We

could dhoose the.number .. or any larger humber. k
; .

'The leastsunp'er bound'of`the sat 'S is

Isthe-lbeiryou have selrected as tfie 1:t.sh. 'a9 element

ry .%

WWER:

18.

If your an er was correct.)

A
Conaidq the infinity sets

(1) S (1/2, 2/3, 3/4,

tural nUmberl

(2). T is 42/1,- 3/2, 4/3,

tural number)

n

e

s?
.

"Ik

n
.n is a, na-

n + 1----- n is a na
n

Find.the le'ast.upper pound.of each set to the number you have se-.

lected id rasa case In the given sea'

*ANSWER:

(2) 2;

)

.
no, ' A

n + 1

yes.

for each natural nurdber- n;

00'

. i

,If S is a'set of real numbers and b' is a_number in 4. su that.'
. ..

b ; x for every number x ,in' S then b id the largest ber ii%b,

S. If S. has a largest element b then b is the 1.u. of S. \...,..

,

.

b is-an upper bound becAuse. b .x for eyel.4 number:
7,

in S; and.,- s - .

if u is any tipper bound, u ).b because b is in However, a
. . ,/

iet S max have.a 1.u.b. without haying'a largest glitmen then the
. ;.;

1.u.b. of S is not an _element of S. The examplIa'

4
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VI"

--11--4 n isa natural. number)
n + 1

given above has'hutb. .1 but' is not in the set S. Hence S

has a 1.u.b,% but does nofr have a largest element:

.

Let at .. ix 1 0 < x < 1, x is a, real number)...

( :What ii the 1.u,b.
. -

S?
..1

) Does S have a largest element? --

. .

A!

ANSWER:

(a).' 1

' (1)) No.

P..

Let. S 4x 1 0 < x < 1, 'x a real, number .

VG

(a) What is the 1.ueb. of S?

(b) Does S have a largest element?

ANYWER:

(a) 1

(b) Yes

OW,

Pit
Find theleast upper bound of each of thesets listed belou. Is the

least ullver.bound at element of the given set?

(1) $ - 11/2, 1/3, 1/4, ?.., 4-.7. , ...) i i---1-- 1 n is a'
. n + i

natural number) .

I

,

A (2) T {-'1/2, L4/3, - 4, - .. .
1

. -n + 1 ' n + I
is) natulal,numberl

.

PNSWER:

(1) 1/2; yes.

; 7
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(2) 0; no, < 0 for eaph ural'ndeber nn +
;.

r'
t4e will now_414Your"finat postulate foe the s'?atem of rZal nUmbers.

60HPLOTENESS PROPERTY: Every non-eMpty seE of real numbers which has

an upper.bound also has a*least upPVisbound.
1.

Our.complet4 set of axioms,. dr.01!_ttilates, for.the system of real
16

numbers consises of the field propOrtiLesA,A,A A MM
a c. id' in' a' e

M
id'

M
in'

the order. prog 4erties' 01, , 03, and 04, and the Com-

pleteness'Property statedillibove, tompleteneSs Property is the

pnly one of these whyh iv not ordi4;1ly stu led (in some form) in'

high dchoo.1 alObra. However, 1s43as1c t the theory Of limits

wWich underlies calculu8-1g 4

THEOREM 7.r: If's saset S oaf, g has a least upper bound,Athen it

has only one.

ToproVe,Theorem 7./ we suPP(40At and w 'are leas't upper

boalds of S. Vie ne4d to py that
1

J"---

ANWERv

v

/.
If v # w then we tiust have either .or .

ANSWER:'

1

v -< w . or

.
.

(l..i
Let us show th
P

we must hsVe

.1.

is not possible. SinCe w: is a l.u.b of

for every upper bound u. . But v is an

,90 COMPETENESS OF THE REAL NU1U11:45)STEM
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.
a,

. .).

.
, uppet bound", So ' w < v. , This ,implies that v < w ie)impossib

\
*

by.01,. Similar reaamming shows.t.hat w < v is'impossible. The e- , / .

\fore v ... w, and the'theorem fs pioved. .-

We have staced fheTatpleiell-ii Propeity in terms of upper bounds'and
'

. . .

the least upper bound ef a non-empty
o

set otoreal numbers. This pro-
,

perty can also be stated in terms Of lower bounds and the elvat9st '

.

-lower bound, if suitable definitions are given for "these terms. Com-

. ile' each of the following, by analogy with Definitions 7?1-aad 7.2.

. (I) DEFINITION 7.3: ..A number' b is called a .1ower bind of a non-
. .

empty set S of real numbief( if .

1(2) DEFINITION 7.4.:. A number c. is .calleoffthe greatest lower bound

''.4g./ib,)' ot S if . '

(3)- COMPLETEgESS PROkERTY:
.

e

.#

os

AL) b .1c-IfoT each element x of S.-

- (2) c is a lower bound of S, and for every lower bound b
I '

c 4,

(3) Every non-empt7,4 het S of real numbers which has a loweY bound.

has a greatest-lower bound.
.%

4

-

A ADof slaeto that used in proving Theorem-7.1 can be givefl to
t

prove the following .thebrem.

THEOREM:7-.2: If a subset S of R. has a greatest lower bound,. then

it has only one.

Let S Se the set.,of all negative real numbers.

(a) (Dees S have a ,lower bound?.

(b) Does S *have a f$reat.st lower bqund?

291
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ANSWER:

(a) no.

(b) no.

\IL

.Let 'S = (x I 3 < x: 2, x.ca real number). Which of the follow7
. ,

ing are lower. boundalor the set S? 2, 3,..f0/3, .-13, 12..

\:

ANSWER:

2, 3,. -13

Consider the following statements abotit-a set S.
Aft

(1) S has nq upper bound2

2 S has no lower bound..*

has a least upper tZund which is nor:in the set' S:if

4) S has a.greatest /ower pound which is not iu. the set..

(5) S has a liest upperbound'Which is in the.set S.

.(6) S has a greatest lower bound which is in the set

. For each of the.following'sets S indicate which of the-above six

statement; -are tru for .S
. . .1-

(a) S =. the set of all integers.

41,(b) S = tx I -5' <' 14/2... X a read number).

(c) S = . ix I -5 < '<'1/2, x a rational number)

(d) S the-set of all positive real numbers.
i .

ANSWER: -
(a) (1), (2)

(b) (5), (6)

(c) (4), (5)

.(d) (1)., (4)

4**

-s

1\
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Let $ be a non7empty set of real numbereNthich nas a iower bound.

We define a atw set T to be the Set oeill lower bounds'of S.
Thu44, T is a non-empty set and,by the definition of lower bound of

S, a rell nuMber b is in T if and only 'if' for every number

x in S.
A

1°

ANSWER: e

0

Therefore, for any element x in and any element b in T,

b.< x.

Does the set' T have an .upp bound? ExOlain.f.

ANSWER:

Yea, 'every lement of S is an upper bbund of T.

N

If we asstime the Completeness Property stated in terms of-upper

bounds,we can prove the Complefenee!! Pieperty stated in terms of low-
s: .

J' ,

.....er bounds. The proof is outlined belOwt,*

We assume that.. S is a non-empty set which has a lower'bound and

show that S has 4 great6t lower bound. As abOVe, we let :T be
....,,.

the set of al lower bounds of S. Then every element of T is a

;1'lower.bound.o S and every element,of S is an upper bound of T.401
r. .

The following diagram mat prove helpful. 4

b V x.

T S
. . .

Ir . A

T is a non:eipty set Of real nua,bers. If x ig any element of S,

then x .is MApr boUnd ok T. Since we.pre assuming the Cam-
.

. .

C

4

"
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:

4

pleteness Property steted'in terms of. upper bounds., we can,say

T"has

(i

thap

ANSWER: r

'.-',a-lepst upper boundlli

-4
Pinote the least upper bound of T by v. We wish to show that

is:the greatest lower bound of S. To.do thts we tins-t 44ow

1___

(a)

(b)

ANSWER:

(p) v is a lower bound of S.

(b) If b layer bound o f S thtn

If- 11 ts any lower hound of 6, then

1.11111 ANSWER:

T.

PO

b is in what set?

Why,oan we conclude that b < v?
;

ANSWER:

.b is in T And v is an upper bound of T. Therefore < v.

Thus statement (b) is true. 'Now we prove statemvit (a).- If x is

surtitlement 'of S we have Seen that x is An upper boUnd of T.
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But v ii'the least uppet bound of T. Therefore we must haVe'the

inequality for every element x of S..'

V

ANSWEii:

< x.

%BA thie just says 'that

t

y/ is a lower bound of
49*-

, which is state-
.ment (a) .

We hayerproved that theCdmplefeness Property stated in terms of tip-
per bounds implies the Completeneas property scateli. in terms of low-

er bouhde. We could also prove the converse of this statement: the

Completeness Property stipted in terms of lower bounds imppes the

Completeness Property/stated in terms of Upper boUnds. Thdrefore the

Complevriess Property pay be stated in terms of either-upper'or low-

er

What is the greatest .lower bound of the set df all real numbers pf

the form

x2- --1
, th x

(

-

ANSWER:

g.l.b.

ji then
x2

1) (X
1) 4- 1.- 1 -

,

Find the products:

(x 1)(x + 1)

- 1)(x2 + X 1) .1" :-
(X - 1)CX/ t X2 X +91) m

(

0 #

41/
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mit

O.

Gene all e: (x - 1)(x
n
+ 11-1 + 4- x + 1)

AN4141.:.

x2 1.

x 3 1.
x4 1

n+1x -1/

L.

__A

What is the greatest lower bdund of the. set of all real numbers

x 1

x 1

g .1...b. .1* 3.

From the !weeding problem, if
1_ (x2, + x + 1) (x - 1)

X - 1 - 1

1 then

x2 + x + 1

Hence 3 is the, .greatest lower bound..

el

,

S,

4

,

What is the .greates lower bound of the set o real numbers
x 1

with, X. 1 ?

ANSWIR:

4 *

What is the greatesf. lower bound of the set or real numbers,

with x > 1?

I.
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AO

A, ANSWER:

%

Find.the least upper bouncrof the set of real numbers

1.

ANSWER:

1.u.b.

with

ALFind thirleast upper bound,OfChe set C3f real numbers Z-1
w
ith

0 < x < 1,

ie ANSWER:

1.u.b.

Could you give a teast Upper bound for the set of real numbers'
x3 - 1

'
for all x such that x < I? Expl,a,An.-

ANSWER:

a.

No, there is no upper bound for ile set, hence no least er bounth

DECIMAL- EXPANSIONS
0.

You are probably familiar with the statement that every,positive real

number has a finite or infinite decimal expansion and that this ex-

0

,

... nsidn is unique if We do noi allowexpansions which end in an in-

f nitely.repeated succession of 9's. It is o4i purpose here to ,take

os closer look at Ow meaning of this statement., -N.

, e '

I.
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I.

The expansion 237.51 repro ntd the number

2 102 4.3 10' + 7 e 10° + 5 10-1.+ 1

'The expansion 43025.004 represents what number?
? ,

ANSWER:
nk

1 3 103 + 2 101 + 5 . 10v + 4

or

Every finite decimil represents.a number ea a finite sum of multi-

ples, a /64, Of pnweri of 10 where a is.a non-negative inte.-

ger less than 10- and n is.an.integer positive, negative,.or

kero. Zut we cannch add an infinite number of terms. Therefore, in

what sense.is it true thSt 1/3 m .3333
It

We cin give an answer

. to this question using the notion of least upper bound. .Consider the

. set consisting of' :33, .333, .3333, . . 1 The

set ,S is infinite bui each number in S. has a finite decimal ex-
,

-pension.. It.can be shown, although we will not do so, that the,.1.ut

b. of the set S i the number 1/3. In a Similar way we can assts..

ciate with any positive infinite decimal.A set S of ntimbers which

have finite expansions. This set will have a 1.u.b. and we say that

.the given infinite decima-1...\s the expansion of the number which.is

the 1.m.b. of S.

We wiil not gite proofehete but the folic:wing statements are trueJ .

-- (1) Every pysitive numher his a iinite or infinite decimal expan-p

eion,

.(2) If we do pot allow expansions,which end in an infinitely repeat-

ed succession sof 9's, then the decimal expansion of each positive

number is unique.
.1"

Find a finite decimAl expansion with which it would be reasonable to

associate the number represegted: by; 2.379999 ... (ending in an in-

) finittlyrepeated success4ion of 1).

Ite
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ANSWER:

2.38

Consider two infinite decimal expansions whose first five digits are

given as follows: .13275... and .13268... For purposes of this

exercise it does not matter what the,remaining digits are. The first

decimal representsthe 1.u.b. of the set SI so{.1, .13, .132,

.1327, ...), and the second deeimal represents the 1.u.b. of the set

52 { .1, .13, .132, .1326i ...). Find an upper bound of S2 ,

which is not an upper bound of S1.,Why does'this show that the sec-

ond decimil represents 4 sgIller number than the firSt ddcimal?
,

ANSWER:

Any number greater than ort(1nall,e0 .1327, and less than .13275 .

will be an upper boOnd for S2 but not an upper bdiand for -eri e.g., to..

.1327 itself. Since the 1.u.6, of S2 less than the 1.u.b. of

SI, the second decimal represents-a smaller number than the,firs .

1
Since many higfi school algebra books "defin a real.pumber to be la

finite or infinite decimal expansion,' it is perhaps worth pointing

out-that it is very difficult to give a satisfactory development of

tht real numbers from this definition without using the.least upPer

bound notion or limits in some form. Even the definitions otaddl.-

titan and multiplication pose Some difficulties. You might as0Yonr-
i

self how one should define as finite or infinite decimals the numbers

a 4 b and a b, wheie

a .86866866686666.. and b .23523 523335...,

(Tke expansions of a and b continue the pattern suggested in the

terms giVen.)
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REVIEW ITEMS'

1. What is the least upper bound of each of the following sets?

(a) (x 1 0 < * < 3/2}

(b) .set.of non-positive real numbers

.(c) set of negative Integers

(d) set of all even integers

ANSWER:

(a) 3/2

(b) 0

(c) -1

(d) two least upper bound

" .

2. In which of the sets WItem 1 it the an element of the
\

'set?

ANSWER:

(b) and (6)

3, Let S { 2n 1 n
n 1

and the g.l.b. of S?

-

s a natural numbpr}. What is the 1.u.b.

ANSWER:

1.u.b. 2

S
I.

4, 4nd a set of rational slumbers whose 1.u.b. is represented by the

infinite decimal .

'.232332333g33332...
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(The pattern iddicated is continued.)

ANSWER:

{.2, .23, .212, .2323, .23233.,

5. Does,it make senae to talk-iabout the 1.u.b. of the decimal

.232332333233332...? e

1 6

ii

Sc

ANSWER:
,

No. The decimal repfesents a single number, not a set 6-1 numbers.

the number reyreabuted by thedecimal.is the.Lu.b. a 4he set of

rational numbers which are thp finite -decimale.approximations to the

glen infinite decimal (as given in item 4).

.m 44:

raw'

a

4
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VIII. NATURAL NUMBERS

f,

INTROUCTION

the set. N of'natural nuMbers,.or positive integersis. An important

subsetof the set of real numbeis. Nati4ral numberg-ere often'called

countina numbers sinceWY are the numbers used Im.counting. When. e

child begins the study of arithmetic he begins with theSe numbers.

It is Possible to give 4 dIfinition'of ihe set q.jtatUral numbers

bailed on properties of sets, heu this is done.one can construct

successively the set of the integers, the set of rational numbers,

and the set of real numbers.-However, since we already.hevea set of

a44fms for the syltem of real numbers, ii is:More,s0ital;le for our

/ purposis,to giVe a'definiSion in terMs of'real numbers.

,If you were asked to give a d'ef.inition of the set of aaturai numbers,

you might well:ansior, "the qet consisting of the number 1 and all

nuMbers pbtained frbm 1 by sUccessively adding The definition

which we give is a'precise staeement of this basic idea.

DEFINITION Of TgE SET OF-NATURAL NUMBERS.

A

DEFINITION 8.1: The set of natural numbers is 1,subset of the set of

real number# having the folloWing properties:

Ca) 1 is a natural number.'

(b) If n is a natural number, then n + 1 is a natural nUmber.

(c) If n. is a naturs1 number, then n > 1.

(d) If n is a natural number, then there is no natural number be-

tween n and n + 1; i.e., for no natural. number m is it true that
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Note that in stating Definition 8:1 we are in effect stating (s),-

(b), (c), and (d) as postulates for the4set of natural numbers. We
oi

will refer to these as Postulate (a), Postulate (b), eta.
0

We will.need to stiaw-later that Definition 8.1 uniquely defines the

.set of natural numbesa, i.e., thar there candot be two different sub

se6; of the real numbers for which Pc;stulates (a) - (d) a're valid:

The manx,lamiliar properties of the natural numbers can be derived

from Postulates (a) (d) and the postulatesitor the real numbers.

FOT eXample, we pan prove the following,theorem.

4THEOREM 8.1 if n is a natural nuMber and 0 1, then n - 1

itia natural number.

In proving this theorem we will make Ilse of the .0ompleteness Property

of the real numbers.

WROOF: Assume that there is a natural number k such that k 0 -r--

and such that k 1 is not a natural number. We wish to
t

show that

this assumption leads to a contradiction. Let S. bp the sat of all

natural numbers less than k. We know that S is not eipty because,

by Postulates (a) and (c), is in S.

ANSWER:

,
The number, 0an upper bnund for the et S. Hence, by the Com-

.

pleteness Property, S has a. .

ANSWER:

least upper bound n the set of real numbers).
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n te the least- up er bound of I by ;.

for S? Why?

ANSWER;

an upper bound.°

.No; .; - 1 i less than s, the least upper bound for S.

14. *MP am=

Since a - 1 is not'an upper bound fOr

element in S such that

*A4WERI

s - 1 .s

we,know tlitt there is an

Therefore s < s +

number? Why?

by 03 and Theorem 4.13. I& a + 1 a natural

ANSWER:.

Yes; s is a natural number ,because'it Js

,is a natural number, by Postulate (19,5-.

therefore s + 1

s S? Why?

ANSWER:

No; s + and ,s is an up per hound terr, S.

Since (s + 1 is a natural number not

the relative order b s + 1 and k?

4.

what can we say about,
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ANSWER:

a..+ 1 k, because S is the set of all natural numbers which are
.

'less than k.

Therefore s < k < s +. 1. .Why can we conclude that k + $ + 1?

mt.

ANSWER:

Postulate (d) says there id no natural number bgtween s and s + 1.

Since k. is a natural number and" e < k 4 s we must have :k +

+ 1

LP,
How does k + s + 1 lead to a contradiction of t e assumption that

k - 1 is not A,natdral number?

ANSWER'

If k + s + 1,. then

humber.

's. We know that s is a natural

-

Now reconstruct the-entire proof of Theorem 8.1. (You luay review the

precedineitems' first, but once you lyegin to write the proof do not

;oak back.) .

ANSWER:

Thekorem 8.1: If n is a natural number and, n 0 1, then n - 1

is a natural number.

PROOF: Assume that k is a natural number such that k 0 1 and
-

that k - 1 is not a natural number. Let S be *the set of all nat-

ural quimbers less than k. k 1, k 1, by Postulate (c);A
.

therefore 1 ;ri4 in S. k is an upper bound for S; therefore, by

a.
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IP

the .Completeness PrOperty bf the real :There, S has'a.least upper
,

bound s. s - I. is less than s, the least upper bound fair S, se.

there is a nate:cal number s. In S._ suth that s -'1 < s. Then .

's < s + 1. s + 1 is A natural number by Postulate (b); and s + 1

is not in. S because + 1 > a. Therefore A + 1 > k. We have
. .

< k s + 1. By,Pogtulate (d), k s + 1. This ghats that

k 1 -s and con radicts the assamptikin- that- k -.1 is nOt a
Af

natural number: Thus the theorem is true.

It'is perhans worth pointing out here that the Completeness Postulate

is essential for the proof of Theorem 8.1. It is possilile to con-

alrect an ordered field'

ithe redl numb'er system

and which has a subset

which Theorem.8.1 fails

be given here.

which satisfies all thiS other posteilates for.
J

(4.e., all-except the Completeness Postulate)

N satigfying Postulates (a). .; (d) 4tfor-

to hold. Such au example is toodifficult to

WELL-ORDERING AND MATHEMATICAL INDtiCTION,

. .

.0 The set of natural numbers has a yery important property which is not .

possessed-by the set vf.integers, the set'of rational numbers, and

the set of reainumbers.. We refer to it-as the Well-orderine Proner-

ci

DEFINITION 8,2: 'A non-empty set S of real numbers is well-ordered

provided that every non-empty subset of S contains a least element.

Read thA preced ng definition carefully, then answer the following

items.

If S is a well-ordered set does S have a least element?
0
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4.

ANSWE4:

Yes, because S, a non-emPty subset of Itself.

fa.

If S -is a set of real numbers which has a reast el*ment, is

well-orderedl

ANSWER:

Not necessarily. As an example, corsider the set S of non-negativi

real numbers. _The set S has a least elesjent, viz. O.' But Chile

set T of Positive' real, numbers; wbiA is a non-empty subset of

'does not have a least element; hence S is not well-ordered. 'The ,

definition says that not only does S itself have a least element,

but.everv non-emtty subset of S alSo contains a least aement.

Let S be the set of non-negative rational numbers.

1
bops S have a'least element?

Is S -z?we.11-or4ered set?

ANSWER:

Yes, zero is the least element of S.

,No,S is not well-ordered; e.g., the positive fAtipnal numbers form

,a subset of S witboui a least number.

Wbich of the following bets are. well-ordered? (Answer on the basis

ltof your experience with the given sets.)

(a). Set of integers.

*(b) tet of even'riatural.numbers,

(c) Set of positive rational numbers UF th n erator 3.

tst

*-1

I.
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'

Set of positive rational numbers with denominatot 2..

S4.

ANSWER.:

(). and (d)

.(In (a), the &et.of integers itself does not contain a leaSt eleMent.

In (c), the set of positive.'rational numbers.with numerator 3 ,does'
..-

not contain a least element.)

4

TMEOkEM 8.2: The-set N of-natural numbers is well'ordered..

What must we prove in order.to estab1i0 the truth of Theorem .2?

ANSWEIR:'

We must,prov9 that every non-empty subset.of N4 has a least element.

4hat postulates for N tell us that l is the least eleMent of N?'

A

ANSWER:

Postulates and (c).

Let S' be any non-empty set of natural numbers. The number 1 is

lower bound fax S. Why?

ANNWERi

, 'Postulate (c)

Thep, by the.ampleteness PrOperty.ststed in terms of lower bounds,

:the set S has 4
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ireatest lower bound (g. .b.)

4

.Let s be the g:l.b. of S. I . s is in S then it is.the-least.

element of S, because no element of S ean be lesf than the .14.1.b.

of S- We have seen:in UnitNII-that the g.l.b. a set Of ral

numbers does not have to be in the set. So we mu t prove that'in the
_ .

ease which We are -considering here, -s. is in S.

Suppose s is not in S. We will show that this leads to a contra-

*diction; then the theorem will'be proved.

(1) .07here exists an element s/ in S such that sl 1. Why?

.

ANSWER:

Because s is he g.l.b:,4f

.not a lower boud of S.

(2) s', si.. W4 ?

aa.

\
and s + 1 > s; 1.e., s + 1

Nr
ANSWER:-

Definition of g.l.b. andlibur assumption s is 'not 1;r1 S. Thus every

element of S' is greater than Q,. no element of S is equal to s.

The following geometrical picture may be helPful...

(3) There is.an element s2 in S such that s2 < sl. Why,:
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"ANSWER:
/-

Because a is the g.l.b. of. S and al

10yer bound of S.

(4) WhY?

fie; is not a

-

ANSWER:

Definition of g.l.b. and our assumption tha a s not in S.

From (4)'. f; > s, weietain
!

(5) s + 1

s2 sl ;+1 $2+1 .

&ringing all our inequalities together, we have, from our assumption

that a is not in S,

(1) si < s + 1.

-- (2) s < al.

(4) -; < s2.

(5) s2 + 1 s + 1.

.What inequality do statements 5 and (1) imply?

ANSWER: .

.
(6) 92 4" 1 ' 81
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Explein why stt eme (3) and ) lead to a cOntradietio .

ANSWER: 411 1

N -

-(3) and (6) state tbat the natural number sl is between the two

batukal.nUmbers s2 and .82 + 1. This contradictp PoetUlate (d).

Since ourliseumption ttha:t -ti., the g.10b. of S, is not in S leads.. ..,:p
,

to a contradiction, it must be true that s is in S. We have shown
. e

thaNch non-empty subset of ft has a least element, namely the

g.l.b. of the set. Hence -II is

ANSWER:
-

well-oidered.

---

ReeOnstruct the proof of Theoree8.2. Do not leeieback over the &v-

.!,,ceding it after you have begun po write the ,proof.

. ANSWER:
4 e-

THEOREM 8.2: The set W of natural numbers is well-ordered.

Ws-want to show that.every non-empty subiet S of N has a least

elemint. By Postulates (a) and (c),.we know that .N has the least

elemelit 1.

//
PROOF: Let S tie any non-empty seti of natdal nutbers. Be defini-

tion, of lower boUnd and Postulate (c), .1 is a lower bound of S.

Thus, by the Completeness Property -state.d in terms of lower bounds,

the set' S has a greatest lower b6und (ga.b.).

.4.

Lit s be.the of S. if s .is in S then, S has a least

element, Vlz., s.

e

A.
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4,,

,Suppose
.

is noC in - ye wish toshow that this' Ie ds to a con-.
.

.

-tradictio6. .

_ . ._ 17----...

Since s. is the g.1.13. of S and s + 1 s, there exilts an ele-
.

k

ment La4 .ip ,S liuzhrthat,

(1)- 'si < s-t 1.

(2) s < si, jbydefipition of g.l.b. and our assumption that' s
3.

not in Siqhere is an elemen\ ik in S such that

(3) '1;2 < becaUse- -s is the ga.k.of, S ( And n1 >
r -

(4) s s2 by definition Of.g.f.b. and Our assumption that s is
I

17.
not in S. :Prom (4) we hAre

45) osi2A- 1. + 1. Pm:* (.5)'and (1

(6) .s2 + 1 > s1 FroM (3) and (6),

(7) s2 c' S1 S2 + 1.

We haye reached a contradiction to Postulate (d). 'Hence s is jp

and every non-6empty sUbset of. t'has a least element, namely the

4.1.b.of the set. Therefore .N is we1l-ordere4.

TheWell-ordering property of the natural humberi7 is one of the most

. pOwerfUl tools for constructi4g proOfs all,mathtmatics. Prpfs

.which depend upon this property arise so often that theY have been

givgn a'special naath.. Ari9 proof In mathematita which.is based on.the

Well-ordering Property of .the natural nutbers is calle:N proof by

miktematical i?duction.

Many proofs,by Mathematical induction are not based directly, upon:

well-ordering but upon the following principle which canbe.proved,

uSing the Well-ordering.Property.
4

THEOREM 8.3: (Induction Principle) If S is a subset of N. sUch.
410"

that

(a) 1 is in .S, and

j

(b). if k is any number in S, then k, + 1, is also in S, then

S is all.of N.
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'If a set S satisfies (a ) and (b) .af the' theore, th'en! 1 ia In

4 S.' Then by (b),Ltaking k I + 1 2 is in 'S. Again.by-

(b), taking--.k 2, 2 +..1 im 3 is in S. It-is intUitively'clear

that thli procedure cah be Gontinu.4.to conclude that every natatal.

number ia in S.
.

We will give a.Pioof.of the InduCtion Principle using the

lag Property.
s

PROOF: We assume that S is a subset of N which satisfies (a ) and

(b) above.

If S 0 14, then thete is at least one na Ural nuMber which .iunot

in S.

Let T be the set of all, natural numbers not in S. Then T is a

nen-edpty subset of N, arid B and T- have no element in common.

FurxhIMOre, we can say thal T has a smallest element, t. Why?

"(ANSWER:

By the Well -ordering Ptcperty.

--
In addrtion ye can:say-that

ANSW ER:

1 la in. S by statement (a) above.

Since

slot -in. T.

t It 1, Theorem 8.1 ells us that _tit.- 1 fi 4 natural num-
.!

be;.. Is t 1 in S or, in ,T?

4,\

4

.7?
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ANSWER:

t - 1 is in S4 Since t - I < t and t is the smallest number in

T, then t 1 is -in S.

*
If k Is in S, is k + 1 in 1r in't T7

ANSWE4:

k + 1 lath by statement (b) of the hypothesis.

Since: - 1 is in. S, let k 0. t - 1. Then- k + 1 0
. a

ANSWER:

t.

The aastaap,tion S N has 1/0 to a 'contradiction. What is it

ANSWER:

t is in and t is not in , S.

Therefore, S N
c.9

We 1 use the Induction-Prin'-earrn proving the next tWo theoreMs.

These krovide excellent illustrations of proots by mathematical in-

*duction. 4

TNEOREM 8.4: The s-et of natural numbers is closed ue,der addition.

PROOF: Let 'm be an arbitrary natural number. We will show bY0
I

mathematical induction that m+ n is natural number for every

natural number Let S be ttle'set of all natural numbers .

such that m + n is a natural number. (We emphasize that, .in this

314 NATURAL 'NUMBERS



dtscussifiii, m is a fixed natural number.)

(l) 1 is in S, j.i., na -f 1 is ,a natural-number. why?'

ANSWER:

Postulate (.1) for the natural numbers.

1-

. 041

'(2) Aisume k is in S, i.e., m + k

(3) Prove. k + 1/ IS in, S.

ANSWER:

naturalTnumber.

(3) -m + (k (m + k) + 1. By out assumption.(2), m + k is

qa natural number and by Postulate (b)', (st + .k) + 1 is a natural

number; hence + 1 is tn S.

1114,4.1

TherefOre N, by the induction Principle, and the proof

complete..

THEORiM B. e aet of natural numbera is closed under multiplica

Aion,

e shown fn *order to prove Theorem 8.57

1
ANSWER:

That if m iS a natural Aumber, then m.. n is a naturar number for

each natural number .n.*

Let m be a natural number and let S be the set-of all natur41

numbers n such that m n is a natural number. Prove that S

N.

.Hiut: You will need -to:use Theorem 8.4 in your proof.
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'A.N.SWER:

(1) J.. is in ..§ because m . m.
(2) 'Assume .k pi in S, 1:e., m k 4s a naturalinumker.-

, I

. (3), m (k + 1) m k +m 1. .w m k+m 1sanatural number

by step .(2) and Theorem 8.4. Hence .1( I. iS in S if k ia in '

s N, ..by-the Induction PiincIple.

..The two preceding theorems tell um that addition and multiplication

are clbsed operations in the set of aatural numbers, The set N of

natural numbers toiether with these two operations is then an alge-

braic system. It is daturS1 6 ask which of ti field poytulates are
-

-valid for the Psystem N.

If youlrill study.carefully he fie/d postulates given for the real

numbers in Apit II, you will see that there is an essential differ-
....

ence between Postdlates Aa, Ac ,.M 'M
c'

and D on the one hand

and .A
id'

-A
Lk...

, M
ic

and 14

i
on the other. Eaah .of the formerr

postulates gives an equallAy which must hold in general for real num-
1%

bets, while each of tbe latter postulates states the existence of a

.4ecial real number or of special real numbers.

' Each of.the Postulates, A
a

, A
c'

M
a'

M
c'

and 0 is valid for N be-
.

cause every natural number is also a real number. For example, if

\a and b. are natural numbers then a' and b are also real numw
*/

bers;'therefore a+b b +a by' Property A
c

fot real numbers.

Therefore Property Ac is valid- for N. .However, in testing Postu-

lates A A. M and M
in

far ,N we have to determine if the
id' in' id'

'special element.(or elements) which is slated to'exist in the set-of

real numbers is also in the set' N. For example, A states the
id

xistence of an additive'fdAtity )0. Bu t e real number 0 is7not

a natural number. The set N does got ontain an identity element

kor addition. ,So Aid ..i.s1/4,not vali'd'for N.

3.16 NATURAL NUMBERS' e)
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Which rit the Properties ,Ain,
. .

'
and M n is (are) valid for

-.0. ANSWER:

'is valid for N since the special eleuent 1 is in N.' How-

6er, A and M are pot va'lid For N. If n is a'natural nup-
. ire in

her then the additive' inverse -n of n is .not .in N. ilso, the

MultiplicatiVe inverse of n is not in N unlesi P 1.

We age "that N. satisfies all the field postulates except -A , A
in

,

and, M
in

. The system N is%not a field.

We'return now to our diseussioe of iathematiial induction.

There is a method of proof by Mathematical induction which

quite.often ip mathematics. ,Suppose that for each nateral

we have a Uathematical proposition In, end that we would

prove thet Tn .is tru-Slcir every.natbral number "n. Let

aet of all the natural numbers n suCh thet Tn. is true.

like to uap ;he Induction .Principle to prove thdt S N

this we must show that

(1) 1 in 5, i.e., is true,-ahd

(b), if k is in 5, then :k.+-1 is in 5, i.e.,

ANSWER:

T1

If T
k

is true, th'en T
k+1

is true.

4

T

arises

'numbir n

tp-

g be the

We would

To do

=M.

This type of proof was invo d in the proofs of Theorem 8.4,and 8.5.

For eiample, in Theorem 8.4 we could let m be a fixed natural num-

ber and then, for each natural nember n, let Tn- be the'proposi-

"tion-that urti-f n is'a nat4ral number": Irr the proof of Theorem 8.4'

ide. showed first that "mit l' is a natural number, i.e., Tt is true.

Ati

17
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Then we showed that if m + k is a natural number then

is a natural number; i.e., if Tk is true then

We further.illutitrate.this type of proof with'soma more
,

The reader is undoubtedly familiar with the formula fctr

mum of the first n natural numbers; Sn = 1 + 2r+ 3
p(n + 1)

. -Let us Usik the
. 2

this-formule.'

IR

ut + (k. + 1)

is true.

eNamples.
-

finding Mite

+ n. =

methOd of mathematical induction to prov

Show Unit th t the formula is true for n = 1.

ANSWEI:

S 1 .0 1 and
r (2) a

= 1.

*IN

Next show that if ye assume he

the formullwill be true for n
k(k + 1)

arid try to prove that
2

S
k+1 k

+ (k 1).

a
fIrmuls is true for a .4 k then

= k'+ 1. Yoil assume that Sk
(k + 1)(k + Z).

Note that

ANSWER:

Assume
+ 1)

. 2

Then
5k+1

= S
k

(k + 1)

kck + 1)
2

(k + 1) (k/2,/ + 1)

(k + 1) (k +-----)
2

(k + 1)(k + 2)
2
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This is precisely the same value we wOuld obtain if we subsEituted
Ck + 11[(k 4C,1) + 11

, -2

k + 1 for n in the given formula:
(k + 1)(k + 2)

2

We have shown that the tormula

1 and Chat if it is true when n

k + 1. If we let, for each

2
1&2_...L1/ :is true when nn
i'l.Ithen it is also true when

,
.

mathematical-statement thet S
n

=' n0.4 1.),. then we have shown

that T1 is true and that Tk impllea taplairn.how we can

concletde from the Induction PrinCiple that Tn is true for every

natural nuMber ja

A

natura umber n, T be the;

ANSWER:

Let S, be the set of all natural numbersl

We have shown that

(u) 1 is in S, and
414

(b) t1, k .is.in S, then k-+ 1, is in S.

By the_Indeiction Principle, S =

0.

such that

If

T
n

is true.'

a.

N. Hence T
n

is true for every

In each proof of the preceding type.there are two partsi- la that

T1 is trge, and (b) if k a' natural number such that T
k

is,,
.

.

,true, then TAP is also 1rue. Note that in part (b) we-do not have r

to worry,. a oriori,-about/whether Tk is or is not true. .We, need

only-show that if, Tk is true then
Tk+1

is also .true.
6

The formula for the suM of the first 1 terms in a geometric

prograasion is Gil as. a + ar + ar + ar

Whet restriction mu4 be t'ut on r

7
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ANSWER:

0 1, beciu e diviaion by iero tnot alldwed.

Prove the formul F the stwof the firit n +.1. terms in.a geo-

metric progression by'mathematical inducti>47.7

ANSWER:

(a) Show. that

GI 4 + ar

r)(1 + r)
I r ' "

1

(1 - r21

r

Therefore
S,

/ - r2
)

(b) Show that if Gk

G
k+1 k

1 - rk+1 ark+1
-

rk+1 1
a r

1.

IF

k+1

r ) then G
k

. a + ar.

1 r
k+1

+ (1 - r r
k+1

a ]1 - r

r
k+1

+ k
k+1

- r
k+2

1
1 - r

1 -
rk+2

Sf

k+2
1 - r
'1 r

A

;

Let S be the set of all natural numbers 'n such that G
n

t 1 r
n + 1

). We have' hown that 1 ds S and that if k is'a 1 r

,apy natural riumbur in S then 1c4 1 is also'in S. By the Induc-

4on Principle,- S Therefore the formula is valid for every(

natural numb.er n.

a
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Prove by rnathematical induction that the product of vwo consecutive

natural nuMbers is min even number; i.e., .n(n + 1) is even for every

natural number n.

ANSWER:

(a) Verify for 'n 1.

1(1 + 1) 2, which is even

(b) Show that if k(k + 1) is even then

(k. + + 1] + 1) is even.

(J k + 1)([k + 1) +.1) (k + 1)(k + 2)
4

k(y 1) 4. 2(k + 1)

If k(k + 1) is an eyen nuMber then, since 2(k+ 1) Is an even

number, their sum is even.

Let S be thy set of all natural numbers n such that n(n + 1) is

even. We have shown that 1 is in S and that if k is any natur-

al number in S then k + 1 is also iA S. By the Inductio Prin-.
. ciple, N. 'Therefore. n n * 1) is even for every natu al num-

n.

' 2 2 3 ' 7171.7
Prove by mathem&

1
tical induction that + 4.

n +

ANWAR:

. (1) Verify for n

1 1

1(1 + 1) 1 + 1

4
112) if

2 2 3 k(k + 1)
tr

-

k + 1'
*then
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1 1

2 2 3 k(k + I) (k + 1)(k + 2)

k "1

+ I (k + 1)(k + 2)

1
17747-1 7(k +. k + 2-

1 fk2 + 2k +
k + k + 2

1 ,(k + ke
)

k k + 2

k + 1
k + 2

Iet S be the set of natural number's a for which the formula is

valid. We have shown thot 1 is in S and that if k is any nat-

ural number in S ..then k + 1. is also in S. :Therefore, by the In- ;

duction.Principle S = N, and'the formula is vafid for 'every nat-
. ,

ural nUMber n.

As.another illmstrat onof tow the Inducti n PrinCiple can be used,

We will 1A rove a theorem that will be U
.

in a later unit.

THEOREM IL\O% If M aild q are natural numbers and m < q, then

q Ai is a natural number;. i.e.', there is a natdral number p such

t:hat q = m + p.

PROOF: Let S be the set of all natural numbers n such that'one

of the following is true:

(1)., n < m

(2) n

(3) 171 + p, for some natural number 13

We will prove Theorem 8.6 by induction, showing that, S

N. we can conclude that--q is in S. -Why? .

. From
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ANSWER:

By hyisothes a in Theorem 8.6, q is a natural uumher; hence if S m

N, then q is in S.

If we can prove that q is in S, then m p, for some nat-

ural number p. Explain.

ANSWER:

By hypothesis, q m. Hence, by 01 (Trichotomy), q < m and q

seAr are false. So we.must have q m + p, for some natUral number

-P

Thus we need only to prove that S N.

I is. in S; i.e., 1 a m or 1 < m. Why?

r

' --- ... - - ----- .

ANSWER:
.f

Postulate (c) for the natutal numbers.

-----
Suppose e is in S. We must shoO that this implies .k + 1 is in

g for eah of the three,cases. k < m, k a in, aM k a m p.

If k Am then m 0 1,claby Postulate (c). Also k < m - 1, by

Theorem 8.1 and Postulate (d). Explain why.

ANSWER:

By Thaoram,8.11 if m is a natural number, m 0 1, then la - 1

isa natural number, ied by Postulate (d),,there is no natural number

between m -'1 and (A- 1) 1. a A. Thus if k < m, then
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-Than k

bq

Thus k + 1 satisfies either (1) or (2 ) and miist

. Show eh a k m, then k + 1 is in S.

ANSWIOR

If k_

m + 1 has the forM m + p, where p' 1.

"then k + + 1. Hence IC + 1 is in S Since

.0

Show that if k then k + l is in S.

- "' . - . .., --- .... --- -- ,...
6

,

'6

ANOWER: ,
V

14,04

If k m 4'p, then k,+ 1 (m + p) + 1 m + (p + 1). Since,

by Po tUlate (b), p + 1 is a natural number i p, is a natUral :

,

number, then m + (p + 1) has the fcala of (3) and k + 1

Hence,in any case, if k

".the Induction Principle,

is in S.

.1 4.1

is in S then k + 1 is also in S. By

N.

Reconstruct the pi-8(3f of Theorem 8.6. Do not.look back over the pie-
'.

ceding items once you have begun to write the proof,

., s

ANSWER:

------ ..... . *

THEOREM 8.6; If; m ,and q 'are natural nUmbers and m < q. then
. . . _ .

i.e., there is a natural.nuMbrq m is'a natural numbe

that q m P.
,

sch

Let S be the sè of all natural'numbers n such that anyone of the

following is true:

(1), n

,(2)

+ p, for softie natural number

t
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I is in 5, since either.

.the natural numbers.

.

.cs by Postulate (c)-

If 11; At in S, .then k + t is in S for each of the threepo477

iiib1,0 cases (1) (2), and (3).

'(1) If lk <'m, then k <-m -'1;' hence' k 1 < m and either (1) or 4'

(2) holds for' .k + 1.
'

,(2) If k. m n. then + 1 m tl- and (3 ) hClds fOr k 1
... ..

with p 1.
.

(3) ri k

k + 1.

m + then kd+ I a m + (p + 1) -,and:(1) holds for,
16 .

By the Inducfion Principle, S a N. ,Since q . is id- N., q is'in

S. Since q >,M,Oy hyiothesis, q < m and -q a- T are fa3se. .

Hence the only'remainihg possibilify, q a + g, fot some naturalt

p, is ltrue. Therefore' q - m p is a natural number:

.A4TERNATE DEP'INITION.bF N
:

: Fox:moat oCus.the intuitive notibn,that we:have of e.set of natur-*
. .

ar n4mbers is something like the. following:

1 'is a natural ,tiumber and the'other naturs1 numSeimare obtained by

alerting with the number .1 and successiviyAidding'ones.

Aliis intuitive nptio0 can b Made a liftle More preeidi bY stating.

tt4t: .
r '

1 %or
.0) 1 d a natural. numbhr,- and

(2)' It,: k is a naetral numller, then k + 1 s a natural number,
. a

-...
and*furthermore,

(3) -The set of natural numbers is the 'Smallest" set which contains

1 41-nd which, if it contains a'number k, also'contains k + 1.

We can rephrase this as an.alternate definition of the set N of

natural nuMbers.

. .1

14 a ta
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,

DEFINITION $.2: (Alternate' Definition of N)

Let 1 be the family of all AFts S of real numbers such that

(a) 1 is i S, And .

(b) . if x is in S., then x '+ l is in . S.

(The set of all real numbers ia a set in the family 1 0 Then the-

vet N of natural numbers is the set pf thos e elemente_llat are cow-
-.

mon tp everv set S in the. family 1; 1.e , n .is.ln 'N if and

only if n Is-in S 4ot everk set S in I-.

From the above definition of the set N, tan We concldde:,

te)- 1 is in N? Why?

ANSWER:.

YesV by (a) 17 is ifi'every set S in the family .

c ,

Can we .cOnclude:'

(b) if x is in N, then' x. + 1 is in N? Why?
0

ANSWER:

Yes. If x

(b), x 1

,

/

1

.

n N, then x is in each itet S ' of I. Then, by

n each set 'S of I; i.e., x 4. 1 ib in. 4.
. 1

1,

We have shci4n.t t the set N satisfies both (a) and (b), so N is

a set in 1. In fact it is the smallest set In 1, because it is
. .

. 1

contained in eve set S in I.

The Altertate Definition Issentially amourits rp the use pf.the Induc-
. t

tion Principle as a 'definition of N. Recall that the Induction

1Principle states thet S, is a aubset of N which satisfies (a5

and (b) then S, is all of N; i.e., no set S smaller than N
m.

4,
satisfies:(4) and (b)..
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4,

S is.4 subset of N. which satisfies (a) and (b) then ghe

is in the collection; .

,
:ANSWER:

9It

r ....... r dr.r.

then is a subset of .

ANSWER;

N. is a subset

wel

Since S is also a subset of .N, S N.

We wish now to show that:Postulates (c) and (d) follow from the Al-

tIrnate 1)41.flnition of N. Postulate (c) etates that n. 1 for each

number n in N. To prime Postulate (c) We will show that there is

a set. S in 1 which contains no number less than 1.

Prove thet the.set S of all real ntimbers -x such that

in 1.

7'44" 0. r - r ' 16 r r
ANSWER:

PROOP: Since 1 _1, 1 is -in S. If x fs in S, then x > 1.

Rance x + 1 > 1 + 1 > 1. Therefore x + 1 ia in S. It follows

that S .satisf.ies (a) and (b) and is in 1.

SinCe S in in

in N.

is a subset of S. Hence n 1 for each

.111.,-",
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..cPastulate (d): if ht is in N, .there is no number in N between

. n ind n + 1.
die

- We Will prove Postulate (d) bY induction. Let. S be the wet 4411

numbers x in N such that x 1 or x. Prove that S is

in 1.

ANSWER:

TWIN:. 1 is in. S, by hypothesis. If x is in S then either

x 1.-or x 7. 26 If x 1, then .x + 1 2.. If x 7. 2,

then x + 1 > 3 )4'2. Hence in eithehl case, x + 1 > 2. Since x + 1

is in N it must be in S. This 'proves that S. satisfies {a) and

(b), and so, S iø in 14

Since S is in 1, N is a subset of S. But S is aidpo a subset

of N. So S N. This proves that here,is no number in N be-

tween 1 and 2. .

Assume Postulate (d, ) is true for n k; i.e. , there is no natural

number between

ANSWER:

k and + 1.

We want to show this assumption 'implies .

ANSWER:

there is no natural number between k + 1 and (k + 1) + 1,
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v

Let .S be the subset of N cnaiatin of all naturall.numbers ax.'cept

those natural numbere x such that k-t 1 < x < (k + 1)4 1 4.

k + 2. If we can show S _iim N;. then there will 11 no natural numr-

bers betWeen k + 1 and (k + 1) + 1, and the proof ,will be cam.

pleie. We will show that S is in I.

(a) is in S. Why?

ANSWER:

(a) There. is no natural number less than 1. Since 1c. is in N,

k + 1 is also in N. Hence k + 1 < 1 is impossible: . Sirc 1 is
aigin IV, 1 is in S.

7

(b ) Assume is in S. . Since we Are assuming stulate (d) for
rn 4, k, t is not between k k + 1. ThcreMre, either t < k

*; or t > k 4 1 by 01.

We went to show' froM this assumption that in

ANSWER:

(b) t + 1

_ .....

If t k or t k + 1, then t + 1 < or. t..* 1 >'

.... ............. AI.

ANSWER:

k 1

k + 2

Thus k + 1 t + 1 < k +,2 F. impossible. Hence t 1 is in S.

We have shown that S satisfies (a). and (b), and so S is in I.

It follows that N is a' subset of S. But S is's subset of
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Therefore, S N, 4td tjtu pyoof is complete.

Our proof,of Postulate (d) using the Alternate,Definition of N is

based on the Induction Principfe.. This proof is Nand because the

Induction Principle is obviously true when N is defined using the

Altai:late Definition. -

Thns we have shown that-the four postulate? given in our f rat defin-

ition ot,-N con be proved fromwour second or alternate 'definitiod of
-
N:

We can now show that the set N is uniquely defined by Definition

8.1; i.e., we can show that'there is only one set oi real numbers

which satisfies Postulates (a) (d) ef Definition 8.1.

We have just Shown that ihe set 'N defined in DefinitiOn 8.2 satis-

Pies.these four postulates. Suppose N' is a set of real numbers

which satisfies Postulates (a) - (d). Which of tbe postulates, tell

us that N! is in the family. I described in Definition 8.2?

ER: i#
tulate (s) and (b).:

Since

11.

N' is in I, N 'is a subdet of N.- . Bue we proyetY the in-

duction_Principle on the basis of Postulates (a) -.(d), so it holds

for N'. ,Now N is, a subset of N' which satisfies

(a) 1 is in N, and

(b) if pk is in N. then k + 1 is in N. Therefore, by the

Induction Principle,, N'. N.

So we conclude that the set N defined' in Definition' 8.2 is the only

set et real numbers satisfying Postulates (a) - (d) of Definition

8.1.'
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PRIME
0

Writ* each of the f,o1lowing natural numbers's"! tha product'of WO or

nora.natUtal'pmeibere. In mome.camas

more that& one.way.

(Disregard the order of the factore .

you will be

I
,le to do,thie in

a. 1.

b. 3

C. 4 or
d.

.INNII XVIII ,
,41,01.11

e. 6. or
f.

Td...41111!

8 - or OrOw... reMIMW.MIIM

h, 9 or
1. 10

.
Or

'1.4 11 44

( ea..1=1111

ANSWER:

a.

b.

(2

(3

1)

' 1)

(2 2 or 4 1) .

d. (5 1)

é. (3 e 2 Or 6 1)

f. (7 1

g. (8. 1 or 4 2 or 2

h. (3 3 Or 9 1)

1. (5 2. or 10 1)

J (11 1)c.

Which of the above numbers could be fatored

regard'to the Order of the factors)?

7

. -

n only olle way ithoUt
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ANSWER:

2, 3, A , 11

ee

.3

A I.
It we continued'the above prpcess we would-separate the natural num-

bers.greater than J into two sets: One set would consist of those

nataral numbers a .that can be iactored as products Of natural num-
.

bers in only one way, a I. The,other set would COnsiSt of.,those

natura l numbers that can be fuctored'au.productssof natural numbers

4t
.

in.More than one way.
e

MINIT ON 8.3:. A natural numb er p .is Said to be pilme if p ' 1

and p cannot be written as the product of twO naiuial.numbers other
.

..,*than p and 1. A natural number c is said to.be

c 1 and c is not prime.

Thus

of

composite if

N "may lie partitioned into three s ts; the set of the set

and the set of consisting of lust the number 1.

ANSWERi

primes,

compoiiites, (either/order)

6,

eZe

WhLlt are the next four primes larger than 117 ,

ANSWER;

13, 17, 19,,23

An important part of the definition of a prime number iw the restric-

tion, natural numbers., placed on the set from which we can choose our
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faciors.'-8riefly, we will be factoOng pver N.

In how "many ways Can 7 Se factored oVer'the real number systere

ANSWEk:

7 can be factored in an ijnit number of ways over th.e real numb*
systiia.. For example, 7 7/2 2 14/3 '3/2 49/211
211/7, 'etc. ,

The number 12 has 6 factor's in N. They.are ,
and

-ANSWER;

1, 2 3, 4, 6, 12

THEOAEM,8.7: If n is a naturiii number and n iv a . b, where
4each of a and b iw a natur 1 nundier different,frou 1, then

1 < a < n and 1 < b < n.

PROOF: Siace a 1 and # 1, a 1. and b > 1 by Postui-
- late -. -By-Order Theoryti 4.13; 1 > b. Halite, by 02, we have "

b 0. Complete the proof.

ANSWER:

(c)

From a b 0, we can conclude by 04 that a b.> 1 4 or
n b Similary, a 1 and 1 Q implies a > 0. Frye b > l
and a 0, we have a b a 1 or n > a. Thus we have shown
that 1 a and a e n, and that 1 b and b n
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PRIM FACTORIZATION

THEOREM 8.8: Every n in N, n 1, is either a prime or has 'a'

factorisation as a product of primes which is unique except for the

order of the factors,

This theorem is genera ly referretrrlby one pf two names; the funds-

1 theorem of arithmetic or the unique factorization theokem.4fmenta
.e

We must prove that a pr m factorization exists and that only one

such factorization i 'possible.

If n is prime, thereois nothing to,Prove.. 'If not, then 4, 0

a b. and b are prime, we are through. If not,' a P.

alai, b b b2, and .n a1a2 blb. If each of the i4tors

i
and b 1, 2) is.prime,,we are through. If not, we

continue as before until a p;ime factorization of n *is obtained.

This discussion provides an intuitive approach to the proof of Theo-

rem 8.8. A precise proof using mathemaFical induction follows.

PROOF: (Exlstence) Assume that therKis an n in N, n > 1,

which ii neither a prime nor a produft of prites.

What chairem tells us there is a smallst such number n?

ALER:

Theorem 8.,2.

:

_

Let k -s'imie the sMalleat such number. Let k .. ab wikere_ a and b
...

areain N and a 0 1, b 0 1.; Then r < a k and
l

< b < k;
le il

by ThenreM 8.7... '

,. We know that each a im'a and, is a prime or a product nf pres..

O.
.

Why?

OM.
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ANSWER;
OP f

10.. and b ar 'both 1 ss than k and k is Ow smallest number in

N, different froai 1,, that Ls not a priMe or the product of primes.

- -

Tharotore k

meat?

a

a product of primes. This contradicts what state-
.

ANSWER:

Our.original assumption that k was ne ther nor'a product of

pi-imea. 4

- ,

Therefore our original asaumplion is ihcorrect and the e, is,no n

which ip neither prime nor a.product of primes'. We hall proved that

a prime factorization of every n in N, n > 1, exists..

4

The proof that we have given.is'a proofby mathematiCal:induction

since it involves the Well-ordering Property Theorem 82.

(Uniqueness) Assume.that there exists an n An N that can be,fac-

tored imtwo different.A,Mys, 'where all of the factors are prime.

The Well-ordering Principle.tells us,there ia a 'Such n.

ANSWER:

smailest, or least

Let k be the least such number n. Then k pi p2 p
Z -

(41 q2 .$2 where the p's and (Cs .represent the prime factors

4fl the two factorizations we have aSsumed. We can further assume

that the factors are arranged in order of increasing size, i.e.,

pi and qi q2

t.



c

1;

Moredver, p # for then we could cancel the first factor in

...each of the decoMpositionaind obtain two di ferent prime Yakteriza

Ng istiQns of the number u

this potpessihkt_

ANSWER:

u < k, which would contradiet,owr asSumption that k is the small-

est number in N having two different prim. factorizations. .

P2 P3 pa

. .

Since Pi # 'get by the frichotomy,Property 01 We ce.conaude that

ANSWER:

< 91 at (1.1 < pl.

ine

Supp9se 1? < ql. (If (II < 'pi, then we would just interchange the

p'a and .q's ln the follOwing.)
. .

We Will now form a number n' and use it'to arrive at a contradi

tion of our origifassumption_that :k has two factorizations.
. .

(1) k (pi 92 c13 *. %).

Substituting each otithe factorizations fen. k in the above empres-

, sion, fot n' we have,

(2) n'

'1
(3) 'n'

(p1 p2_ pi) (131 ci21" qpn
((p2

(q2 *" %))

(q q2 qm) (P1 C12

p1)(92 gm).

'Which 9f the equsti tells us that n' < k? Why?
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ANSWER:

(1) tells us that 10 < k, because PI q2 q3 >0.

0

Which o .the equations alba us'that pi i e a factor of n'?

SWER:

Equation (2)

Which of the equations tells that n' i ünatural number Why? ,

(Hint: Remember pi < qi)

ANSWER:

Equation (3). Singe p4 < q. (qi - pi) will be a natural number

by Theorem 8.6, therefore n' is a natural number because the set of
. .

natural, numbers is.closed under multipllcation.
. .

Tba fact .? that n is in N and that n' < k\fIllow us to make

'what statement about the factorization of .[Note that n' A

because pi.- is a factor of- n'.1

-

ANSWER:

The fac(orization ok n is unique beckuse k is the sma est-num-

ber in N having two different prime factorizations.'

. ,

Theti: pi must be a factor in this nnique factOrization of n'. Why?

1

Ant.

337 .



iP1 is prime, and a factor of n' ffom equatir (2).

...

om equation (3) that,

I.

n (41 PI) (42 '

Since (qi - pi) ia a natural nuMber, then both (q/ - pi) and

(q2 cut.. qth) canjbe written as d prodUct of pricie factors. We

ish 1O-show that .pi. is hot 0 factor of thiadecompósition of

and (q2 *A3 ... gm),1,1 PI) thus arriving at a contraaiction:

Can El...be a factor' (q2 q3 qm

(Hint: Recall that pi < qi < q2 q

ANSWER:
A

No; pi and dll the q's are prime. If pi were_a factor of (42:"
ofr-q 3 qm), it would have to equal one of.the q's, bt:t pi is less

than each of them. (Remember that the primelqactorization
q2 cis

.,1 tila is uniqt.itbecsu 42 ...co. q < k.)

---- -

Show-tBit' pi ts not a factor of (qi - pi ). Why? Hint: Assume

Witt pi . isa factor of (c11, -A30, then qi PI -

where h is sOme natural number.)

ANSWeR:

If lyr is a factor of qi -.pi. then

is scale nat ral number. %1 1,1 ok 'h. pi implies.ihat

/a

41 PI ." h Pi

Plh **el ' pi(h 4. 1).

But qi # pi(b 4- 1) bcause is prime.
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Wte have arriv d

*

0

a contiadiction. What is it?..

1..

AMSWER:

pi is a factor of .-n.1 and pi. is -licst a factor of.

-

.Since we7have arrived at a contradiction, our ariginal.assumption
-

that -k ham iwo prime factorizations is.false; and we-have proved
4

'that -the prime factorization of any n in M. is unique.

Review the preceding items and then reconitruct theproof of' the
. *4

, uniqueness part of Theorem 0.8. Do not look hack, dnte ybu have be-.

gun to Write the proof.

ANSWER: '

THEOREM 0. . Every. n. 4n N,: n > 1, is either a prima or has a

. factorization as a product.of primes which id; unique except for the

ordir of the factors.

PROOF: (Uniqyeness) Assume that there exists an n liP N that

can be factored in two different ways, where all of the factors are

prime. The. Well-ordering Principle, Theorem 8.2, tells us there is

adSmatlest such n. Call it le.

' Thant.. k P.1 ' P2 .?,1:12, ql q2 qm where the p's and

q's _.telpregent the prime faCtors in the two factorizations we have

. assumed. We further assume Oil:it the factors are arranged in order of

increasing size, i.e., 131 < P2 < < pt and qi < q2 < q3 <

MoreoVer, pi 0 q. For if pi qi 1:le could cancel-the.first

facttr in. each oethe deCompositions and obtain .two different prime.

Apàctóriza ons.of-the nUmber u p2 n3 ...pt . q2.' q3,...

7%.Siu < k, this contradicts our assumption that k, is the

smallest number in -V with Tye prime factorizations.
.
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I.

! 0

Since pi 0 qi,. by .01 (TriCh4Comr) we have pi. < ql r ci < P;-

411We &seism- .pi < qi, .anid arrive. At a contradiction. (If' qi < pi,

::tben we' would lnterchangathe p's and (I's in 'the folrowiug and.

arriVo Ai the same contridlction). Since, by aimumptionk pi

ioe.hsve pi q2 qi:... qm < qi q2 q3.... q101:0. k, and by

Theorem 8.7, k m _pi q2. q3 lie a natural number, Let
lu

(1) p *A2 (43

...qm.

Substituting each of the prime factorizations fork in the above

exireasion for n, wehave

and

(3) n

We know A'

tion of n

(PI Vi Pk) (PI 412 1m)

PI(CP2 ) ((u.,

NI q2 gra 01 92

(91 131)(4t itm).

is in N, and from (1), n'

,*

< k. Hencerthe t

t

oriza-

is unique since k is the smallest number in having

two priMe fatorizations; \

From equation (2) we'know pi is a fadior in this unique f cioriza7

tion of n'. W will no0 use equation (3) to ,show thet pi ia not

a factor in this unique factorization of tepce arriving at a

contradiction,.

In' (3) pi is mat a factor of (q2 qm) becauee. pi and

the q's are prime and PI < 9F < 92 < q. (92 43 4m < PI,

so the factOrization of q2 .q3' qm Is.uniqUe.) If pi ,is a

factor of (qi - 01), then qi -pi h -,pi where b is some

natural number, which implies qi m

1) because .qi is prime;.-tence pi

Thum we have

n' and

that k

P1

has

arrived at the contradi

TO'is not a factor Qf

OWO"dificcemnA
.4%,,AfAgv

, ;71

P1(h + 1). But qi pith +

is not a fa kr1Mr"'-P1).

s a factor of .

00iV-original aasumption_

lAct zatibnii is false and we 1#ve.

,:',,.`,4PAV-''y.,,..v:";



'proved ttist ;he prime.factorliation of any n in N is unique;

An interesting corolkary.to this theorem is:

I .

rir
'......

'orollary: If'a prime p is a facii3Y of ab1 theu p must.be a.

factor of ilther a or* b.

Prove the corollary using Theorem 8. .

ANSWER:'
-7

If p is'a factor of the.nituralnumber ab tn ab Po.

N. The.product of p titles theprime decomposition of s woul4

yield a prime decomposAion off, ab . containing p.

If. p is pot a factor of either a or b then the product of the

otimedecomposAiona of a. a nd Would yield a Aime decomposition

of ._,ab not containing ..p as a factor. .This would contradict the

fact that the prime factorization of ab la unique.

I -

The following examplea algoritbzu that' gives a sYstem-

atic method far finding the ptime factorization of a number.

Find the prirtie factorizati on of 308.

Divide 308 and the successive quotients by the prime numbers in order

. of increasing magnitude.

308 .2 (Divide bf i since 308 is e4n)

successive 154 2 (Divide by 2 again'since 154 is even)

quotients. 77 V. (Divide by 7;'77 is not divisible by.2, 3,

,.

or 5)
, ..

11 11 (Finaa quotient is a prime nutbei)
1.

.

Therefore 308 - 22 7 II.



THEOREM 8.9 : Let n ,be a natural mutber, n 1. U n: is not'a
?rime them n has a. prime ciivisor p such tlat p2 <

?ROOF: Suppose n' La not a.prime.. Then :n a b; where ,a

b are natursil,numberivand4 1 < a < n, b r n.. Each of a\

and b haa'a prime factdr, by .

ANSWER:

Theorem 8.8.

.4411

Suppose p is a ?rime Iactqr of a and Ar.is a. prime factor of b.

ShoW tha it iS spossible that both p2 >n and ci2 - n..

".
gee

'ANSWE4:

Assume p/ n. and q2 n.. p4 is.a factor ot. ab, -so

n. Suppoge 'p q. Then > q? ..n, a contradiction.
- . -

then poi , p' > n, also a contradiction.

pq

If

< 'ab

P q

Thererore'either p or q is a prime fictor of n with squa e less

Chan or equal to n. .This proves the theorem.

FIrnd'the prime factaTizaiion

. Singe 4, 3., 5, 7, 11,' 13 'are not di.visora of.211 we know that 211

is a prime without-iryimg any prime-number greater than 13. Why?

's ANSWER:
or 410.

By Theorem 8.9 it is not necessary to use Aqy primes greater than

plc as trial divisors when finditig the prime factorization of a nat-

ural number n.
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Fina t .prims factorization of 210.

ANSWER:

210 7,

.,Find'the prime factorization of 44982.

ANSWE

449112 2 7? 17

DEFINITION 8.4: The least common multipl.c, lec.m., of a-pair of na

ural numbers iv the smallest natural number which has each of the

numbers as a divisor (factor).

The prime factorization of A natura number is valuable in finang

the 1:c.m. of two or more, natural numbers.

'Example:- Find the 1.c.m-pf 60 and 90.

60 22 . 3. 5 and 90 2..u.3.2

'Since 60rand 90a6 factprs of their 1.c.M., the 1.c.m. must-contain'

the factors of each number: Therefore the 1..c.m._of 60 and.90 is

. 22 5 180..

Find the least common multiple of.57. and 95.

-iNSWER:

57 3 19

95 5 19

1.c.mk. of 57 and 95 is' 19 285.
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4

Find-the lesit'commonmultiple,of 432 and OW
.

ANSWER:

432 m 2" 33

648 23 3"

1.c.m. of 432 and 648 ii 214 1296.

This process of finding the:least comion multiple,gives us a system-
. .

atie way Of finding the lowest common denominator when adding or sub-

-tracting fractions..

Example: Find the sum: 1/75 + 2445.

1/75 2/45' '.
1. 2

3 5 5 3 3 5

3

3 10
Mt

. 5, . +
3 5

3 3 5 5

225

Notice that lexi4ng the denominators in factored farm tells us CMOOL
- ft

the final fration canndt be.reduced s1nce the primes 4,A, 5, are, not

factors of 13.

Findthe following,sums.. (Show your work,Y

(a) 3/14 4/35
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AMER:

(a) 3114 4/35

15

4

"

I.5 7

a

5 7 2S7 ,

7r.
11111;

2 5 , 7

ON

,10

(b)

Ow"

5 .

63

ANSWER:

(b) --
5 75 63

sair

14-

3
5 1 5. 5 3 7 ,

3 3' .3 t 5 7 7 . ..7

3 3 5 ,5 7 + 3 3 * 5 5 7 "
5 . 5 5

3 3 5 5

945 + 147 - 125
3,.z 51 7'

967
37 57 7

967
1575

DEPINITION 8.5: The greatest naturaenumber that divideseach of a

pair of natural numbers is called the Areatest

9f the pair.

The pilule factorization of-a natural number also allows tat to tibia

systematically th problem of finding, the ireateat coesion divisor

Let us use 60 and 9Vonce again to illustrate hew to find
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the greatest common .divisot%

Ww firer ite,down the prime factbrizations of 60 and 90.

60 2 2 .; 3 5

40 2. 3 3 .5

From thise factoriiations we wee immediately that the greatest common,

diviaor of 60 and 90 is 2 3 5 30..

Wbat is the greatest common divisor of 21 and 91?

ANSWER:

21 3 . 7

91 7 13 .

g.c.d.

What is the g.c.d. of'432 and 648?

ANSWER:

432 2 33

648 24 3

g.c.d.

.

216.

This mathOd of findIng the greatest rommon divisor allows us to treat

:.the reduction of fractions syStematically.

24 21.3 2 22 . 3 22 3
Example:

3 22
5., since

36

12 3 lib the of 24 and 36.

7'4
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a

ANS:
greatest COQI 'divisor

Writs the falowing fraction in reduced form. (Show your

385

455

AO.

ANSWER:

385 5 7 11 '11
455. 57l3 5 1 11 13

COUNTABILITY.

DEFINITION 8.6: We say that a non-empty set B is countable if

there is a reversible function F whose domain is,the set of natural'

numbers and whose range is the set B.

Recall that if F is a function from X to Y, the dome n .of F is
--r

, and the rangetof F is .

ANSWER:

X,

.a subset of Y.

Ar

If the range of F is.all of

X Y.

we say F ls a function from

n.4
1147



If

r---

ANSWER;

-onto

Thue eve functioffirsa fupction from ts onto ite.

1

ANSWER:
\

domain

renge.

if

Recall. tbo, .that-if F is a reverelble function then F sets up,a

. correspondence between the eidents of its domain and the elements. of

'its range such that each element of the domain corresponds to .

and each element of-the-range coriesponds io

ANSWER:.

exactly one element of the range,

exiMtly one element Of the domain.

a

If F is a teVereible function from X onto Y, we say that

defines.* one-to-one correspondence between the elements:9f X And

the elements of. Y. Thus'We say 0 set is countable if its elements
. .

can .be put into a o e7to-one correspondence with the'elements of N.

If' f is a function from X 94to Y and if..x is the ilemant in

the domain that ii mapped Onto, y by the iü1tion1f, ....we.sometmes
'fdenote this.by writing x y. Using the ath,va notation, show a

. function f from N onto the set of even natural numbers.
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or, f is a funCtion such that if n is a

natural number, then n --» 2n.

10"
4

The above example shows that the set of even natural numbere is

ANSWER:

countable.

THE,ARCHIMEDEAN PROPERTY

The Completeness Property of the real number system allows us tlx

prove the followift ,theorem.

THEOREM 8,10: The set N of natuial numbers has no upper bound.

PROOFr If N has an upper bound then the Completeness Propert

.tells us that .

ANSWER:

N has a least upper bound.
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Assume. that N has an upper bound'and let a denote' the: oi
* N. Then, u,- I oia not an upper-bound :te.N. So t ere is a natural'

ii muCh u - 1 <-n. Then u.< a + 1. Why doss this

a contrldiction

.nuMber

eve Us

-

ANS4R:

.-SInca n isanaturil number, .0 + 1 ii also in N. But .0 n+ 1
contiadicts the assumption that 'u is an upper bound. of N.

Am immediate consequence of,Theorem 8.10 is the.following theorem

which is called the Archimedean Property.

THEOREM 8.11: _If a and b/ are positive real numbers, there is a

natural number n such that na > b.

PROOF: There i a natural number n' Such 5p. n > b Why?

ANSWER:

By Theorem 8,10, bAl! s not an uppeL bound of N.

From, n > b get b, which proves the:theorem.

Taking b 1 iruTheorem 8,11 we obtain

THEOREM 8.12: If a is a positive'real number, t ere is a natural

number n. such.that l/n < a.

PROOF: By iiheorem 8.11 there is a natural.n6ber n such that

n a 1. Then a.> l/n.,

Ler S be the set of all numbers of the form l/n such that n

a natural number. The preceding 'result tells us that is the

greatest lower bound of S.
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Stern.

t

REVIEW ITEMS

1. What,fjeld postulates fail to, hold for N?

ANSWER

A .4 M .

id' in in
S.

---

Find the prime factorization of 99,999.

ANSWER: '

3 3 41 271

3.. Which of the following sets of numbers are well-ordered?

(a) :Thecodd integers.

(b) The poo4tive even int gers.

(c) The non-negative real numbers:

(d) The set of numbers.of the form 2
k

per.

where a natural num

-

ANSWER:
.

(b) and (d); ((a) fails because the set hIs no least elemen0i The-
)

et (c) has a least element', viz. 0, but the subsiet of real numbers

etween 0 and 1 has no least %element.)
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4. ^Prove the o1owLt s tatement is corract by mattist1cs1

tion:

n is divisible by 3 for all na,ral numbers. n.

ANSWER:

Let S be the let of all natUral nuibers ft for which the statement

is correet:

(a) 1 is in S because 1 I. 0 is di isible by 3.

(b) Assume k is in S; i.e., k3 -,k is visible by 3 for some

natural number k. Then

(k + 1)3 - (k + 1) m k +'3k2 + 3k 411,1. k + 1

m (k3 - k) + (3k2 + 3k).

and th s last expression is divisible by 3 if k3 - k Is divisible

Therefore, k + 1 is in S if k is in S.

erefore S m N, by the Induction S 'Ithe statement is
441 a

correct for every natural number n.

...... OM ...... _

. Find the Lc.m. of 35,and 75.

« « « « .... OW IWO

ANSWERe
52 . 3 7 or. 25

6. Find the g.c.d. of 231 and 546.

ANSWEg:

3 7 or 21

e



c '
.'

--t

NO

7. Which of the following subsets of N is (are) closed under addi-

tion7.'
.

.(a). The od4 natur 1 numberi.

, (b) ThaQ' . na ral numbetaN ,

Nfirlitt\
(c)4 Numb e form 2

k
where k is a.natural nUiher.

. .

ANSWkR:

(b)

,

rT .. .

4 '
. Whi.ch orthe Above sets Qi,e closed under multilllication

ANSWER:

.(a), (h), (c).
r e I

4: 4_, r. ... .e

e- . . 4. 1
.

9. Prove that the fo%mula 3 +'32 +.3 + ...
,

_ . ;.
is cerracl*for all patutal nUabers *n. 'by mathematical inductiOn

.'er

ANSWER:

Let S be th'e set of all naiiiral numbers for whivh the f\ormula is
,, . .

.

correct.
,,1 3 31 + 1 3 32 3 6

.. (a) -If 'n = lv we have
2

= =
2 2,1

the fnrmula ie corfect foi n. = 1, and 1. is in S.

*"...

(b)4 If n k, *we have

(1)- 3 +,32.+ 33 + + 3
4 r

n k + I, e-hiive

(2) 3.4 32k+-331+ +'3k4
3k + 2

. 3

2^

us

2

.J0

c

hence
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.

We want to.show that (1): iMplims(2).

Addding 3V 1 to both sides-of (1).we obtain
k + 1

(3) 3 + 12 + 33 + .4-3k + 3k 4; 1 3 - 3. k 1

. 2

(4)

(5)

(6)

4.,

2

3k + 1
- 3 + 2

2

k + 1
- 33

2

3
k + 2

..- 3

ma.

.:Equation (6) la identical to equation (2) and since (1 ) (6),

the'a (1) )1, (2), and k + 1 is in S 'if k is in S. There-

fore S N. Swthe'formuia is correct for every natural number

u-
s.

10. ShoW ty the set of squares of the natural numbers la countable;

Le., define a function f that mipa the set Of natural numbers On-
.

ato the set of squares of the natbral-numbers,

1

n2

a

or, f is a function such that.if: n is a

natural number, tlen. ,_-L n2

7'
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IX. INTEGERS'

DEFINITION OF pig SET'OF TgC,ER8

Au was the case with the natural numbers, in.this'unit we.Will con-

'Oder the integers 49 a subsystem of ttie real numbers.. We will de-'

velop some of the,proPerties"thit:.are pec4.11ar to the integers and

introduce some terms and concepts that wilt be useful in A later-unit

on polynomials. We will denote the set, of integers by I.

DEFINITION 9.1: The set of integers,: I, consists of the set of
I*

, natural numbers, the Additive inverses of,the natural numbers and

the number O.

..Fromhv above 4efinition,,pefinition 4.1, and Definition 8.1, it

fcillows ihat the i:et N of natural numbers 'is the set of positiVe

intelters. Also, bY Definition .1.and Order.Theotem.4.5, the set of

- afditive inverses of the 'natural umbers is the set of negatives int&

Affs.

The integer. is.neither positive nor negative.

----

ANSWER:

zero

*P

high school? algebtt tany,of the.properties Of integeS are often

take for grapt In fact the,integemare.usnalay notiefined suf-
1

ficientlx precise y in mostr,treditional.lexts to permit Meaningful

proofs of the properties to be.given. An example iS the property

.

tt

fb.

N.: 4
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a let addition and multiplication of integers areclosed operations.
,

We. have at imes in this course tacitly asenmed this and certain

other properties of the integime, In.thih unit we will show hew Many

of these properties can be deduced on thebasis of Definition 9.1 and

the postulates which have been previously assuMed.

Since the integers have been defined in terms of tbe natural numbersi

0 can prove closure.of :ddition and multiplication,of integers by

using the cloSure properties of these operations in N (Theorems 8.4

and 8.5)% To prove odoaule of addition of integers., we ilote first

Itifat if a is any integetthen a + 0 4% an intvger b0Postulate

,,

*ANSWER:

A
id

4

.

'IL a, and b are non-zero integers then.there are three cases:

(1) a aria. b are natutal'humberst (2). a and- b. are additive,in-1
*

verses of natural numbers, .01 of .11 and ,b, one is a natural num-.

ber and the other is the additIve i,nverse of a natural_number.

Case (1). a( b are natural numbers.

a natUral number,\and therefore an integer,
\

-ANSWER.:

Thele.W.4.

ase (2).

bers.

where

thow that a + b is an integer in tha'c

sons

35.6 INTEGERS
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ANSWER:

a + b -k + -k -(k + I). k + is a,natural.number; so a, + b

is the additive inverse of a natural number, and is therefore an

ter:tr.

Came (3). a .is a natural number and b. I -it where & maul-

ral number. Prove t4at a + b is an integer. Consider the possi-

bilities a X, a it, a < 9.. Reanons are not reluired.

,

ANSWER:

If a Z, then a - 9. ie a naNal number; so a + b - is

an integer. )
N6

4
_If a then, a - R. 0; so am+ b gm 'a k is an inteiter.
r

.

, , t
'I i! < 1, then k -. a, isa natural number; so 8'4- b ... a - k

r(i -. a ) is the additive' inverpe of a ral nuMbeirOnd Ihus 1.S.an
:.. .

. .

integer.

Show that if a andtb are integers t hen a b is an integer.

Reasons are nbt required. irst show that if a or b is ze'ro,

then 4 b is an intege ." or a 0 0- arid b 0 '0, consider

three cases.)

ANSWER:

/Po First note that if a tie any,integer, then a 0 0: -H94

all'. 0 is an In.f4er.
.

" Thyn fhere akethree casei.
A

Case (1): a and b are natOral numbers. In this case, aie ia a

natural number; "so. A b is an integer.

!
--..\1,1k 57



'Came (2): b -2, where k .and & a tural num-
.

bers, 'In th s cast, k 2 is a natural nusbeA Then a *%b

(-k) (-11). k 0 a .b is a natural nuW4r and thus issn
\

integesc:
\..

a its)a natural timber and b .7 -1 -where 2 is a natu-

ral number. In this case a i is a'natural number, So a b

a (-2) -(a 2) is the'additive inverse of a natutal number,
N-

and hance is an integer.
tiab

is,sdbtraetion of integers a closed operation? Why or why dot?

ANSWER:

, Yes. If a and..b are integers, then b - a - b + (-a). Since

.7-11 is also an integer, the cloc;4e sf additi n Of integersatelld Ua
.

111

glo)that ,b 7 'is. an integer.

...
Additian and mu tiplicatiOn are closerd operations.in ttle set N Of.

turalnumbereand also in the.set i of integers. For each arale
. . .

t

fie ostulate4 listed in. Unikt II we can ask-whether the postulate

is valid in N or in 1 If you-look carefully at ihe set of field

.

postulates youwill see thaf.djey can be grouped int0 two subliets,
f

: the set (Aar Ac: Ma. Mc, Di adt1 the set {A ; A , M
id in id'

'There is an important dflference.between the Postulates in the first
? ..

set and those in*the seOnd set. Each of Aa, Ac, Ma ',. M
c

, and D

gives ap equition which must be satisfiik by arbitrary real numbers.

Because of the nature of these postulates they are automatically val-.

4* for any subset of' R' which iek,close'd under addition and multipli- 91?
I.cation. In particularAthey are val tor N! aq4 I. Fgr example,

V -11
)

1,f a, b, 'c are natural numbers, th n a, b, c are real sumbefs;
4

hence (a -1"-b) + c .a.+ ch + c) by. A
a

for teai numbers.
. .,

.
...74' , . .,

.

.. ..
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.010610he 4ther hand the ppotulates Aid, Aln; Mid,.
and Min.: are ea ist-.

ence,type postulatps; .t.e., they.state the.existence of special-reoI,a
numbers,' For example,. Aid states tkleexfatence of ak additive

-

idtintity elemeitt. in the set-of.real nuMbers. The exiftence pottu-
.

.1.44es are not necalawarily valid in a aubset of R because tha Ape-

cial real number which, is stated to exist.need pot be in Ae.sUbset.

For'example, we know that 0. is got an olement of Ni so the PostU-
..

**late la hot Kalid fbr N.

ANSWER:

Aid
r,

. }

Of, thepostulates Aa, Aciikid, Ain, Ma,

(a) which ore valid,for. N7 LW them:

(4).,.which are valid for _List them.'
/

-r

M
in'

*ANSWER:
a

(a) Aa, Ac, Mar, Mc,.' Mid, D

(b) Ac, Ald, A M

-

Is N a field?'

is I a field?

D

I.

ANSWER:
1 ..

No; .A
id'

A
in

, and
.

M
in

are not yalid.-
t

.No;, Mfn is not valid.

N.

.

Is subtraction-a'clope'd operation in NT , in I?

- 4.

i
t .
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'Yes

DEFiNITI0N 9.2: In each of.the systems N and I,. elements ihat.

.bhvtvinversem Under multiplicatioh in the Ayst are called units..

The system N ha* only one unit; What is it?

ANSWER:

The number one.

7

Two elements of I are unite. Whai are they?

ANSWER:

-I 1'

F.

Tf a and b _are integers, b 0 0, then we say that a ti a mul- .

tiole of b and that'. b is a divisor or factov of a if there is

an integer q such that a - q b.

If a and b are positive integers and b is a divisor of a,

then b < a. To see this, suppose that a b, where q is

.an intepr.

e

If q
0

&then. e q b 0. (Insert
Z'

If q < 0: the9 a q b . 0.

.4*

or .)

Einee by hypothesis a'' 0, we must have q 0. Then

which implies that q b 1 b, i.e., a b.

360 INTEGERS- ,
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ANS'WEit :

q b

q b < 0

a , q > 0

q > q b b

DIVISIOV WITH REMAINDER
,

Although'We'do not alwaA obtain an integer ;than we.divide at ipte-'

ger 'by a non-xero inteiger, we do carry out division with remaindex

in I, based on the following theorem:
,

THEOREM 9.1: If a 'and b are in I, b 0 0, then thAre exist

q and r' in I such that a bq + r .and 0 < r < 1bl. (q is

- the quotient and r is the semainder.)

PROOF:

If a As ,a multiple of b, then bq + r where .q is sp.-in-:

teger, ,And r is . Therefore the theorem is true when a is
.-

a4qu1tip1e of b. 4

.

4. . ...

ANSWER:,

zero.

4 2The proof of Theorem 9.1.when a js not a multiple of. b is in two.

parts:

-
Case 1: Assume b Sincea is not a multiple of b it'will

lie between tWo consetutive multiples of b, bq < a,< b(q + 1)

bq + b. From the .first inequality, 0 < a - bq, and from the second

inequality a - be < b..'Letting r a -"bq,, we have a bq +*.

r and; O.< < b 1bl... Therefore the theorem.is true.

-
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Case 2: Assume that b < O. Complete the.proof fur this came.

(Hint: Use Order Theorem 4.6.)

ANSWER:

Assume b < Q. Then -b > 0- by Order Theorem 4.6.. From the-proof

of Came 1, we\have a -b q + r b. (-q).+ r and 0 < r k
H

Ibt Therefore, the theorem is true. (The integer -q here-
.

1

takes the.place-of q in the. theorete.).

Note: Im.Case 1, a prook.that a lies between two conMecutive.mUl.--

tiplee of b can be given based.on mathematical induction. . We will

.not.belabor ihis point Mere.

Let us illustrate the theorem by means 91 an exaMple. We divide 1763

by.95 and state the results in the foim a .bq + r 0 < r <

18

.45)063
.95

813
760

53

1763

53.)

"*

95(18) + 53 (Here, a , 1763, b 95, q 18,

.

Perform the.following divisions apd state the results in the form

_ bq + r.

a) Divide 547 by (-19).

ANSWER:

547 "19)(728) + 5.

,N
DiVide -363 by 17.
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ANSQER:

-363 17(-22) + 11. (emember: r mu t be non-negative.

c) Divide -146 by -1' .

^

'ANSWER:

-146 (- 3) 12Y + 10.

...... .. ........ .. ..

DECIMAL REPRESENTATION AND USE OF OTHER BASES

You may he acquainted with other methods of exPressing numbers than
.

the familiar decimal system, 1.e., methods that use aybase different

fram:10;-such as base 5, bate 2, ete. For exaMple, thg number 423 in

b_sse ten means .3 + 2 101 + 4 102. -Tin bite 5 423 means 3 + 2

5' + 4 Y., ar 113 in base ten.

base 8,.423 means or n base ten.

ANSWER:

3 + 2 81 + 4 82

275

rg

It should be clar that the use of base 10,

tational schpme for writing number

, etc. is Just a no-'

THEOREM 9.2: If b is any integer Areater than 1, then any p si-
. 0

tive integer d may be represented in base b as follows:
I0r

(A), d co + clb + c2b2 + + cnbn, where 'co, ci, 12, oo., c

are integers greater than or equal,to zero and less than b.

We will agree to call this representation, (A), the euanded.numeral



representation of the in eger d t6 base b.

A rigorous proof of Theorem 9.2 can be given tiy induction usingTheis-

rem'9.1. Instead ofgiving this proof we will indicate a method for

obtaining the form (A) for a number, using Theorem 9.1.

In Theorem 9.2, 'from what set is n chosen?

ANSWER: 41

The set of non-negative integers.

From what set are co, el, e2, choseU?
...n

ANSWER:

Tile set of non-negative integers less Omit b, i.e., (0,

b - 1).

' What are the possible values fbr the nuMbers

base 101 ; base 7? ; base 27
)

ANSWER:

0,1, 2, 3,-4, 5, 6, 7, 8 9i

1, 2, 3, 4, 5, 6;

0, 1. ----%

co, cl,. Of.,

rm..,

a

We wt11 show how to derive formula (A) above 1plying Theorem 9.1

tb given positive integer d and base b as follows:

d dlb 4- co, 0 4 Co b.

If d1 < b - 1, .we are finished, taking cl di. If, however,

di ; b 1, we apply the theorem again; obtaining

364 INTEGERS
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-41

(2) d1 d2b + cl, 0 < ci < b.

Substitu.ting thia expiession in (1).1.We-obtain

(d2b CI)b CO 42b2 CO.+ COO

Again, if d2< b - 1, we are finished, taking .c2

d2 - b - 1,- we 'apply the theorem, obtaining:

ANSWER:

V,t d2 = d3b 4\:c2, 0 < c. .r

iii\d2. But if

Ilk+

Subst tute-equation (4) into equation (3 and show the result...

.ANSWER:.
\

-

t5) d = d3b3 + c b2.+ t1.0 + co.

We continua this Process until a quotient, dn,

tained;.ite
dnll

ANSWER:

d b c
n 1

< b.

1

4 .4

1e then b is ob-
.

Since dn 4:b we may take d .= e.
.n

Using the above notation, Write the coMplete equation for

< b- 1.

if

. !
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I.

I.

ANSWER:

d cl4b4 + c3b3 +*c2b2 + cif) + co, .This is obtained as follows:

d dlb + co (d2b,+ c )b t.co [(413b + c2)b + clib + co

:cAIMO
+ g354 c214 + cOb + co

i[d + c3b + c21b c41)b + co

c3b2 + c2b cllb + Co

+ 42172 + coo + co

Com are tbe equation in the ensiWer above tethe.equation

d co +.c/b +:c2b4

or
the equations have-the same form?

a

\ ANSWER:

--Yee '(Since d4 <

-

we can take cL, d4.)

trof

4.

Example: Express the number 9 (bead' ten ) n base ieven -- first as

an expanded-numeral,- theeas a numeral.
.ft.

Solution:, Using. Theoremt9.1 we obtain the forM"(A).es-follows:

95 13 7 + 4 Aere d1 13 and co 4

13 1 where d2- 1 And A:1 6

Then

95 ' (1/7 + 6)". 7 + 4 . 1 72 47 6 + 4,
c"--

Thenefore, 95 $ 4 + 6 7 + 1 72 as an xpanded numeral, -snd,

by taixlng the remainders 4, 6, 1, 'in rever,ovder, w obtaAn the,

num.ers1 164 (base seven) fex the number 95 ase ten).

..
find the expagyied numeral-representation of 95 (bgse ten in base 2..,

366 INTEGERS
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Also, nepresent 95 (base ten) as a numeral in base two. Show your

work.

'ANSWER: ,

95 = 47 2 + 1

47 '.= 23 2 + 1

23 = 11 2 + 1

11 S '2 + 1 .

5 2 2 + 1

2 = 1 2 + 0

1 . 0 2 + 1.

95 i= 1.+ 1 2 + 1 2' + 1 23 + 1 24 + 0 25 + 1 26 as

an expanded numeral, and 95 (base ten) = 1011111. (base 2).

f

Repres t . -113 (base ten) as an expanded numeral in 13ase three and t

as 'a al 'in ase three.
Ps

Ye

ANSWER:
4

113 o' 2 + 1 +1). - 32 *+ - 33 +

ind 113 (base 'en) =, 11012 (base three).

EUCLIDS ALGOKITHW

Theorem 9.1 gives us another method for solving a problem,we discuss-

. ed in the section on natural numbers; i.e., finding the greatest
%

common diviso r. of twow numbers. _Recall tile notation g.c.d. (a, b ) for

tile greatest common divisor of 4 and b. .

DEFINITION 9.3: If a and .b are integexs,. not. both zero, Oen the

9 g.c-d. (al b) is the greatest positive integer that dividea a and

b

ft* J-3 5

s
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/1

fa
44

\ , 4
i

Thus, tor .e4amplit, .c.d. f15). -16)..` =-.5.

.

Our new metirod of f nding the g:c.d. -.of'. two'numbera is based

7:

'following theorem.
t

THEOREM 9.3: -If a = bq + r, b

c.d: (b,.
I 4,

'In our proof of Theorem.9.3 tievell first sbow that if rt. integer
/

divides Isoth a and it also Aillides and coOirselY, i an,

integer divides hoth b and .r, theti it also 1.vides a. It will

then follow tfat g.c.d. (a, b) =

PROOF:.

Suppose u divides a and 'b, i.e.,

0, then g.c.d. (alL0)

, the

a ler

tu and .1) = su. Then, stnce

bq + r. %

= a - bq' = - suq, or

r =. u(t sq).

What does this itat pr,ove?'

,

.

ANSWER:
C

That u divides r.

IL

A

Therefore, if an integerldivides a and b, it.also divides 'b and

r. In a'similar way, show that if an integer divides b and

then it also divides. ,a and b.

ANSWER:

Suppose, w divides b and r, i.e.,

tw and sw. Th'en, since

bq + r,

a twq + aw,
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or

w divides

1

and we have prove i that if an integer w divides
A

-b, and r, rhen it also divides., nd, b.

We will illustrate the usefutriess of riiis relation.6etJten the'divi-
1

sors of,'d and b and the divisors of b and r by finding tfle'

greste2WOommOn divisor of 3806 and 12* We div)de 3806'by.1211-and.

put the 'results in the f9rm AV ft bq.tir, 3806 ,ft .(121,1),()Y;
,

173 .Therefpre g.c.d. (380S, 1?11) ft.g.c.d. (1211, 173).

problem Of findAlg g.c.d. (3806, 1211) 40 been rePlaced by7a pprobieM
'

Involving
smaller numbers.

We'divide 1211 by 173 and fld that 121 11(7): Th!reforeI.
(3806, 1211) ft g.c.d.'(1214-,1.73 g.c.d. (173, 0 is

173. The ireatest common divisor of 3806 ed 1211 is,173/.'

Euclid's Aliprithm is the pame'giveu to the;',:process of finaing the

g.c.d. of two numbers that is based on'TheoreM .Aebraically

we can describe ,the process as follows:

b *

ryq3 + r3

bcft

rici 4 12

')/Uhat is

.tern.)

4

4

0 < T1 <

< r:10 < 1-2

0 < x3

the next step im the sequence?

ANSWER:

17 r + EL, .

This proiess is con

< r2

r

(Use same notational pat-

0 <, r < t3

ed until'a remai7n4er of zero is obtained,

3



N)

r
n-2

0*. rn_roin + r
0 < r < r

n-1
-* ..., u

=7 .

trn-i rnct+1 + t)
0

. ..

Thqs' g.c.d. (a, b) = 4,c.d. (r
n

, 0) ,, r
n

. r
n

is the last non-

'0'zero remainder otvtairkd.'
.. \

1446 inequalities on Le right cawbe combined to form a,statementqn-
. e... .

volvins positive integers:

1bl , ri r2 - N r > r
. n 11+1

What is an upper bound 4or the number of times ihat t4e aivision the-

orem could be applied Oefore a remainder of zero is obtained?
r

ANSWER:'''s 1

Ibr {There are ju integers froM 0 to jbj - 1 inclusiv.)

,Il

f both a and 1, are zeTo oe,p every'positive' integer is a common
. . 4 '

divisor of a and b, h thefe is no Kreatest common divisor%
,

.

, lfseither p = O. ot I,

b 0, say, b = 0, what. can be4said

about the g.c.d. (a,.-b) if a > 02 If ,a .0?
Nil

i
4

t 4
ANSWER:

'i

If .1) and a , 0,16 g.c.d. (a, b) - t41. (a, 0) a;
e

I ,

. 7* if b = 0 'and a c 0, g.F.d.' .(a, b) gc.d. (a,'0)
. ' r

.

,Find the,greatest common divisor of the following pair of integers bN

Euclid's Algorithm.

-729 and 378

)- 110 INTI:GERS
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ANAER:

-729 378i (-2) + 27

378 ire 27 14 + 0

g.c.d.. (-729, 378)

2.7 .

g:c.d. (378, 27) i= g.c.d. (7, 0)

aFINITION 9.4: Two integers that have no cOMMon divisorg other than

unilts ace said to be relatively prime.

-State the definitiop of unit ivqn earl Or in'this section for the

systems N
1

and I.

ANSWER:
1

A unit is an element of a sys em t t,has a multiplicative in rse in

the systemf.

)N4

Name the,units in the system I.

ANSWgRI''

-.1 and -1.

I 0

THEOREM 9.4". If d g.c.d. b), where a 0 0 and b

0, then there exiSt integers k and i sUch'that do ,ka

I

We restrict a and b to be non=zero, since if either, a or b is

zao, theitheorem is trivial. For example, if b 0, a > 0,
4

then .d g.c.d. (A, b) g.cld. (a,,O) a 1 a + 2,

where k ,

f

1 and is any integer.,.'
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s
PROOF: Let S be-the set'of all positiveintegers of.the form ka +

'

jih. We wish to show d is iv S. Wi know that' S has a leUst ele-
!

Merit, Why?'.7.,

-ANSWER:

The positiVe integers are the natural numbers, and-the natural num-

beta are well ordered; hence any snbset of-the positive integey has

a least element.

S,

Let s be Cheleast element of

:* Zi such that a kia

By Theorem 9.1,

-
a 6..q1s.+ ri, 'where 0 < ri < :

so

1 a + (-Os.
MP*

Then there are integers

s

and

ShOw.that r1 cap be Written in,the Corm ka + Zb, for some inte-

gers k and, Z.

ANSWER:

r1 6 1

(-41Z0b,

-

a + (-(41)s -0 1 a + (-(11)(k1a + Z1b) 6, (1,- qikpa +

which s of the required'form with k. 16 -1 --sq1k1 anr,

.

Looking again at the definition of the set S and reca114.ng thaC s
-

is the least element of S, what can you deduce from the Conditions:

0 < r1 < s, and ri ka + Zb forantegers a and
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Ai=

ANSWFA: ,
r/ 0. If ri > 0 then r1 .is a positive integer and is lit S.

,:But r1 cannos be _in S because it -is less than the. least element a
-

ctf' S.
(74

Since dr/ 0, a q s. Therefore is a divisor of a.

In a similar Kay shot:i that s is a divisor of b.
. r

-

ANSWEIt'

Ey TheorL 5.4

q2s + r2, here

So

0 < r2 <

A

k

1 . b + (-92)8 S; 1 + -q2)(k1a +
(-q2k0a 4- (1 (12t'1)!3.

1,441,
There-fore r2 can be excpressed in the form Rs + tb, with. intege \w..", ,

oe;

k and Z. If' ri > 0 thei r is a positive integer allisis in -S.
r" W

cann6t be in 'S g'ecaus it is less than the leat integer
g in S. So r2 O. Therefore b q2s.,. and s is a divisor

. of b.

e. taave shown that s is a co7p dit.a.lNotr. of a dCd b. Why can we
-

conclude that s < 4, Where d g.c4Pd. (a, b)?
le

11"

ANSWER:

Because s is a common divisor and d is tile greatest common divi-
.

sor of a ant b.

N.

373,
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is a divisor of -4-\ k1a +

\

-
ANSWER':

O
'

Since d is a common 4ivisor of .4 ahd b, we can write a

b. . nd, where m and. n are integerls...)The4

kqa xle - kild eind <kim + iln)d.

sorof s.

A

d is a divi-
.

Sinee A is a divisor of we conclUde that d <.s. But we hlve

, previously shown that s <-d. What.canwe.conclude?

410.

A

ANSSAR:

d.

1- A

,-4-

This proves tha d -can be eXpresild in the form ka + .2,b and cam-
.

pletes the proof of Theorem 9.4.

We haveactualif proved that, d not only can 9b expressed in the

form ka+ ih, .but is .the leasi positi1.7eLinteger4rhich can be ex-

pressed in .that form. An in'teger aif the form .ka + kb is cafled a
-.. . -

.9= of multiples of a and b.
N

We have seen earlier how to find d, the g.c.d: A---integers a and
. .

b, by Euclid's,Algorithm. The process o'gn also be used to find in:-
-0

,

, .. -,- _

tegers k, art it ,such ,that d . ka + 2.1); We'will i luptrate with

an example,

Find) d g.c (228, 177) by Euclid's Algorithm.-

. I

37,4 INTEGERS
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ANSWE111.:

228 177 -.1
17_7 51, 3

51 24, 2

+ 51.

+ 24
+ 3

,t 3 8 + 0

g..c.d. (228, 177) gpcl (3, 0) 3.

a

We wish to find integers k and. t such that 3 k /228 + 2
*177. Using-ihe e4uations above:

3. 51 2 24

24. 177 - 3 5
51
,

A

ANSW,ER:

51 228 177

it

51. - 2 24

- 51 - 2(177 3 51)

7' 51 2 177

.' 7(228 - 177) 2 177

7 228 - 9 177.

and

-ANSW

7

-9
V

sa,

a

f
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.

I'

(44 Figgi d g.c.d. (117, 91), .aad then

(b) Find integers k and *sucil that d- = k,- 117 +

4

ANSWER:

(a).417 = 91 1 + 26

91, = 26 71-'13

26 = 13 2 +

a

0 (117, 91) = g.c.d. (Ir 3i 0) ='
- IL

k -3 an4 = 4. Airs is shown as'Iollows:

from (a) above,

11 = 91 - 3 26

26 = 117 - 91
4_,

1 3 = 91 - 3,(117 7

4k or 13 -3 -.117 + 4

-

9 .

a

Theorem 9.4 enables us to prove the uniqueness pert of the fundAmentaa

theoed of ar hmetic (un que factorizat.ion) In a manner*fferent

irom and independent of eilat used in the section'an natural numbers.

This illustfatis that there is often more than one way to prove,a

mathematical theoren. In the present proof:, we first prove as a leF-
.

ma 'the theorem that was previousli stated as a corbillary to'llthe fun-

. e

damentul theoremtof aritfimetic.

'Lemma: (Corollary 1 of' Theorem 8.8): If a prime p is a factor of
.

ab, then p. must be a factor of either a or. b. s-

PROOF: The hypothesis:states that p is a factor 'of sb or ab
\

pr. 'if *p is a factor of a, there is nottling to prove. Assume p

is not a factor of a, i.e., g.c.d. . (a, p) = 1. Then we must

prOVe p is a factor of b.

.FroW ,g.c.d. (a, p) 1, wd have
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o f

(1) I ka,:# Ap, for some ntegers k and_ L. Why?. .

ANSWER: .

Theorem 9%4.

MultiWly both sides of equation (?) by b, then.show that p

.factor of 6.

ANswEp_,

ob.

\'kab +t,ipb gid, by hypothesis, ab pr.. Thus

b kpr + kpb (41-+112,13

from which ii is evident that

,

,is a factor, of b.

Note'that the lemma can be extended by idduction to show that if v

is a divisor of a produst of any.numbVr of !actors, then p must be

a divisor of one of the factors of the product.

.#
;The uniqueness pattt of the fundamentaf theoreM of arihmetic (Theorem

. . -

8.8) -follows froM thts lemma. The following proof woufa involve in-

chitbton ii:it were t \ e made coMpletely rigorous;

We :ssu e, as.bre,

tions n i p2

thç left side Q f this

hat some n in N has ..twci prtme factoriza-,

,... pi q1 q2 qm. Since .p1 divides

'equation it must ;also div?de the right. More-

over the lemma teIls.uS that Jt must diviae one of the factors. clic.

of the right. If . pi idivides qk theitcl Why?

. /

pi q, because q
k

is primei
r

, .

. . ,._ 3. ,
.

a 4

4 it

377(
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Threfore Fe can cancel these eival factors frqm the

A*
,In,like manner, we can show that

equation.

12- is'a factor of tome " d

therefore p2 qs. We tan continue this process with p3, ...; Fit

until all.of the p's are cancelled: What is'thelefrhand side eivial
.

't0 after this canCellation?

d I

ANSWER:'

One.

.

How many q's' remain on'the righOside?

ANSWER:

Why? -

None; since P1.. P2 44. PE 41 '.42

have been cancelled, the product on the left is
,

duct on the right is also 1, and since no qj

then all the q' haVe beenM),

and

1.

since all'the
(

p's

But then the pro-
_

(j 2,

Therefore the p s and 11 s have.been paired ipto eqUal couples and the

twb decompositions are the sAc\cept for the order tT the factors...
A

4 ,

PRIME INTEGERS

Reearl.the definitipon Of

is ssid to be phrime if .

Qj\

a rilme natural number.

ANSWER:

p > I and p cannot 'be written

q

378 IINTEGERS(
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it

.hersother tian _rid ...- . .,.
.. 4,-

- -
#

7
. -1

, 0. 17.' 7 '1.r.
«

) %,

A'natural namber e As a:del stS`Ue-*Com.Pc:site'if

7 7

0"-
4,1`

ANSFER: ,

c 1 and.,c io not prime.
. I .

.4a . J.. ...... .« -:. ... ,... - -
.

.
, .

DEFINITION 9.51 -A positive integer is prime if and only if it. is a0

prime natural number. tA, negative integer is prime .if and o1.-Ily if its

additive inverse is'a prime natural nomber. The integers..1, 71;, and

0 are-neither prims not Composite. All other integers (except the
*4 .

primes-anethe numbers -1, and'O) are cemposite..
.

,Which of ihe fhllowing.iblegers are prime integers?

97, -67, -9/, 89, 1i7.

ANSWER:

97, -67, 89, .197.

DEMITION 9.6 By standard factorization of ao integer we mean a

factorization contaiping as factors only positive prime integers'and

a uhit (either 1 or -71)._

Every compoelte.dr. prime'integer has a ue standard factorization..

The standard faCtorization of 12 is .1 ..22 3. The standard lact-

oriztion of -7 Ls (-1) w 7.

Find the standard factorization of the, following integerse
ow

(a) 78

.179

S. t



ANSWER:

1 2 I

f

(b) '-258

ANSWER:

. (7,1) 43..

V

tOUNTABILITy

Recall.ihe definition of countable We say that a non-empty:set S

is countable if there is a reversib e'function f whae domain is
. .

.
.

the set and whose ranie is.the eet -

ANSWER:

ofnatural pumbers

S.

Let I tre the function defIned by

f(n) i1/2, for each oven natural number h.

Then f: 2,-0 1

4

6

etc..

is a function from the set onto the set

d

ANSWER:

of even'naturil numbers

-380
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a.

of natural ffumbers. -
CiVe a -rule for a function S from the set of o44.11.!tval numbefs'

4

onto the set negati4 integers 'an0 0. [Hint: :.thoose f such

th,ptr f: 1 0; 3 s' 72:S etc4 ,

-
ANSWER:

La

-
'

yor
each odd natural . ° ..104.41evi

2
,

_ __ __

If te deffhe f onl*Orliet of natural number,s by

f(n) 012; when n is even

f (n) , when n is odd ,
041,

,

s then it 'car% bg shatt:_that f is a reversible function from
. ,t .

.N onto the set I. this would show that the 'set
.

2
I' is *. .

.

r

.ANSyZit

countable.

r

-set

REVIEW ITDIS

A. -List each field postulate,which 'is not vafid- for the system of

integers,

ANSWER:

M .
In

47

I.

. 0,
19

A

381
r
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4

110..

1

.

.0. Find the itandàrdfactd;izatjon of 1463.
.

4.

ANSWER:

,.:42.0r1,01, 7 11.- 19.

99. .1.

SI

(b) Find the -standard faktoeization pf -1197 /'

'ANSWElt:

'.(-1) 3 3 7 19

(c) What is .c.d. (14-194?

ANSWER:

19 or 133.

4r

-

3. Use the Euclidean Algorithm to find th4.g.c.d.

your loot*.

4..... . wpr
,

ANSWER:

119

85

34

N 85'. 1 + 34

= 14 . 2 + 17

- 17 2 +

g.c.d. (119# 85), g:c.d.

glInd

(85, 34 ) -

g.1.d. (17, 0) 17

119;85 . Show
4

c.d. (34, 17)

4. Use thy equations in your preceding answey to find integtrs k

and Z such that` 17 = .k 119 + Z 85.

)82 INTEGERS
A
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V.

ANSWER:

3. These are obtained-as rc11 c00:;

. 86 2 34

I.

2(119 :1 85)..

A 85 - 119

/

.

5. -.Which of the following subsets of

(a) The set of positive integers.

(b) The set of 'negative integers.

(c) The oda. integers.

(a) The set ,of integers 4, the form
-

ger and e 'is nturil .mumber.
: . v

ANSWER:

-

4

le, Where 4 4,an
,

Which of the above sets are close0 under multiplication?

ANSWER:

(4)
-

(c)

(d) .

1.

A

7. Define a function to, show that the set of odd integers (positive

and negative) is countable.

It
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. ..

.
. , e

, . . .1....
n =--4 n if n is an odd natural number'.

n + 1 if n is an everl natural number.'
INV

*f
Or, the funCtion f such that n n if is an onatural

number,'and n -n + 1 if n is an, even natural number'.
4

'84 Perform the followiig dtvisions ind state the resulteCiitlie form

4 ,bc1,+ r, where O.< r < Ibi.

(a) Divide -49 br 195

ANSWER:

-249 = 19 (44) + 17 Nememb.er, r' must be non-nega ives

(b) Divide -187 -15.

ANSWER/

487. = 45)(13) 1: 8

4.4

384 INTEGERS
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9, Express 119 (bas teil ) in base thiee as ail expanded ?lateral
8

as a.ntimeral.

ANSWER-i?
46

2 + 0-3 + 1 32 +40. 33 +-f

_And 119-(base ten) 111024!(base

r .

1 .

.10. ,Two integers such Alt 27 andi10, which-have no common factors

other than 1 or -1,4re said Vgbe

ir

ANSWER:

relatively. prime.

Ion

a

385



X. RATIONAI, 'NUMBERS

;DE.FINITION OFThE SET Q"'
4

Nib

Another subset of the set of real numbers thatdeserves spe"ial.at,

tention is the system of rionaI numbers: We wfll:show that'the'set .11
,17

of rational numbers satisfies all -the.,politulateslOr a field and that.
I 'Y

Ap,

4

.it is the smallesl sulAet of R '5114ish contains the, integeis.end
lr

which, with real number addition and Multiplication, forms a field.
_ .

We wi4 also list same propertiesipossessed by the'set of ratiOnal

numbers that distinguivh that set from the o;her Sits of numbers pre-
.

vidusly discussed. 4

We wl denp:te the.set of rational numbev by
Nfle

DEFINITION%10.l: Itie set of rational numbers, Q, is the set of all

number q

and b

real numOirs which ar-'.e

is raiional if and only

uotients of integers; i.e., a real

a + b - a/b, wherg

are integerscand b 0 0.

.
Are-integers rational numbers; i.

the ratio of two integers?. Why?

ANSWER:

Yes; if n 'Is an integer, then n n 1

can en integer be expressed as

---
1-1 n/i.

Tfie choice of.the word "rational," for thia set of numbers is a rea-

sonAble.One, ince, a rational number is defined fn terms.of the.quo-

tient,of."ratie of two integers.

/MIN



&IV

. A

Iffordee to determine when,ma fractions represent the same ra

num ber, we first, recall that d are teal numbers (b,.d

0 0), then a/b -c/4 if,ancl onlY 4f ad .* hc. (Theorem 3..0.
/

.

Using the above,theorem,. hooleti-you'diVde whether or not -7/13

an'd 1191-221''..are equ4i?

..

4ANSUER:
1 . .,,

-

By- comparing the pro4ucts (1'7) (-221) and (13). (119). .S1nce
0.

both products equal 1547,,--7/13 and 119/-221 are-equal..,

_...,......' r

. , ATs

N,

DEFINITION 10.2: A Traction alb, where a and b are integers

0 0 0), is said to be in lowest"terms if a and b have no com-

mon divisors emeept 1 and -1 is positive'.

1/Which of the following ractions are in lowest terms?-

(a) 42/91

al): -22/46

(c) '35/751

ANSWER:

(b), -21/46 1

-OPERATIONS AND THEiR PROPERTIES

7

Since the optrations vf real numb6 addition and multiplication are

closed, the-sum dr product of any ti.io real fiumbers is a(n)

ANSWER: .,'

number..

-%

387
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Therefore, a/b and c/d .are anW,-gkrational numbets, their sum
1. -11' . f Z.

..and product are . To prove closure of rational number addition'

and.multiplica,ion, we. mt show that the aum and product of any'vtiWo

1
rational numbets are

-.ANSWER: ,

real numbers,:.'"

rational -numbers.

With Theoyems 3.11 and' 3.13, we can piove that rational number addi-

\tion and multi licatioil are close& ' Suppoie a, b, c, d ire *te-
.

.--'"

gars, b, d 0 0, then 7>

a/b + cid
ad. 4*

bd 4( 0)

*by em 3.11. Why csn we' onclUdk that -a b +' C/d is -a rational

ANSWER:
_

'By the closure of addition and multiplication of integers, ad + be

ad + bc
and bd 'are integers. _Hence is. a rational number, 'by

bd.

Definition 10.1. ,

A This proves that rational number addition is closed.

r

Prove that rational'numbex multiplication is closed.

ANSWER:

Suppose a, b, c, d, 'are integers4 b,.d 0 0; then. a/b c/d

ac/bd 0 0) by Theorem 3.13. By the clo Ure of multiplication.

of integAs, ac and,.pd are integers. Hence ae bd. is a rational

number, by Definition 10.1.

380 RATIONAL NUMBERS
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,Oo. the commitatiVe laws hold for i'ddition4end mr4ltiPlication in Q;_

and b. are rational numbearsr, do a +.1) b + a and
-4

if 1' bold? ExPlain.
.

.

ANSWEA

'Yea; a and b are

real .number add i t ion

real numbersj'and the commUtative laws hold for

end multiplication.

411*

',Do the .associattve laws hold for the operations in 0; i...e., if a;

b, c are rational numbers, do,. (a + b) + c - a + (b +1c) and

(a b) *c - a (b c) hold? Explain.

ANSWER:

Yes; a, b, c are real ntps and the assaciative laws- hold for
P

real number addition and mult lication.

t

Q?

te the dIstributive law for the operationf

ame

. Is it valid in

ANSWER:

If a, b, c

+ c)a, ba ca.

4re rational numbers, then a(b ab + at and

,
Yes.

.. What 'remaining field properties must the system Q possess in ordeT

that it be a field?

ANSWER:

A A M
id' in' -id'

and M
in

propertieie

4
'389



- Are 0 and4 J. in Q Why?

Yett; 0. and 1 are ipteg'ers, end the øt (14 contains all'the.in- I

tegers.
kz,

_

If a *s any tational ntimber, doea a + 0 0 +/a e? Iv?

`Ve

Yes; a is a val number and' 0 ia the additive:ILdentity ih tlie set

of real numbers, hence 0. is the additive identity for Q.

..

Jf a is a rational number, does a'--1'

in. (427 Ay?
a a fornvery

ANSWER:

"Yes; a is a real number and 1 is the Adentity element felt- multi.

phcation in R, :hence 1 'is the multiplicatime identity for Q.

If e pi a rational _number, does the additive inverse of a exiSt

in

ANSWER:

Yes; a is a, real number, and,the A
in

postulate guarantees the

existence of the additive inverse of a for every a -in R.

390 RATIONAL NUMBER'S 4
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, Does this prove tha

4

i

ii. aa
.

the. A
in

property? Why?

ANSWER:
k

No; we mUst prove l'hat if a is a rabional number, .the-additiv in-

vitae ofia is a rational nuMber.

Let a- * p/q:, where p- and q are integer?

-a. * -p/q. Is -p/q ratiqnal number?

ANSWER:

Yes.

1. Moe

0 0).hen

It a is any nonzerO rational number, does th bltiplicative in-
erse of exist in 'R? Why?

-

ANSWERi

Yes;. ,a isa non-zero real:number, al. the M
in

postulate guaran-.

tees the extaince of the multiplicative inverge,of a forevery
non-zero a

r-

1RI\at must be done to prove that Q

---- 2 ----

has the M
in

prope.rty?

ANSWER:
'1/4, A

We must prove that if a is a nOn-zero rational number, the Ulti-

plicative inverse of' a is a rational numbek." ./

4 9
(

, 7) 391
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4

.
. A '..

. .

e

Let a . -p/qw-where p and q' are any two'non-zero integers. .

. A .

Thus p/q is a.rational nuMber by Definition 10.1. .The multiplice- -
,

;

tive inverse of p/q is .

AMER:

7

4- -1

l/
q/p is a rational number since p. and q are non-zero integers.

.
.-

We have shown th t Q possesses all the baeic field properties; 4.e., .

i. 'plosure under ad ition and multiPlication, Ac, Mc, Aa, Ma, Aid, Hie,

and D. Thuu Q a ,sabset of R,:is field,under'the opera- ...

tione in R rAtricted to Q. Therefore, we say,Q is a subfield of R.

Q satisfies the
41
field postulates, subtraction and division

(except by zero)Qare clOsed operations in: Q:

To show that .Q is the smallest subfield of R containing the%inte-
. gi

. gets, we, note that any subfield, A, of R containing,,thejntegers
.

- must also Contain the multiplicative inverse of each non-zero ihtegar:

. and must be closed under multiplication. Thus if a. and b are any

two integers In A, b 0 0, then b-1 must be in A, and a

b-1 Must b'e in A. But if A contains ab-1 for every pair of
..

.N: integers a, b (b 0 0), then Q is.a subset of A, by definition

of the set Q. HenCe' Q is the smallest 4lubfield of R containing

the integers..
... .,

.

. .

,

Actuaily, it is not difficult to. See that every subfield of must
.

111,

.

)contain the integers, ipd hence must contain Q. We vill not

k
rovp

this here. 0,

0ORDER

Sin.ce the order postmpetes 01, 02, 03, 04 as stated for thereal,

:numbege do' not require the existence of any special elements ie R,
-

392 RATIONAL NUMBERtS

f



they hold equally well for the set Derational numbers because ra-
.

tional numbers, are r numbers. That is, from 01, we haVe "if: a

and b are ariyy real ers, thep one And only one of the following

is true, a < b, a b, a > WI.. Thus if a and b. are rialXion-.

a/ numbers, property.61 applies since rational numbers are real..num-

gordme\ bars. Similarly,. the properties 02, 03, ful.04 hold,for Q.

Using Ordet Theorem 4.20, we can reduce dr- prohlem.of detewining

which of two rational numbers is greater to that of-determining which'

of two integers'is greater. For.example, suppose we have to.decide

which of two rational/Umbers, 7/22 Dr 34/111, is. greater. The

answer lArnot imeediately apparent. We.note that since, 7 111.>
T

22 ..34 (or 777 > 748), then 34/111 7/22 (insert < or

11,1

'ANSWER:

Vow

Thus the relarlVe order of any two rational numbers can be determined.

, by compArison of integers,'for if a, b, c, d, in Order Theorem.4.20.

are.integerw (b > 0, d > 0),,then ad anci bc are integers and
. -

5

a/b > c/d if and only if ad >. hc.

h
Consider thefollowiffg stato'nent:

If: 71-11 > -9113, then 7 13 > (-11) (-9).

Is the above statement true or false?

ANSWER:

False; 7/-11 is greeter than -9/13, but 7 13 11 9

Why does Theorem 4;20 fail to apply in this'example?

393



ANSWER:. ,
,

r
..

711e dpnoninater of the fraction -7,.-11 'is negative, whe eas in Theo.=
ii

rem'4.20 the denoiinator was required to be positive. Note that if
I ,

the rational nember a/b has b negative', wa can'write a/b.
. . 7

-ID,. where ,(-b) is a positive number..

1:

What change in,the.preceding exaMple would permit us to applx Theorem.

4.20?

ANSWER:
E7

e-
Mlatiply numerator and denominator of the fra t on 7/-1/ 'by,

1

Obtaining -7/11. 1
_ - 4

If -7/11 -9/13, then

ment true or false?
.*

-(-7)Nc (13) > ,(11) . /s this stAte-

`,

ANSWER:

True; (Theorem 4.20 now appl4kas, an -91 is greater than -99.)

Which is gTeater, -5/17 or., T7/19? Why?

ANSWER:

-5/17; because (-5) (19) > (17) or, - 5 >

PROPERTIES OF THE SYSTEM OF RATIONAL NUMBERS

We now liat some properties aof the 44.of rational nwebers as compar-
.

ed to the other sets of numbers previously discusted.

sew

. -
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,

The set of zatinnal numbers is closed uakker the opeiations at addi-

tion, subtraction, multiplication, and division (except by zero).

Recall that the set,of integers is not closed pnder p and the 'set

of natural numbers is net cloeed under

AN4WER:

division, .

subtraction and division.

1.

. 'The et7 is countable. That is, the'rational numbers can be

placed in one7to-onesorrespondence with the natUral numbers. This'

is also a Oroperty of the set of integers.

.

To show that .the set of ratio4al.numbera is countable, cOnsider the
n

, following ihfinite array ofrational numbers which guarantces 4St

every rational nuMber is contaimed.somewher within'the array. The

wip'rour contains all.fractions of integerd/Pwith denomiriatem 1. The
.

second row contains all fractions of integers With denominator 2.
.-,

The tbird row contains all fractions of integers witiO denominator 3,

etc.

-6 -5 -4 -3 -2

1 1- -1

0 1

1 1

4 t 4

2 3 "5 6

1 .1 1 1.

4.

c) 32.,
3

I

+

I

-2 _3.-1 _,(6\4. 1 4 5

3 3 ..1.1 3 3 3 3

5m4.5. -3 "711N -1 tiN÷ 1 !Ir'N._ 3

4 4 \L,/ 4
t

-6 a\ -4 -24-1
5 5 5 5 5

-4;

t
. +

(a) -5 /2)/::11) -1 (IrN ilN/TVIN 5 (1E)
\.1.1 6 4.N.14,ekki 6 iit 6 74i../N<JL/ 6

. .

2 3 4

5 5 5

4.

6

e
. . . I

/

11
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By starting with 0/1, and following a systeM of counting is indt-,
cated by'the arrows, we are assured...Alit evdry rational number will

'be cdunted. The aboVe illustraaon shows hpw.the rational numbers

can be placed in one-to-one correspOndense with the naturainumbers.

Note that those rational numbers that are cirtled.in the array aYe

not put into this correspondence since they have Previously'bien'

counted. For example; 0/2 is not,put, into tihis correspondence be-

cause 0 2 -0;.; 9/1, which has already been counted.'

0/1

2 1/1

3 1/2

4 -1:12

5

6 -2/1

7 -2/3

8 -1/3.

.1/3

10 7-4. 2/,3

11

12 3/1

Continuing this scheme, what rational numbers will.correspond.to the

following natural numberS?

15

20,

46
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ANSWER:

15

20

33

46

I.

.......... .
The set of teal numbers is not countable-but we 1011 .hcW.prove .thia

here.

The rational numbers can be represented by'decimalS. To every ra-
. t

tional.nuiber there corresponds a decimal that. either terminates or,

if non-terminating, is periodic in the aenee that a eertadn set of,

digits is reneated."4-example..ineonyerting ihe rational numbir

0/8 to a decimal, we have, by the division algorithip,

(f5 43 13, +'3,, and aci '5 is.tiie integr al (whole.number)

part.of the decaal-representation. Atultiplying the remaiader by 16

-
we have

.

(2) -30 m 8 3 +.6. and. 3 is the firet digit after the decimal.
.

point. We now multilAy the second remainder.by lp Obtaining
!(3) 60,, ,8 7,t 4. Thus 7 is 06 iecond digit aft'l the deei-

v..

mal paint. HunipIying the third remainder by 10,we have

(4) 40 N 8 5, and. 5. is thirefore"the thid and final digit ,

after the deciMal point.

.

We show this by taking the equations abave in reverse order, dividing .

by 10, and substituting in the preceding equation. Hence from (4)

4 ` 48 5/10 and from (3), 60 Ir. 7 + 8 5/10 or! 6 .8

7/10 + 8

SUbstitute

5/102.
0.1

.147

this lapt expression in equation (2), divide by 10, and

show thtrestlt.
4!
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eq

ANSWER:
.

." Frjm (2), 30 8 3 + 8 . 7/10 .1. 8 5/1Q2 I

oe 3 8 3/10 + 8 7/102 + 8 5/103

,Substftute this last expresSion in equatioM,(1), and show the result.

'

ANSWER:

FrOm (1), 43 8 5-1-. 3/10 + 8 7/102-+ 8 5/a0

:Dividing this iast result by 8, we have

.43/8 mo 5.+ 3/10 + 7/102 + 5/1.03.-.- 5.375

)- .

To.c6vert hrational.number a/b (where is/b is not an integer)

into, a deti we proceed in the same way. Assume a (,and b posi-

Live. we have, 117- the cavision algorithm,

(1) a b q where' 0 < Ig.< b, ana q is the integral

./Plart of a/b.'

. (2) 10 b 1 ql + r, whe4p 0 < r1

Show that qr DD. ('YoU need not 1ist4theorems and postulates as

reasots. Simply give the basic steps of a propf.)

ANSWER:

Since ro < b, 10r0 < 10b.

bql < 1$41 + r1 < 10b. Then

Then ,bc114+ rl

(II < lo.

< 10b. tillecause

the'first digit after the. decimal point. Pram equation (2). weTh
443111:

b q1/10 + r1/10,

and from (1) we have
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a b q1/10 + 10.

Then

(3) a b m q + q1/10 + r1/10b.

ice

If = 0,

a/6 q 4 010 * q.q1.

4e4t,%... 41

If 111 4 0; we continue, obtaining

(4) lOrrs7- b g2 + r2 , 0 < r2 < b.

As before, we zan show that q2 < 10. Therefore, is 'tfke second

digit after t1_4e decOal (feint.

Show that equations (3) and,(4) imply

a/b * q + qi/l0 + q2/102 + r2/102b

Sy (4), -r1/b *e q2/10 + r2/10b.

Substituting in (3)% we get 'a/b q + 010 + q2/102 + r //102b.

If, in this last expression, r2 = 0, the .decimal terXinates and

a/b * .q + 010 + q2d102 * q.q1q2. If r 0 0, we continue.as

before until some r
n

0, in 'which ease the decimal terlinates,

and

a/b *_ q + 010 + (12/102 +....+ '14
n
/10n q.cliq2 ... qn.

.
:

Ifnpr.*0,.i.hen,Aiince0<ril< in no More than b divi-
n

.sions one of the remainders prev sly encountered.must occur again, '

\76and the decimal repeats.

' What are the 'possible renainders when dividing a by b?

I a.
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ANSWER':

0, 1, 2., 3, ...; b -

".4

Thum, if r 0 Q, there are only b - 1 positive integers froul .

1 to b , 1, hence on the b
th

division, one of the previgue remain-

ders must occur a secon&time, Of course,

the second time b foie the bth division

ainder May'occur for

4
Iset Us illustrate with anothgr example. We Aivide 51 by 37; i.e.,

we t-take- a

, 51 = 37

.

51/37 =

10 14 =

Then

14/37

= 51,

+ 14

1 + 14/37,

140

b. =

37 3

29

37.

+ 29
4131

3 10
'10 37'

and.

51/37 1.+ 3110 + 29
. 10 37'

Next

10 29 290 37 7 + 31. 42
*

Then

29/37 7/10 + _111_-
10 37'

and

51/37 1 + 3/10 + 7/102 + 31
102 37'

Next

10'. = 310. = 8 + 14.

Then

31/37 = 8/10 +
.10

400 RATIO4AL NITI1BERS
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V.

and

51/37 '1 4. 3/10 + 7/102 + 8/I01 + 1/103 14/37.

Since 44, the decimal repeats as follows.:

4.

51/37 1.378378378. (The bar over 378 indicates that the-se--

quence of digits repeats.)

Find the digits q, qi, q2, ... and the rtmainders r1, r2,

up to the point where repetition begins when 17 is divided by 7.

A_- ------

ANSWER:

- 17 7 !2 47-3

3
7 4,4 2

10 2 7 *°2 + 6

10 6 7' 8 + 4

10 4 a -7 5 5

10 ..- 5 7 '7 4 1

lo 1 7 1 + 3

q 2, ro

qi
a L r1 2

(12, - 2* r2 ,0 6

,q3 - 8, r3

(14 5,

(15
7, r5

q6 Pi- 1 r6

. 1

. 3

Her.e 0
# 34_, and the decimal repeats. Then 177

2.42857142857

*

Note: In the preceding We have assumed that the division process

does generate the decipial expansion of tiegillen rational number.

This requires proof in the case where.the Process does not terminate,

but we will not give a.,proof here%

If a dec,imal terminates, it can be represented As a quotient,of an

integer and some non-negative power of,10, hence it is a rational

number. Convert the terminating decimal 1.247 to a quotient of inte-

gers.

a 4 9
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ANSWER:

1.247
10 1000

1247 1247

To illustrate how a non-terminatin, repeating decimal lepresents a

rational number, coissider the following examples. (A rigorous koof

involves the.least uppet bound idea and is beyond he scope of this

cour9e.)

Let x .454545 whe e ,45 indicates that the digits 4, 5 are

repeated indeeinitely.

Then .l00x 45.454545 is.' 4 + x. Note that this step is'Obtained

3 by multiplying both sides of-the
ptevious equation by AU-, where.'
n is the_pumber of digits re-
peated An the decimal. (IM this

.case n qo .

And 99x

'or x

ANSWER:

45/99 5/11.

As Another iIluitYatien, let

1.4306306306

which can be written as

.

x * 1 + 4/1\+ N/10, where .

N .306306306

1000N - 306.306106306 306 + N

999N *
.

0
N . ,
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ANSWER:

306

306 34

999 111

4
a

Hence x = 1 4- 4/10 1- 34/111 794 555.

'Commert-the -repeating decimal .2108108 to a fraction of integers in

lOwest terms-

ANSWER:'.

Let

,Emp MN SIM ' MO SIM II OW .11. mi. 'MA 1m, Waf %we 4.0

x = .2108108, which can be A;ritten as

2/10 + N/10, where N is .108108.

10130N = 108.108108 = 108 + N

999N = 108

N = 108/999

x = 2/10 + 4 70 = 78/370- 39/185'

Suppose az and b are-positive ntegefg, a < b,, and that a and
oo"

b are relativelY prime, so that a/b is in lowest terms. If we al-
.

so assulpe that b is.Telatively prime to 10 then it, cat be shown

that

anala2a3... .nia/b = A a

,a/b is a repeating decimal and the repeating sequenca.lof digits be-

gins with the firsi digit following the decimal point.

Then

10
n

a/b a1a2a3 an a b

or

(1012 - 1)e (402a ... a )b.

a.
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. 1, n , .

This equation 1.mplie4 that b is. a factor of (10- - 1)a. Since

and a 4re relativel prime, b ,is a factor of 10n - I. Thus..if

the fraction a/b, when converted to i,df,ic'imal,s repeats one digit,

then the.denominator of the fraction must be a divisor of 101 - 1 =
%) .:_ .-9; i.e., ,b must equal 3 or 9.. Statlarly, if Ihe fraction alb

,

repeats WO .digits when ,converted to a decimS1, its denominator muse.
be a divisor of :

'.ANSWER:

9.

Thus the only fractions whose 'decimals repeat two digits are those

with denominatOrs of

ANSWER':

_

33,.or 99. (Note that 3 and,9 are.d visorc af 99, but fractions

witt 3 or 9- in the denominator'repeat one, digit when converted to a

deCimal. Of coutr, we could sy they repeat two digits, with both

gits being the same!)

What axe the possible denominators of a fraction if it is to repeat

three digits 'when converted to a decimal?, (As before, assume that a

. and b ire relatively prime, a'< b, and and 10 are ielative-

prime.)
.

ANSWER:

27, 37, 111,, 333. 999'.
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do-

OTLETENESS AND TUE RATIONAL EMBERS

briefly review the definitions of upier bound and least'Upper bound

and the Completeness Postulate giVnn in Unit VII':

,Consider th A in n. iS a ntitual number and .n.< 101.
-

II) Name an upper bound for 4 in the set of natural numbers N.
.

-(2), Does A have a least upper beund in N? If-So, hat is it?

ANSAR:

(1) 9 (or iny natural number larger than 9)

(2) Yes; 9.

Let B. ix 1 x an integer and x

(1) :List three upper bounds for B in the set of integelym

(2) List the least upper bound if there is one.. .

ANSWER.:

(1) 6, 7, 8 (or any a ger integers ).

(2) 6.

V

We' will prove later-that.there ls no rational number. whose square is

2; hence the real numberi Ii is irrational. .

Consider the set S of all rational numliers x such that x2 < 2.

(In the following,' Q is the set.of rational numbers.)-

(1) S is a non-empty set. List at least 2 of its members.

(2) S has an-v2per bound In Q, List one.

(3) S has a least-lino-yr b'ound: What is. it?.

(4) IS the least upiS4 bound in' Q?

405



ANStER:

(1)

(2)

(3)

(4)

-7/

For example, 1, 2.

For ex.:ample, /.

No, VI s irrational.

-

Now,let S .be the set of sir zeal puTberd x such that x2 < 2,

(1) List 2 meibers oi.S.

(2) Lisat an upper bound of S in the set of real numbers.

(3) Wha't is'the least upper.bound Of .S?

(4) Is the lehs.t upper bound in'the'set of real numbers'?

-

ANSWER:

C1) le 1 2- (or any real numbers'lessithan and' greater than

(i) The answer may,be any real.number x such that x ti

(3)

(4) Yes._

The above discusSion suggests'a basic difference between the-rational

number system and the real number system10 The Comple eness Postu-

late, valid for the.rial.number system, is not val for ,Q because

bhe-.10Vt S mi -{x 1 x2 c 2, X rational} is a subset of Q. which

has an upper bound in Q but'has no least upper bound in Q.

Could you.use the set S {X' 1:x2,) 4, x .rational} as sn ex-
, ,

ample to show that the set of rational numbers does notsatisry tne

CompleteneSs Property? Explafn.

ANSWER:

No. 1,n this example the least upper bound, 2, La in the s
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a

4

rational numbers. Thie doe. not prove that the set of rationl num-,
. .

bets is not complete.

'Considerthe w4t S 'of rational numbeet x such that x < 2n.

.(Note: .2w 444n irrational number0

(1). tioes. s 'have an upper.bound in the set of rleiional numbers

(2) Uhat.is the least upOtr bound of S?
'e

(3) Can this serve a4".all example to shoW that the Campleteneas Pro-.

perty.does not hold fa2 the system of,rational numbers? Ex1:3:1iNAn:

. 4 . ..

ANSWER:

(1) Yes.

(2) 2w

(3) Nes, there 41 in upper bound for

bere, but the. l*t upper bound 2n

.iatibnal numbers.

,

.1

S in the set of rational num-

is not an element4of.the set of,,

..-'. If. the following sets ok real numbers.have upper'bounda, name'ttie.
6.

least,upper. bound.. Decide in each case.whether the 1.u.b. .isin
t

the set .of ratiOndnumblra.

(1) - S Ix .1 x2 <
.,(2) S {x'i 0 < x < 9)

(3) S (-1, 11

(4) '.The set of all eVen integers.

e..

?fem. oam. am alp

ANSWER':

(1) /3" (not an element of the set of rational numbers).._

(2)

.(3)

9 (rational).

I (rational): ,

This set.has-no upper bound.
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COMPARUON OF SYSTEMS OF NUMBERS
el

I;le have, throughout,this course, placed considerable emphasis on the
.

field properties of the,real numbefs. in thi's and the precediPg two
. ,

, units, we have Considered three spb-systems of the reels and have.' '

?

shown pretisely which of the-field pdstulates are posiessed by each

of the pets N, I, end Q. As remArked earner in"the co4fse, an

\atternativemOod for studying thAgeal numbers I hrs to begin witthe
.

.

ystem of natAal numbers and cextain badic Oropirties of this system
1

,as axioms.. Then one constructs, or abuilds, from the natur nPigeis
, .

the iPlegers, the riktional numbers, and finally the real nUmbeva.
4 A

...,

lifttofically, this is approximaiiely the way'the number system was

developed, although the positiVe rational numbers were iP use long .

l

before the negative integers. -

To summarize our devtlopment of the subsys,tems of the.reals with 4-

gard to the field properties, whaefteld postulates are gained by ex-
)

tending the natufil numbers to the integers?

ANSWEit:
*

Ai
'd

and A
n

.

N

In extending the integers to the rational 'numbers what f postu-

laWis gained?

ANSWER:

M
in

.

'It wo9ld seeM, at f esiglance, that the.system ofT4rationa numbers

ls'quite sufficient for.the deVelopment of more advancedmathematics

sinee.the 9ystem possesses all the field properties and is clgsed un-

des the operations of addition, mu)..tipIication,Haubtraction, and



division (except by zero). Such, however, is net the Case. 'There is7.
*

one very importan'property that the.rational numbers lea?, and WI ch

distinguishes this set from'the reels. This is the.property of .

ANSWER:

comellieteness.

!NM

Consider the following 1:14.of equations, and the questions that fol-

low.

,.(a) 7x +1104 ... 4x +

(b). 342 + 2 X2 + 6

(c) 5x .... 4x + 4

(d) 4)+ 21 15 +

(e) X2 + 4 vs' 3

ich of the above equations have solutions in N?

ich.have'solu tions in 12

'Which have'solutions

ANSWER:

(c);.

(c) and (d); -

(a). lc). and (d).

-10E30 equation (bY, whichsimplifies to x im 2, have'a solution in

ANSWER:

Yes; (A proof o this fact Gan be given, based on the ampleteness

Property of the r eal number system).

-
4
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We will now prove that' the equAticin 2 hap no so ut on in

i.e., there is no.rational number a/b such that (a/b)2 2.

First, we need a definition and a lemma.

DEFINITION 10.3; A natural number n is a perfect square if and

only if it is the square of a naturat'humbeu i.e., . n p .p,

where p is a natural nuMber.
.4111.111.44\

/,/
LEMMA 19.1: If a is A natural number, n -0 1. then p

perfeCtibquare if and only if each aime factor ih its stadard fac-.

toiization occurs an even nUmber of times.

PROOF: (a) 'Suppose n is a perfect square, n 0 1. Show that

each prime factor in its standard factorization occurs an even number

of times,.

ANSWER: '

Let n p p, where p is a natural number. Let p
.

p2 p
k

be the standard factorization of p. Then n . 1 pi

P2 1,2 Pk Pk is the (unique) standard factoriza-

tion-of 'n. Clearly each prime factog occurs an even number of

times.

(b) For,the converse, show that if each prime factor in the' standard

faCtorization of n occurs an even number, of times, then n is a

perfect square. .

ANSWER:
e4

Since each prime factor in the standard factorization of n occurs

an even number of times, we may write
/4

1 b(P1P1) (P2P2)(P3P3)./. .PkPk '(P1P2P3 ..Pk)cPU32P36

p p, where p (,P1P2P3 ...pL.k). Thus in is a perfect
,.. 1.

.

e
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no
square by Definition.10.3.

THEOREM 10.1: There is no rational number a/b such that (a/b)2

2. We may assume a. dnd to be positive integers, for if a

were negative, then -a isrlpositive and we could consider -a and
W

instedd of a and -b in the following proof.

4;0
,

PRO0i: The proof will by by contradiction. We assume there are-

positiVe integers a and ,b such,that (a/b)2 2 and sh9w this

leads tosecontradiction,,,ketice_the iassumption is false.

(1) (a/b)2 2.

Complete the proof, using Definitinp 10.1.,.lemma 10.1, and the stand-

ayd factorization theorem. You need not give reasons for the state-

ments in your proof.

a

ANSWER:

a and b are positive integers (natural numbers) by assumption

(1) (a/b)2

(2) a2/b2. 2

(3) a2s 2b2
%

I (4) 1 (a12 a22 i32 ...)
.

-1 2 (b12 b2.2 b32...1

where each of the expressions in arentheses represents the prime

factorizations of a2 and b2 respeCtively, and each of, the Ortme

factors, ai, bi, occur an even number of

and,Lemma 10.1. Both.sides of equation (4)

factorization of thejsame number. But, the

etmes, by Definition 10.3

represent the standard

standard factorization of

a number is.unique, hence equation (4) cannot be true since 2 appears

+MCC, three times, or an odd .number of times as a factq on the

right, mberelis it appears an even number of times., if- at all, on the

left side. Thus a contradiction has been \ill:ached, and the:theorem-is

proved.

4.4.4
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'You Should note that the above proof.is valid if 2 is replaced by any

Priie natural nuiber p. Inlact,with 4 slight Variation, it'Could

be made to apply tp any natural.number thstia not itsetf aperfect ,

square; i.e., is not the squar

i
of a''.natural number.

,

RgInEw ITEMS ".

Reduce each of"the following fractions of integera to lowest
4

.,terma, if it not already ifi lowest. terms.

(a) 52/91

(b) -77/39

(c) 33/-95

3(

'ANSWER:71

(a) 52/91 4/7;

(4) Is in lowest'terms;

(c) 33M5. -33/92 (TO be AO.lowest terms, the denomAnator of a
fraotion must be positive0

a

2. In which of the following subsets of Q is addition closed?

(a) Fractians of integers with'denominator 2.

(b) Fractions of.integers wiih numerator 3.

\I(q) Fractions of integers with denominator 2 or 6.-

ANSWER:

(a) and (c)'.

3. In which of the sets in Item 2 above is multiplication closed?
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V

ANSWER:. .

None.

ig

4. RecUll the definition of.a group in Unit.II (efinition 203), and

consider the set A of all.rational numbers of the form a/2. where

a i4 an integer.

(a) Does the set form a group under the operation of addition?

ri not, what group postulates fail o hol,d7

ANSWER:

Yes, A forms a.group under addition.

(h). Does the set A form a gro4. und,pr he operation

tion? If not, what group postulates fail. to hold?

ANSWER:

No; Closule acid M
in

5.- Which of the following two' rational numbers is greater:

-13/27 or 24/-47 ?

ANSWER:

-13/27

6. What is true about the decimal repreSentation of a rational n

ber?
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a

ANSWERi.,

The dectmar eithsr terminated or repeits.a finite iet of dig

7. Convert the repeatin decimal 3.2630630 to a

gers in lowest terms.

T

t4.

4 .

raction of-ingt
. N

ANSWER:

b.

1811' -

This answer can be follows:
.

.Let x 3.2630630'-

x 3.1 +..0630630
4.

Let y. .0630630

lOy .630630

, 10000y 630630 630 + lOy

9990y 650

630 7

9990 111
. .

.4

7 3622- 1811
3 + 2/10 +

111 1110 555

8. Show that the set of rational numbers between Zero and one with

w'nutherator 1, i.e., the set i1/2, 1/3, .1/4, 1/5, is tountable

by defining a function.that maps the natural nUmbers onto this set.

ANWER:

1 f4 1/2

2 1/3

3 1/4
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n 1 n + 1)

i is a function.srr.that.if is a natural number, n

1/(n + I).

.Which of the pnstulates for the xeal nutbers is net valid for the

systemOf rational numbersl .

ANSWER:.

. The ,Completeness Postulate.

44

I`
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. XI. OMpLEX NUMBERS

COMPLEX NUMBERS

'DEFINITION AND BASIC OPERATIONS

Many high school text books introduce complex numbers.by pointing out

the lack of a solntioe, wiftin the.SYstem of real numbers, of equa-
1

tiens such as x2 +at - 0. ,In orderto reiedy his'situatien e new

4mbol i is introduced, which, by Aefinition, is to have the pro-

perty that 12 Then the eXpression a +,bi,.. where a. and

b ire real numbers, is called,a complex number, a being the "real

part" and b the ';imaginary part". .When this ,is done the complex

number a + bi is completely determined by the ordered pair '(a, b)

of7.real numbers, a and. b. Ifistead of following the above procedure

we will define a complex number to be an ordered pair of'real num.-

blare. The definition of the sytbol is then very-natural, whereas-.

in,ihe above'described procedure-it Alms to be "pulled out of the

.air".

DEFINITION 11.1: A comglex number is denned to be St1 ordered pair

(x, Y) of real numbers. x is. called the real part and y is call-

ed the imasinery part of the complex number (x, y).

We will show that the set C of complex numbers, together.with the

opereations of addition and multiplication which will presently bp de-

fined, is a Meld. We will also show that C contains a subsystem

isomorphic to the real number-field.

The complex numbers (x, y) and (z, w) are equal if and only if

x n and y w.

416
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(1) (lc Y (a, 0) and onlY If x aid y

(2)' If is th t 'real pait-of a Complex nutber and 5 la the imaginary

thpart, en this omplex number is written in the ordered pair
_."--

notatione
.

ANSWER:

(1) a; 0.

(2)

t.

If ". (k, y)

'Teal numbax?

1,

complex-nmaber then x is a real number.

ANSWER:

Yes. Even though i is called the iNaginary part of the complex
. 4number (x,4y) it ia a real number.

:

-DEFINITION 11.2: The sum of the complex numbers

ia the ordered pair (k+ z, y + w).

This is 4ritten (x, y) + (z, ) (x + a, y + w).

Does the definition for addition guarantee

the operation,of addition? Explain.

4110 4 MP 4

4.. 0 ;Ind z, w)

that C is closed under

.er7

ANSWER:

Yes. Since x, y, z and w are real nambers the suns x + z and

y + w are real numbers. Therefore (x + z, y + w) 4s a complex

vuiliSbar for any choice of x; yoz, and w.

or,

4 .3 5



Since the, definition of the Op rati n of addition.of c:omplex nuMbert

as54ins the pair of complex numb [(x, y), (z, Os] tO a'unique

complex number we.msy use function tation to axhibit.this as fa-
r

lows:

a. 10)] A+. ( ).

.44

ANSWER:

(x + z, y + w

State the commutative property of addition of complex numbers.

ANSWER:

If (x, y) and (z, w) are complex numbers, then

Ylx y) +r(z, w) (z, -w) + (x, y).

Prove that the operation of additiot of complex nuMbers has the com7

mutative property.
.

ANSWER:

To how that he operation is commutative we must show that

(x, Y) (z, w) . (z, w) + (x, y).

PROOF:

1. (x, y) + (z, w) N. (x + z, y + w) by Definition 11,...,2

2. (z, w) + (x, y) . (z + x, w + y) by Definition 11.2
.,,

(x + z, y + w) A for R
. ,. c

-...

3. (x,. y) + (z, w) Am (z, w) + x, y)

4
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Next we look for a complex number which is the identity element for'

addition in C.

(1) Complete the following:

(a, y).+ (L, ) * (x, y), or every complex/dimber4; y).'

(2) Carry out- ihe addition steps to shOw that you have selected the

correct complex niamber,

AliSWER:

(1) (0, 0)

) (xi y) + (0, 0) x + 0, y + 0)

1

xi y

Alub (0, 0) + (x, y) (x, y). Therefore (0, 0) is the identity

element for addition in C.

Is.there an additive inverse'for an element (x, y) of Ct If-there

is, wrire.the equation which defines it.

ANSWER:

Yes; (x, y) + (-x -5,;1 e (0, 0) (-x, -Y ) + (xi O.

It can be akown the proof is long, but not difficult) that the asap-,
ask

ciative property for addition of complex nuMbers holds. State this

property.4

ANI4ER:

[(xi y) + (a, b)] + (c, d) e (x, y) + [ ,

(xi 0, (a, 1-4), (c, d) in C.

d)] for all

437.
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' 0
Recall the definition of subtraction of real numbers: If a and b

are real numbers, then the dif4rence, b - a, is the unique real

nuOber d such.that

ANSWER:

a + d b.

AS

In'the same manner, we define subtraction of complex numbers: If .

(x, y) and- (z, ) are complex numbers', then the.difference (z, w)

x, y is.th'ennique complex numZer (r, s) such that

.AN4pE%

(x, y) + (r,

The difference (z, w) - (X, y) is- given by (x. O. 7

*. .14 -21. Find the'value of (r, a). if (3, l) (r, -s),+

. (5.

ANSWER:

(-2, 2).

DEFINITION,ll.3: The product of the complex nuMbers (x, y) and

.(z, w) is the complex number (xz xw + yz),; 'this is written,

(x, y) (z, w) (x yW, xw + yz).

This definition guarantees closure, commueativity and associativi

'fbr the operatioil of multiplication.' (You should be ableto prove

that these 'properties hold, using proofs similarto those for addi

tien.)

420 coMZx NUMBERS
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Apply the definitiatoof multipliCation of complex n

,product (i,'y) (1, 0);

-ANSWER:.

(x,-y). Solution (x,

1) fx, y).

, 0) 'mr
; ,

le find the :

1 y 0, k 0 y

O The answer to the previous problem suggests a special name for the

complex number. (1.'0). What is it? aft

,State (in full-) the property for complex numbers associated wit this

element.

"

ANSWER:
.

Identity element-for multiplication.

The complex number (ot, 0)

tion_of Compftx numbers; i.e
. ,

y) for all elements

te the identity, element far mulipUca-

(x, y) 114111 0) (I, 0) (x, y)

(x, y) of C.

0

ked the Product

(0, 0).

ANSWER:.

(1, 0). So ution:

-xv.
x2 4- yi * x2 y2

y2 9 2(2
4;

y2

, X -V N
X, Y) 20 4. y2 f x2

XY . (1, 9).
x2 + I

. _ -

x, y #. Assume

ca11eI the

423.
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ANSWER:

multiplicative' inverse

.4,11 Show that (4/25, .-3/25) he multiplitatiVe inverse of (4, 3).

.. . . ... .
ANSWER:

TWo eolutione are showib:elow.

Se1Ution (1): (4, 3) a (4/25,' -3/25Y-

,(1,

Aolution.(2): if (4, '3) then

(4/25, -3/25).

16 + 9 12 - 12
25 1. 25

Si

DiVisidn for real'numbers has'been defined in terms of multiplies-
.

tion. .Sy analogy, for complex numbers, if (c, d) 0 410, 10), then

,(a,.b) 4 (c, d), (x, y) 'if and only if (x, y) =.,(a,
.

,b). The problem then is to find values for x 'and which estiefr.

fy the equatien (c, d) (a, y)
,

First:,find the Product :(c, d)

4

(cx dy, c di)

Now, by.the definition of equality of,complex numbers we know that

("ex dy,'Cy + dx) 'gm (a, b) if and only'if 'cx dy =

cy + dx = -
foe

422 COMPLEX NUMBERS-



a.

b.

:Solve .the system of equations below for x and

cx dy

+ dx

MRS

ANSWER:.

Y.

ac- + bd bc' - ad

c + d ' C2 4. d2

----- --- -
'

Note hat this system of equations..has a solution provided c
2 r 4:12

0 .0. List all values for .o and d such'that C2 d2 0.

--

ANSWER:

c2 d2 0 if and only If c 0 and d 0.-

Tft

Hente,'117-wetake the rescrictIon-that-' (c, d)- # then 9

y) exists and division of complex numliers is +fined..

,ac,+ bd bc - ad,
c7 + d7 ' C2 4. d2)

(1) Find-the quotient (3, 4) f (2, 1).

(2)- Check yo-ur Work by multiplication, i.e., if (3, 4) 11.

(x, y) then 42, 1) '(x, y)' (3, 4).

S.

b) D (c, d)

ANSWER:

(1)- (2, 1).

%(2.) (2, 1) (2, ) (4 - 1, 2 + 2) (3, 4 ).

423



Apply the'definitiOn'ol division 'ect find the multiplicative inverae

of'the compIei ttumber (2, 1.e., if (2, -5) (x, y) (1,

0) then (k, y) 10

a.

;:.

5) (2 9, 5/29).

Find by the method suggested above the multipIicat inverse of the

':complex nu43er

-ANSWER:

(a, b)(x, Y)

(x, y)

(a,.b) where

.....(1, 0)

0 (a, b)

-b

(a, b-)

'1

ti

+ 0

(0,

b

0).

0 a - 1(,,. + b? at + 16'2

b.2.1

'Nete that this answer agrees w'ith that found previoUsly.

,

1.1

Write a coinpiet5 proof co show that in the systeck C the dtfaribu-, .

tive property olds, Lev if (a, b, (c, d), areguly com-

plex numbers, then (a,. Jo) [(c, cr) +.(e, f)) - (a, b)(c, d) +,.

(a, b)(e, ft). (You need not list all field properties of ,the real

numbers that are Used. However, point out where Propyity OD for

reel numbers is used.)

ANSWER:

Step (1) Lee member:

(ta, b) ( ,.d) + (e, (a, b) [(c + e, d + f)]

424 COKPLEX.NUMBERS
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a ac ae bd -bf, ad,+ af + bc + be]
.

property D

'Step (2)._Itight member:

(a, b) (c, 4) + (a, b) (e, 1). (jc -.bd, be + ad) +
(Se hf, be + af)

k

step ( Hence:-

b)

a f(ac - bd). + (ae - bf),
(be + ad) + (be +

[ae + - bd bf,
ad + af + bc + bej-

ale
(c, d) + (e, Orria (a, b

Let us review the properties the sysrem C has b n shown to pos-

sps. There is a set C. of elements,(called comple nember0).

There sire Ewo-closed operations called "addition" an "meltiplica-

tiop".which are defined on. C so that the following properties hold:

(1.) Commdtative pioperties for additiomand 'multiplication.

(2), Associative properties for addition and multiplication.
,

(3),, Diutributive.property'fer multiplication over addition.

(4) There is an,element (, 0 ) alCh that (x, y) +i(

\.) . , ) + (X, y). (x, y) or every element y)
, /

of p. (The identity element 'for addition.)
-

.(5) There Is an t;lement ( ) such that (x, Y)

a (x, y) a (x, y) for every element (X, )1),

of C. (The identity element for multiplication.)

(6) For each (x, y) of C there exists an inverse elemeni, ( ,

), for addition such that (x, y). + ( )

).

(7) 'For each (x, y) of C, (x, y) 0 (0, 0), there exists an

inVerse element, ( , )04or multiplication such-that (x, y)

( ).

425
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(8) Since has the above properties, it is a .

ANSER:

(4) (0, 0)

(5) el.

(6) (7,,,,)

:(7)

(x, y) + (0,.0)

(x, (1* 0)

(x, y) + (-x. -y)

or

*

-,(0,

(1',

(0.

0) + (x. y )

0).. (x,, y )

0)

(x, y)

(x. y)

(1, 0)A,* i171. (x.'5) 71777)

We _have shown that the eystem of complex numbers is a field. There-

fore all the properties which were-developed in Unit II On the basis

of the field postulates are properties of the syltem of.complex nusi

bets as well as ti?e system of.real Mumberll.

ISOMORFHISMAF A SUBSYSTEM OF C WITH THE SYSTEM OF REAL NMBERS.
. .J 1

Our xt aim is to.find,a subsystaM C of. C whiEh J,s1isoaorphic

to' 1 (the system real 'numbersl.' ;An isomorphitm froM a Subsystem

onto R is a one-46-one correvondenie (or reversible function).

from C! onto R. which:preserVes the operations of-adjiition and

-

The additive identity for the'complex- numbers is (0, 0). This sug-

gests that,in the desired isomorthism the' complex number (0; 04g

should cOrrespond-to the Feel luisber , because

f "

ANSWER:

0:"Wrc#use ti is the addriive identity 16r R.

.ff
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The sUltiplicative identity,for the complex numbers is. phis.

suggest that the complexnuMber should correspond to the real

number- 4.

ANSWER:

(1, 6).

(1 0); 1.

,

We can continue the

vious:46111 114..di8p

plL number of the

shown below.

correepondence. of elements suggested hy, the pre7
t.

Ltity,-14-as 4 function 0 4ich.assigns each cm-
. .

form (a, 0) .to title udique.real number a, .as

/NJ.

(0, 0) -14-

('1, 0) 11,

.(2, 0) -1*.

(-3, 0) 14%.

(6.
(7/9, 0) -24.

...11

4.

0)

ANSiER:

2

-3

7/9

1 417



- ________
(1) What is the domain of 4?

(25 What is the range of 0?.
Mk

ANSWER:

(1) The set of all complex numbers of the form a, 0).

(2) The set'of all regl numbers.

To-show that. 0. I1 reversible function we mUst show that each.ele-

ment of the.range of -0 is'paired .

ANSWER:

exactly.one element of the domain of 0.

Provethat 0 is.0 reversigle function.

0
ANSWER:

PROOF: Suppose (x, 0)

that
m. Y.

By definition Of , (x, 0)

. (Y, 0)

and : 0)

a implies

a implies

r ,

a, . we mustshow

;a

Thug we have shown that 0 is a relliersible function from. C'

R (there is a one-to-one correspondence between.the-elements of

and- R.)

on

4114.s."%%4.4
28 COMPLEX NUMBERS
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. 4how-thotAhe correspondence preserves!, sUms:

.1

(a, 4) 74- (b4'0)

ANS6iER:
"t

If we iad; (a, .0) + (b, 0) (a + b, 0), we getdfi result which

corresponds to the real nUmber a +.b. This is the result we-get.

When we "add the real numbers a and b.

a 0) + (b, 0) (a + 1); 0)

Ow that the coprespondence preserves products.

4.4 4 4 } 4 4 4 4 4

,ANSWER: .

Whiny* multiply, (a,.0). (b, 0), (ab -.0, 0 b:+ a 0)

(ab, 0). The complex number (ab; 0) COrresponds to the Teal number

ab .which is the Product of )7hie real numberi which correspond to

'1(a, B). and (tk;

(a, 0) (b,.0) (ab,

' ib

I

The.work of, the Preceding items shows that we can establish a corre-

spondence between the elements of the subset C' of the complex tetfi='

hers and the set of all real numhers which is "one4o-one" and "on-

to". This cerriapondence preserves suMs and products. us we know

that the subezstsk of C is to the systemsf all real

429



numbers,

m

ANSWER:.

isomorphic
IL

speakingf the set of complex numbers si we have defined-it

does- not.contain. the real numbers. However, we have-shown that the-

syittm of complex numbers.has a .subeYstem which is isomorphic.to the
v

system of real numberi under the cerrsapondence (a,.0) ow

each real nupbr a.

It is cust o identify the' rdored pair (a, 0) with the real

nuiber a, and tie in_tbis -sense that.the reels are containall'in

the set of complex numbers. You Are familiar with Chia idea of iden-

tificetion.in enalytic. geometry: : Iwgraphing on a coordinate plane

each point in the plane is essocieted with an ordered pair of real

nulhers (which.giee the 'coordinates of the point). Hewever, it is .

comma' to designete points on the hor!zontai Sods by reit], nUebers in-

stead of ordered pairs. .When 4e do this we are identifying the ov-

dared pkir (a, 6) /Oh the real number. a. 'This convention of

graphig4 maket.very natural to essetiite complex numbers with A*

ipoi)xts'in'the Planeiend in-this astoilation real numbers-correspond.'

to points on' the\absciese (horizontal axis).

Let w be the complex,number (10, 1), Show Ott (0, 1) issNa sol-

ution ta,the equai,ion w2. mr: (-4, 0). [Here, w denoies a cotplex .

number, 4.e., an ordered pair of reel nnmbers.

v-

ANSWER:.

(0, 1)# (0, 1) .(0, 1)

430 COMPLEX NUMBkaS A
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Ara thei any other solutions to the equation w2 (4, 0) in the

set of compl&numbers? (Recall that in the real Saber systemothe

equation w 0 1 ha two 'solutions, w 1 and s,/ -1.)
.

.

.

r.

.

teNSIER:
a

.Yee, (0, ia also a dolutionv since (0, -1)2 (0, -1)(0, -1)
-

(o - 1, 0 + 0) (-1, 4.
I.

In thilest two items we have shoWn that in the complex uuMber.system

if (0., 1) or jw ii2, (0 71) then w2

0)

Here w2 correiponds to the real numb&

.Doee w1 or_ w2 correipOnd to any reai Amber?
\

ANSWER:

w2 corresponds to -1 but there is no real number corresponding to.,
,

either wl or. w2.

_ 2 - --

We are ready now tOxelatethe- .(a",b) notation to the more familiar

a + bi notation for complex nuMbers... Firetyou should abierve that

Qt, 0) + (0, b)

(b, 0) (0, 1)

ad.

ANSWER:

(a, b)

'(0, b)

i
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In the notation a + hi

complex number (0, I).

each by ordered pairs.

, a and b are real numbers and 1. ia the

Rewrite a + bi, replacing a, b,

(Refer to the isomorphism which haS.beenles-

tabiirrhetbetween R and'

pertiei of complex umbers. .

a.+ hi =.....
ANSWER:

a + bi

Sliaplify the restat using the'pro-

PRP

(a, O)+ (0, 0)(0; 1)

(A, 0) + (0, b)

(b, b)
int

AL.

Write a + c, b + d) in + hi notatio!:/)

ANSWER:

(a + c) + (b + d)i

We wish fp emphasize that the notation.: a +,bi
her (a, b) is a shorthand way of writing

(a, 6) + (b, 0) (0, I).

The cmplex numbers (a 0) and

sponding real numbere a and

letter i.'

Simplify (2, 0) + (3, 0) (Os 1)

.0. PPM . .4

r.
for the complex num-

b, 0 are replaéed by the corre-

and.' (, 1) is replaced by the

to a single ordered pair using

the definition of addition and multiplicas4on in C. Show each step.

/ ANSWER:

Ty
k2, 0) + (3, 0) (U, (2, 0) + (3 0 - 0 1,. 3'. 1 4 0

\-
it
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(2, 0).* (0, 3)

= (2 + 0, O.+ 3)

4.6 (2, 3),

So we have

2 + 3i '=.(2, 0) + (3, 0) (0, 1). = (2, .

Write c.+.2i imordered psir notat tn.
.

° ANSWER:

(c, i). Be careful to avoid w i ing 2, 21).

Write (6, r2) in a + bi nOtaiion.

ANSWER: 4

6 + ('-2)i o 6 - 2i

4

If i. (0, 1) then i2 W10, 1)2 =. ,

, Rewrite your answer in the a + bi notation.

AN§WER:

(-1, 0)

-1 + Qi or -1

-

Addition in the a 4'bi notation,agrees with addition in the (a, b)

notation.

In (a, b notation '(a, b) + (c, d) = (a + c, b + d)

433



In a t 61 not4tion: + 61)-4 ( + di) .

ANSUER:

(a'+ c) -+ b + d)i

Find the

(1) (4 + ii) + (2 + 80"

(2) (4,,..1).4 (2, 8) .

(3) 1(3 + 2i),+ (-3 - 21)

(4) \(3, 2) + (-3, -2) !.

aft

ANSWER:

*.n

a

6 + 11i

11, (6, 11) (Again we emphasize, d not write 6a. ,111).)

1

2

"

lb
' a 0 !

(3) p t 01 - 0

(4) (6 6)

4

plioation in the a + bi notation agrees with multiplicitan ,in

the (a; b) 'notatIon.'

40

In ordered pair noCation. (a, b) ! (c, d)

tn. a + bi notavion (a + bi) (c + di)

ANSWER+

r (4c bd,bc;+ ad)

(at - + (bc +,ad)i

v.

etp..c..
4

Fai the product of (a -t-bi) (t + di) by 40.0.4 the associa-
.

coMmutative, and disitributive laws and replacing'. i2 by, -1.

(Reaoböor steps are not required.) This answer ahoUld Agree with.
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dean tion sCwn 'abov for the same prc4uct.

ANSWER:

(a 4 bi)(c 4- di) (a + +

Se + bci +'adi + bdi2

.
sic + (bcfr ad)i +.bd(-1)-

bd) + adn

t

Find the products:
. _

(I) (1 4-1) .

,.(2.) (5 + (5/34 3/34 0 a

ANSWER:

(1) 2 +

(q.) 1 + Gi

....

Some of' the terMinology used with complex numbers is rathet unfor-

tunate. In, the' complex number 'c a + bi, .the 'real nuMber a is

/

/allied the real Part. of C, and the real nutber b' is callid the

ifselnarY part of C. There. is' a historical reeson behind thia

choice of words that i;oes back,IO the daysirhen complex numbers were'

, 'considered' in some' sense- not-as "real" as real numbers. It would 7

perhaps be better to identify these numbers as, the first #nd ecilin4

components .rvspectively, (or met-0y as the "non 1",part and,the-"i"
t -

part) of- the complex timber, but the' other terMipology still contiii.

utois to be most frequently ..used.

p and b f 0, then the complex number a + bi

.ten m ax hi arid is called a pure'imasinary number. kf b

0 ..th e complex number 4. + bi ik_written sitply as a and is

a real ,number,
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CONJWATE- OF A COMiLEX NUMBER

NITION 11.4: If .c a + bi /a a comPlex numb", thn the

contuaateofeisthe complex number c ... -a + (-b)i 1. a bi.A
, _ ------

We ehall use the notation c , a + bi .. a .-_ bi.

According to this definition write Uach of the followin -

S.

3 + 41 .

2 - bi .1
,c.

ANSWER:

3 - 41

/ 4- bi

2

Vg

Seeeral important properties relating a c4p1ex number to its onju-

gate are &teen in the follOking theoremsi

THEOREM 11.1: ff c is a complex number, then

number. If c 0 O. then c c O.

THEOREM .2: is a complex number then c (The ton-

. .jugate the conjugate of c is c.),

THEOREM 11.3: If c and d are complex numbers, then c + d

d.

is a real

THEOREM 11,4: If c and - are complex numbers, t

'THEOREM 11,5: li c is a comp!, 9
;-')

,
each-natural number

c
n

, or

N

40.\
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The proo 'for_the.abOve thebrema depend:on de initions and preceding.

theoreMs. For examplei to prove:Theorem 41.4; let e bi and,'
,

x +yi, then apply the definition of conjugate oi a comptex

number and Ihe.dekinifion of multiplieation. Write.the proof (supply

reasons for:-.the steps wilich depend On.definitions ar-theorems on com.

plek. numbers). --

ANSWER:

PROOF: .

If c a bi and d. x 4 yi

then c ' a - bi and x - yi. Definition of cpnjugate

4. d -. (4 bi)(x`i- yi)
_

Definittutr of multiplica-'
tion

(xx by) (bx, + ay)i

d . (a 4- 1,0(

(ax - by) bx + ay)i Definiti of multiplies-
Lion.

4/. c d by) (bx ayyt Definition of conjugate

5, --c- c d, *.

Gl!APHING AND ABSOLUTE VALUt

In earlier units yeti have studied the geoMetrical representation of

,,real numbers as ,poinis on a line. Sinee a complex nuniker ii defined

as an urdered-pair of reek-numbers, and since we are familiar with 4..

the association of. pairs of real numbermHwith points in a plane,-it

is natural'to epresent complex number's a& Pitittl,in a plane. .We

therefore associate with each complex numker c a + (a,

b), . where a and b are real numbers, the point (a, b) in a co-

Ordinate plane. (See sketch on nest page.)



.4

'OM the eame.coordittatt.plemeloCate undlabel the points cirriiispon&

imi tp the complex numberm: 2 + 1 spd, + 21.

c

r ANSWER:.

0.06

AIS

Where ate the points which correspond to Complex numbers of the-form

a + Oi? of tile farm O.+ bl?



ANSWER:

n the x soda;

on the y

If we let' r denote the distance froM the origin to the point
T

b), representing the complex numher c a + bi, then

:r2 a2

T. Am' 677.171.W7

We. ispeak-of this distance -r as.the abaolute value of c; hence we

have the followi g definition for the absolute value of a complex

numbvr.

DEFINITION 11.5: If

-Va214- b).

bma if c .3.+ 4i then

.nexative real nuMber.

the complex number ". a+bi then I c

Note that
I c I is a non-

ANSWER;

. 5

439



4

Where ta.the,coordluate plan* ere the points which correspond to the

complex numbers which have 'absolute value, 1?

ANSWER:

On.the iirele.w th center at (0, 0) and radius 1 (the unit cir-

els).

If ths'absolute value of a dimples number c is greater than

i.e., lci , 1, what is the location on the coordinate plane of the

point e?

ANSWER:

c .1ies outside the unit circle.c

THEOREM 11.6: c c. Ic12, for each complex number c.

rite a proof giving reamOns for steps Which depend on,definitions er

theorems relating to complex numbers.

/ 4-4

"ANSWER:

1, Le,t .41,+ bi-, then c a - bi
_

2. c c (61 1)0(e - _ a2 + b2+ 01 e2 41,,b2

3. Since a: b2 (412 .4. 1261

then c c (/ 7 0)2 Ic12

-1. Definition of conjugate

1. Definition of multiplication'

3. Definition ofabsolute value
. .

440 'COMPLEX NUMBERS
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1.

The result of the Preceding itemle-useful in domputiag the Multipli-

cative inverse of a.complex number-and in computing quotients of com-

plex numbers.

(1) Revd.' thai.in'ordered pair notation the multiplicative inverse

of (4,1b) is

(2) ITv ,a + bi notation the multiPlicative inverse of the coiplex

number 4 + bi is .

ANSWER:
-b

(1) (a2 ' A2 b2
)

_b
(2) 's 4 7 1 1

a + b a7 b-

Let c

ver

a + hi. Show that -1-72- c is the multipl catiVe in-
- ,

c. As ume c # 0. (Reasons may be omitted.)

ANSgER:

1

c
ris7 1+ b2

---7 bi)
)

4
+ b

2 (a

a -b

ar + g 1;7

Apply the preceding formula to find thp multiplicative inverse of

2 + 3i.

441



A

ANSWFA:.

17 c . - 3i) 0. 1/1 2-- 31 . 4.-.7.13 13

Theorem 11.6 Ls applied ai followa to find the quotient c/d.
T.1

c/d. c/d d/d 7 cd/Id 4

Find the:quoilent Pi.. Write the answer 1p the form. x + y1°.

ANSWER.:

1 + i 1 +.1 2 IL *(1 + 1),(2 +.0 31

2 - i 2 - 1 2 + 1 -(2 - 1)(2 + 1) 5

rr. .
Pr

A proof of thefollowing theorem can be made without changing the

complex"numbers to the .a. + bi form. Write your proof siipplying

reasons which arebrised on theorems or definitions fot complex num-

tuffs.

THEOREM 11.7:

(c/d)

11.4.1

c and ., 4 are complor numbers, d 0 0, then

Hint: :, Show tpat 1/da a d, and apply Theorem

1

IfyOu feel that,you ha.te given a complete proof of TheOrem 11,7, go

to the eg on page 443: 'If not, go to the next item, below.

- A/ id

1.
- I/Idi2 d

Theorem 11.4

Theorem 11.2
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1.,...11
Why dol. 1/1(11:

ANSWER: .

1/fdli is a ;eel nuaber.

"% 6

Go back to your proof of Thor 11.7. Ilake additions or Correo

tiOns. 10ou have not alTeady done so, show as above that lid

d/fdll then COmplete the proof

ANSWER:

PROOF:

la d/d

1 d I.
0 410

1/d 16112 3

. 1/1d12

d,

Ar

Theiefore

l/d

Then

c/d o l/d

r_

Theorea 1 .6

Theorem 11.2

Thedrem 11.4

443
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...

Show that lc AW : Id You may aiit rens:ohs:but re-

fer to your list of theoreaw as of ten as necessary lor suggestions.

ANSWER:.

lcd cd cd ed c d c c d . 1c12

jram the equation.

following theorem:

jcV 1d12,, we ohtain eastly.the

'THEOREM. 11..8: Li e and d are complex nuMbers, then Ar df .
fel Idf-. A theorem related to Theorem 1.1.8 is the following:

1,

THEOREM11.9:-- If c and d are complex numbersi. 4 0 then

'Ic/di "'

To plvve Theorea 11.0, it ia suffiCient _to show that [cild12

(W/141.. Prove that this is true. List as res$pns spy the ems

from this un,it which are used.

ANSWER:.

IcAlL cid cid 'Theorem,1 .6

d d

tkij:
.C4

441 COMPLEX NV )WERS
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Ok

thence icfrd I c 1/ Id

In Unit

'ber lin rc + dr

This inequality is

Ate 41,14

117eorem 6.4, we showed that if c and d are,real nua-

jc + idi, the so-called "triangle inequality"

also valid if c and d are complex. numbers.

rittelikm 11.10; If e and d

f lei + [(11..

We Will not gilie a4)roof of this theorem here.

and d .,are complex numbers and.if 0, c, an

lie on a line in:thp plane, then ,additJ.on of c

complished by the sc-calied "paralleldgram

'and 'c.+ d are verticaxof 4 arallelogrem. Tbis

are complex numbetia,then lc + di

fha aecompauying graph

The.IZngth. of the segmentw.from O'to e is

The length of the segment from 0 tg, (c + 41,)

The length of the segment from c to(c + d) is

Ape.4WER:'

jc + di.

I d

d d do'.4*Ot all

d 'd Can bp

e points 0, c,d

'illustratéd in

445.



t

tate "a geoketric pro rty of triangles whit)) tells. Us t + di

Icl

ANSWER:

'The rengthof one side of a:triangle is less than

,lengthe of.the other.t0o sidee.

4.

sum of the

The remainder of this unit consists of algebraic a
. \-

cations relating to complex nuMbers.

. z a + bi

Let z

(I) Ice point the point - and the point'

(2) Note z i9 reIiection.of z across the

that -z is the reflection bf -z acrOss.the , that ia

the reflection of z.

°metric appli-

VIM

a be the point indicate on the graph.

that the

ANSWER:

(2)

See graph on next page,

x (or real)

y (ot imaginar0

'tlfough (across) he origin
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Sbow grephically the met Of complex numbers z which satisfy the.

equation z l/z.

ANSWER:

.z 0 0

liz =NM

The solution set is

44 - . 0

.(z 1)(z 1)

4Y0 z - . +k or z

(1, -1}..

111

qr.

4

447



e

A.

4116 " ------ - -- -----
Show graphically the set of complex numbers f z whic satisfy the,

equation l/z. 41%.

ANSWER!

z " # 0

a I / z 41.4 Z z 1 le+ r z 1 2

I I z a a + VI then jz a2 4. b2
I.

. e ,

I1tnc z may be pny point on the unit circleffP

448 "OMPLEX NUMOERS



a

1.

r

Shaw Kra,p call.ly. t.he wet Of 'coop-lei ntiahers z which elati4sfy the
- _. . .

..

.equat i oil_ z + z = 3."..

_ _ _

AhSWER:
. (s_

. bl, a - 131 f.

then

e ---

+. z ++. 2a 3

11.

a

O.1

a

VP

e

449
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-

Let xi + yll and x2 + y21; Lind - ci

,ANSWER:.
.

c2 CI 1) (Y2- YI)i

,o(x2 - xi)1 + (Y2 Y1)1

.. . .
4

tTo giye a geometrfc interpri:tation to the iti4viod's problem We recall

that xi); + (yi - xspresente the disiance betwqen tife

two points (xiii yi), And .0!2,2JY0

lc; -- cj Tep-rgwents g

41e

AN54ER7

on a 4oOrdirikte,plarle, hence

the dtstance 'beiLeen the points c1 and

1 .

Let c 1

( 1) Loti
pltane:

(2) Km!

In .1. 11, /le eq. 11.

-3 4 4i ana c2-,.., -5 - 41. .

,
po.inCs corresponding to these isumbers on 4 coordipate. I

t* .A.

450 COMPLEX NUMiERS
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ANSWER:

(I) See the graph. ,

(2) Ici - cii 9 i1:5 4-7-15 '6172 -VP.
la Or MT"'

A.
\

IP

- 4'1 c1 - c 1 1 repreaen a the diatance f ram ihe coRplex =ether, c2
_

to ,
%,,ke...complex rthmber.: IN If, the iftetance from a complex number z to

. ..
1,the complex Ilusa er 1 in ,3, then is a, point' on' the circle gith
citing!' st nd radius & .

SW

"



ANSWER:

(2, 0)

3.

Thuk, vhe'complex numbers a satisfying the equation la - 2

.are nose on the .circlv with center (2,-0) and raciiirs 1.

d the u4t of complex numbers a which 'satiefy the condition

ANSWER:

The uet of complex lumbers etsterior to-the circle with center (-2,

0) and radius 1.

1.

+.21 . (-2)1. .1'he distance from_ -2 is great-
.

.

tien .

t e. :

Pind the set of comPlex numbers'. z WW1 satisfy the condition

lz ill - 4:

ANSWER:

The met.of,cOmple numPers interior to the cirele center at (0,

3) -and radius \

777:S-
/4

nd rhe set of comp ex nUmtiers "z which satiafy the condition

0 zol r;- 01 here'oiu is a complex number.

V.

ANSWER:

-The oft of complex numbers interior to or on thecircle with centOr

at zo andailvdiut! r.

, v

452 COMPLEX NVM1I4S
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t.4

4,kive a geometric intwrpretation of .the inequality

ANSWERC

The distance f um zi to the origin is less than the distance from

zd iu the origin..

To solve the inequality
z 1

z + we start with the.statement

441. z 0 and z - lz + 11

440 z 1 0 1 And z - 11 Iz - (-1)1

does this stateent gie abouN.the, location OfWhat.infórmation

z?

4

ANSWER:

nearetethe pu'int 1 ,than.the point

or ziee in the r gin half'plane (to hejight of

r the real'Oart of z is posiiive.

1Noop The aolution-to I can be displayed'as
z + I

S.

\.c.
Y-alcio)T

4040 0 -livand iz - II (-01

444 z is nearer the point l'thire the point'-1

41("40 z 'is in'the right ,lealf pIare.!

41(040 Real part of se., .

0
ft .el

.....
it 1 .

If a function .1 is defined by 1(X) .. z 0 -1. theg the
A W

.feollowing observiWons can he made: .ciL
. - .

1

A (1) If z- ts,a Complex nerMbet Kepraenting.a point In the,right
..

e.,..' "

& hail. plane,: flea is a. ,point interiar to. the'unit cfnae, i.e. .

.

4A,

maps the.rigiet half plane to the tritetiOr of the unit circlek '

.**

fir



410

(I) If z is.a complex humber re r senting a point iom te left al.(

plene (e cept the p01gt -1), then

gape the lett half pZane . '

(3) .If g is a complax numbe representing a point on the imaginary
. .1

*Slav then f(z). ie a'poin/ f maps- the imaginary axis

(z) is a f.e., f

ANSWER:

(2) exterior to the.unit circle;'

//tO the exterior OfNthe unit

Oloogn the unit circle;

to t4q

Note that f(z) 1 holds for ho complex numbqr

Solve the inequality

. a

.

44 1 # 7 i 6and iz - il <'lz + il $

4.4 z 0 -i and lz - il < le-'(-1)j
i'

.. .

440 z ia pearer i than -1
vol

z is in the upper halt plane (above the x-axis;
...

Ello imaginary pait of z O.
1

a

Analyze the function f dinned by f(Y)

previous eiample.

ANSWER:

as wag done for

f 'imps thd uppermhalf planik the,interior o h .

-, r.

f mape the lower hall plike (except th6 point -i) to theekterior Of

.
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0

the unit circle.

f maps the reel axi e to'the unit circle.

Note; (z) 1 hulds for no complex'number

et,

z..

Let If 'be the Iunctjn defined by f(z) Liz. for eaCh ndn-kero
.

complex number z.

t

If

AN4WE

f(4,)

e point,within the unit circle (xcept 0),4where is

is A point outside the unit-circle.,

1

_1L ---- _ _ _ _ _____ _____

I terms of Mapping, f maps the interior of the unit circle, except

0) to the exterior of the unit circle.

MikI A similar ianalysis for points on the unit tircle.

ANS ER:

if z is a point on the unifacircle-f-60--ls a oo n on- the unit

Circle, (oT f maps the unit circle to yhe unit circle).
_

11

Make a similar analysis for p6ints outgide the unit circle.
p.

.ANSWER:
f

If z. is apoint outside the unit circle,- f(i) As poigt inside

:ihei.init circle; er "f maps,the 4terlip; orthe unit circle to the
.

interior of the unit circle.

. -

It should be pointed,out that oho iiportidt property of lobefieId of

'real nulitherk does,not.carry olr to the 'field of complex numbers.

411.

4.
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r
--The iield uf complex numbers is not an ordered field. We can shdw

this,by Makifig,the tollowipg observations:
.e

11 C were ordered, then by Order Theorem 4.13 the squate of every.

nom-zero'elemeOt would 'be ; in particUlar ... -1 Would be

. But by Order Theorem 4.13, 1 is and by Order Theorem
----e- ...... __

df
: .5, -1 is . .ThiS

..

ntradiotion ahows 4hat C iv not order-
.

ed.

ANSWER:

positim) (greater them zero);

positive (greater than zero);

positive (greater than zero)

gative (less than ze ).

kEVIEW OEMS

ItemS 1 refer', to, the following,- complex Inulber

e
(e) 1./1, (b) 2. (c) j3,

(d)

4.

- -

1.. Write eaeh coMplex number as an.ordered pair, f real nUMberS and

kn he form a +.bi With,real minabers a .amtd b.

ANSWER:

(a) // . (0,-1) 0 + (-1)1

). 2 .11)2 0 ) ... 2 + Ui

(c)
ji

(U;" 1 %.1. +1-1)1

(d) I. 3t (I4/17e 7 5/17) 14?17 + (- S/b)i

2. Wlat are the real part az½ tl!e twine

450 COMPLEX NUMBERS
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maallar?

4

ANS ER:,

(a) Real part of
- ,

(h) Real pairt of
(c). Real part of

,eal part 1(4) - R

1/1

2 a

,i/ w

2 + 31

2

0

.

0-

14

-

Itaagjnary poi t Urr--. I /1 .. -1

Imaginarv part of 2 1. 0

Imaginary part of 14 ... .4.
2, + 31Imaginary Tart ot A - . -

,-. . . . . ... ..

,
A

3. What is tht.; absolute value

ANSWER: .

(a) , 1/i
12; "

(sc) 1 w 1

12 4- 31,
Id)

7

-h -c.omplex inutahe.C?

4 is the conjugate uf each. complex nu

ANSWEi:

(a) 1/1

.(h) i .
-(c)

(d) + 'ii' f

5. We te the. product ( 2 + i) + J ih the form a bit, with
real' numbera a and b.

4.

457



ANSWER:

.(2.+ i) (1 + i) -1 + 7i

6. Where are the points in the pone wbich correspond to comPex

numbers witil absolute value 5?

41.

ANSWER:'

On the ell: .2with(ter at .the'oriiin and radius 5.
11

7. Where ere the points ih the plitile Which correspond to complex

numbers. such that it.lz + 51 - lz 51?

ANSWER:

In dom.' aft half plane.

4- 5 iz - 5 +40 1Z - (-5) k - 51
4100.

440 z is Closer to -5 than-tb 5

4E40 Real part of z Is less than 0.

..a

+ z
8. Show that if z is a complex nuaber then is the real

2

part of z.

4

ANSWER:.

Let a bi, where a and b are real.

Tlvm z a

z + z a + bi + ii - bi 2a

z + real part of z.
2

P,



l . AlIGEBRA EAL FUNC1IONS

ALGEBRA OF REAL FUNCTIONS

. .In this unit and the one following, we will make a...fairly systematic.

lastudy oi, polynom ls and,polynomial functions. -Many high school

texts use the terM polynomial. in a different sense from that used by

practicelly al) mathematicians tbday. IA the word polynomial, the

'-nrefix poly- has the connotation of many and the item -menial repre- .

seats term. Perhaps fur this reason'', the sic;rd polynomial, is commonly
. .

Used in high school texts to denote en algebraic siOression with two

or more terms. However, for'practically all MatheMaticiaos today the

word has a precise techOiCal meaning which ie related to the above

bet different in certainimportant respects. 'Foi example, the.alge-

rsic gonression*. 2i, 5, -3x3, 0 are not ugually called polynomials
.

in high-scHooI algebra texts but are polynomiels according.to'the oft.-

finition which we Will adopt here. On the other hand much expree-

sions as pYX + 2 and lix + 33e: 7.5 are often called polynomials,

by high school algebra texts but are,not pOlynamials according to our

definition. We will give precise definitions of the terms,polynomial
4

and polyoomial function later, but first we wish to stay somewhat

more general classes of lUnctionia end algebraic systems Which.are

forMed by these lunctions. Many of. the ideas introduced in the s tidy'

of.thise systems Will be Used later in the study:Of polynomial fun
0.tions.

Let tisrecall from Unit.l some things.about functions. Let A be
*the function defined by f(x) x2, fOr each real mmber x-

459



. The &amain ot t is the set of

ANSWER:

real numbers.
st.

--1
We may thet f is a function

set'of real numbers.

ANSWER:

from; to.

the set of rpaI numbers . the

Ak

Whai is the range of the function rd above?

ANSWER:

The set of non-negative real numbers.

In g9neral, when we say that f is a function from the set of real

numbers 12 the set of real numbers we mean that the of .f IS

the set of real numbers and the.range of f is

ANSWER:
--1

domain; a subset of the set of real num

.ft

Let X be a non-empty set. the beglking wr make no special ea-

aumptions about' X. Later me w ll look at special cases,Where X is

Cipeen'to be a particulat set, e.g., the set of real AumberA4 a

nite.set4 "etc, Let F denbte Ole set of all functions from' 'X to .

the real numbers. If f is a function in F, then the domain of .

460 ALGEBRA OF REAL FUNCTIONS
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end the ran e of

ANWER:

I

.a Subset of th etot real-numbers.

If iii in X mud f ia int f then '( )

ANSWER:

a real nuiber

If f g are functions in the set F. then f i1 and

pnly if f(X) 14(1) forevery element x- "In X.

l!le should emphaaize that the. set F is gset of functions a
t

set Uf real numbers. /

t a

.It is possible to define In a natural way two bina y operatt on
f, whickwe c411. additift and anatiplicatiob. We will use.the:usual

symbels "+" and ."."- for these operations.

-DEFINITION- 12;1 if f and g arejunctj ns in

is defined to'be the (unction h such that

4( ) .,i(x) + g(x), for each X in k,

F. rhen

and f g is defined to be the function k such that
.

k(x) f(x) .4g( ), for each x in X.

in Definition 12.1, the elements f(x)+(c) and fix

Iong to what uet?

ANSWER:

The set of real number's.
4

41.

a .

+ g

1 t V.

461



The elements

numbers.

*._

ANSWER,:

functions.

and f - '.are from X to the set, of' rtal

g ar ilex:tuts of the set

F.
4."

You should be careful to note here'that the symbols 'f(k)", -"g(x)",

etc., do not r :tiOns but represe dumbers'whicb.are

paired with the e ement x y the iuuctLorn f, g, etc. ,Fot every

element x in X. there Ai an ordered pair (x, f.(w))' in f and an

ordered pa.ir g(x))10n 0 If Ii f + g and k

then VII t function h' Verediaill be Ole ordered pay h(x))
,

(x, a in the unction k rher wilIe he ordered pair

--------

(t, k(9) *

S.

ANSWER':

i(.x) g(S):. f(x) (x). '

-,
TV\

. Li the ordernd pAix. (X. is Ft% 't aud e.ordered:ppir,t(x, 72)
. .

.

ts in g then ehe ordered pair .(x. ) is in f + A qnd the or-
.

ir

dared pair (xl, ) ia in f
,..

N

-7"-N

2

4b2 PGElikA ()F REA4 momoNs

4

4.00,



ANSWER:

3 r o

,For ah examRle, lett X = (a, b, The elements of X are the.

letters a, 41), c. Let I and g be the functions from X to R
. .

(the set of real numbers) whose'ordered pairs 'a're listed as follows:
. .,

f + g
(a.
(b,

2),

-3/2)
(11;.

b,
3)

0)

(G, /3-) (c, -15)

. Fill in the blanks with

.,,, .0

I/
o

A
the ordered pairs in f + g and f

AN'SWER:

f + &

(a', 5) (a, 6)
-3/2) (b, 0)
,/;- _15) (c, -157)

c".

. g

qo

ket up consider the above with an alternate notation.

a -1-.12 g: a -IL 3
-3/1 b o

, _I, c -15
..

. .,

f + : a f+2 0 5 f g:. a

f+&,..
b 3 2 'b --L:-&-o 0

. (..
15 c,4.. P 15 15-

.t.

Usini, this notation desocibe. f + g and f g where

, 463



:e.

a

* 32

'ANSWER:

f' + gt, a. -1---* 0 f a 4114 -3i'i f
-17 r + 1.3 *b1) -7-6-i: 1311. . .

cl- f-111* 32 c
.

-

,-

.
*If x is in X then x --* f (x), x --II; g (X) , X- f+g.; and, .

ANSWER:.

f(x) + g(x);

' I

(x) Mr)

-

4

4

kor another example, let X be the set of- compleit numbers. Let f

rand g be functions from X: to R- de ined by,

e(x) for each complex number x,

g(x) the real piirt of x, for each' cotuplex number x.

'Fill-in thy 'following blanks:

I.
2 +

.0" f
-31 --*

2

2 + -ttL*

2 + LEL* -31 Li*
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.1

ANSWER:'

; 2 +

2 4,4

f r-
-.31.-1.+ 3

-31 -s- 02

, .
2

2

+ I +,2 -31

-31

111+3

1114-3

+..0

0 0i 2

sr

N.

It is almost obvious from the definitions the' addition and multipli-:

cation in F have many) *the propert40s of addition and multiplies-
,

tion of real numbers (assQciative properties,vcommutative prOperties,

etc.). HosAgver we will go through ths proofs oC some af these.

g, and h are functions inProperty Aa for. F would state:t

the set E, then, (f.14) + t

AN'SWER:

"f + (g +.1)
`.1

4

If f, g, and are functions in

%.
[(f g) + hl(x) (f.-Pg)(x) h(Xt)

[f (g + h)1(x)

AN.VER:

f(x) + (g(x) + h(x)).

Le

then

P.M*

[f(x) + g(x)) + h(x).

0

Let f, and h be functions in 'F. To sildw that (f + g) + h4
t,

f + (g + h), we have to'show ehat'fot sach element x in X, ,the
.

I

real numbe1/4 paiAmd with x by the runption .(! +',g) + 1.1 is the

s0pe as the real.number paired witi-i, x : by thefUncticn f +- (g 4 h).
.

.
.

.

*

f

.4*



4

This can be atatee\.... ,
.

1.

.[ (f g.) '4".11] (X) (g h)] Y.
tb

However, this notation is 'a little u wieldy.

By definition of . aiddition in F

f

ANSWER:

f.(x) g(ic).,
"

. Therefore

(f 4-"g) +111:

(flx) + g(x)] h(x).

Thus, if we iet

*1i-

ANSWEIt:

,

(f + ) h, tnen k(x)

(x) -4- g (x) hCx) ,
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t
rf(x) 14(x)1 +.1100

f the real numbers.'

"

tg(x ) + h(x)1,beeause of ftoperty
4

ANSWER:

A.
0

1

This proves that (f + g) 4-4.

In the equatioh

[(f + g) + 11](x) ) s(Al 1-3 h(x), .

+ g and (1 + g) + h are eldments of the set

(b)
.

(c) x ,is an element of the set

(x) g(x) 'and [f(x) + g(x)1 + h(x)
RIO

are elements of the set

\ANSWER:

(a) F, kb) of real numbers, :(c)

State the Property Af for F.

ANSWER:

If f and )6are nctions in.the set F then f + g - g + f.

CritIctze the answer,

ceding Item.

L

ANSWER:

( g(x) g(x)

4

0

)" for the pre-
%

f(x) and g(x) are real nuMbets and not elementi of the set F.

However, the stateme.nt "f(x) + g(x) ' g(x) + f(x)6 is true for

c,

I.

4i)7



a each' elemezit x

of ireal numbers.

in i., because

'Proi..fe that ,P

ytur ,,prbof

P

Property A
c

is true for the system

,
bperty A toNs for F. pive a reason for each step in

c . . %

I

e N -

-

ANSWER:. .
\ 0 . )

If f and g are funetions in F and N. 2F is in X, then

(f t 0( ),`-' -;(x) t g(x) 1Yedef,init1on of add:lot:1in't .

and

L

f (x) + g (x) . g (x) + 1 (x) by Property.Ac, for the real number's.
,

.. % . .
S i n c e (f + g)(x). 0. (g + f)Cx) for each x -1:n X,': f.+ g .. g +
f., because ofl.rhe way equality of functions is defipedl

4 I
..

f A g: x 1-4--4- f(x) + g(x) < 4 ,..6. it. = ..

g +f: x .--* g(x) + f(x) by defTsiill of rdition .,, 1

f(x) + g(x) - g(x) + f(x), 4:tri, Pro.pe.rty Ac for thereal nuiters.
.44

.s. Therefve f + g am!
i-g

+ f pair up the saute real cumber with 'x,
r, .

foi each x fin X. Then f + g .., g + f .

a

I.
.

Is the number zero an additive identity for Explain.

ANSWER:

No. The number zer9-1.43) not in the set F.: An ,additive identity for
F must be an element of F; i.e., a function trom X to the set of'
real; numbers.
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What is the additive identity for F?

ANSWER:

-""- The functi(ift f defined by f(x) 0' '0, for each x in X; or the

fpnction f ' defined by f: x ---* 0, for each x in X. If you

sàd "f(x) 0" yea should count your answer incorrect sinte y u

have noytompletely defined the funtiion f

- , -1, ._..
.

I)
4

We call this function the zero .function. PrOperty A.id ho/ds in.
-

Wrhat is the' Additive inVerse of a function in F?
. .

, .

ANSWER:

The function g "d-erined by g(x) -f (x) , for each x in X.

-you said -f (x) yott...sbonld count your answer as lncorrec

is, a real number. TI-; addit ve i verse, of f must be An element of
A

F;* i.e., a function eiom tc, te set of tiFITtvmbeis: Also if

you said "00_ 1 -f(x)d,. you sh Id %ount your anapier as incorrect

since you have not completely def ned the function g:.
.

We.will ,denote this function g.' by -f . Thus -f is an element of

with the property &-..s."%rf t f (-f)
.

- .4

ANSWER:
s,

F; the ziro funttiun in F.

A)

x i9

do

,

ot the number* zero) .

X, then -0(x) . x and '-f cX)

P

in the set

at-- ',*
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1

_
-ANSWEA:

of real aumbers.

. \

_ - _ . ------
$

'14

4

We see 1'1;2.1 Property. A
in

holds

tion?

- -
P

--ANSWER:

Yes. 'h

closed under subtrac-

State Prope ty M for
.a .

NSWER:

F.

*
If- f$ 44, aP4 h ;are fuictiogis in F, then (f h

h). t

le,g
A

Prove

it

that Property M
a

ho ds in. F. Give a reason for each step in

your proof. [Hint: Use as atgLide the proof that PrOperty Aa ho144

ANSWER:

,

If f, 4, and h-iare in F, 11.11 X, then .[.(f g)

11)(x) = (f g)(4) 11(x) = [f(x) g(x)] h(x), 'by'definition

and

[f (g ' f(x) (g h)(xl = fkx) [g(x) h(x)], by

'definitign!
,

[f(x) g(x)1 ( ) =' f(x) [g(x) h(x)), by property Ma f6r.

the rZal numbersy

Ne
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a

Therefore [(f g) OW mg (e--1)](x) for eaci% x :A.ti X,

which means that (f g) h f (g. h),/!'because,of tht way
'equallty Ol functions is defined.

7

M also holds in F. What is the multiplicat41 identity In ,Fc

ANSWER:

The function f defilAd f(x) . 1., for each x in X. If-
,

you said "the number 1:" your apswer is-incorrect. The nmmber 1 is

not ah element of F. le multiplicative'identity for F must be An

element of Fi i.e., a Ifunttion from X .to the set of re0 number94,

Also, the-answer_ "f(x) 1" is not complete.
r

Therefore Property Mid- holds in F. If f. is a function in F,

I and if f gas a multiplicative inverse .g, then .

1

.j.g(x). e'
.-....... .a1 ,

for each x in% X....,..
ft

'ANSWER:

1/f(x), or f(x)-1.

-

Foi an e ample, let X be the set of real numbers and let_ if be de-.

fined by:

f(x) 41x1, for each real number x.

,

What is Wrofig with the...followi.vr be thefunction defined

by:
A

g(x) , for each real number x.

ara
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igtno mearanK. e s the real number 10.

Does the function if defined in the4example.abbve have a multiplies-
,

tilie inverse in F?

ANSWER:

Noi.
n" \

..

W.esee tha4 a function f ft F has a multiplicative inverse if and
N ,..0.

\may if4 ' for each x in X.
dr ,

.. I-
.

4

ANSWE131

((x) 0 0:

. . .

If X 1cot ins:more than one element an we can.find a function

in F that f(x) ... 0 for sdme, x in X and f(x) f 0
s

for some other element x in X. .Such a function thnild nbt be the

44.4

Lzero funtion. Would ii have'a multiPlicative Inverse?
4 Of

'ANSWER:

No, since (x), 00,. 0 for some in . (We emphasize that 1 is.

in 'F but f has no multiOdicative invefse in F.)
41

Suppose the set X has just one element, say X {a). A function
.

f in 1.:#0.4_ le_nonTro.p4ly if f(s)
4

?

A . .....
A
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ANSWER:*
-t

0 "0.

,

If f(a) 0 0, 'Oen f has a multipiidative inveve in the

funcpion g, defined by g(a)

% -

ANSWER:

1/1(a), or

4

e

(al has only'nne element then if f is n F and f(a)

A 0, f is the zerojt. pLtion.
*kr

We vee that Property Min holds mv F if and onilv if .

.44 4

ANSWER:

-X contains only oneselement.

require that the

versel.

A '

(RemeMber that Property Min does not
6

zer...0 function (the additive identity) have an inr
.

.14

f

4 lit ginertl, F possesses All the defining propertfea (postulates) of
-4

'a field eXcept for Property Min. Since F does not have. Property

M we cannot always perform the division operation ill F.

Consider the example;where X is the set of real numbers. Let

and g be defined by

A

f(x) - 2x2, for, each -real number
4

g(X) m 1 - x2, for each r.epl.

1
, For wha1 t 'real

6 ..

numbers x , &des

LAM.

x

number/ x.

f(x)
nave meaning?

lk

1.

24
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I.

e

. ANSWER:

All'real numbers except 1 and-1.

.

Let Ah be the 'Unctiom defined by.
..

2x
h(x) . .

1 - x7
for each real ruibber x Such that 1 -

What is the dmpain Of II? ..

AN.SWER:

, The set of real numbers x fos which 1

:of real numbers different frosit4 an'd -1.

A

a

0 0; i.e., the set

What is the aOtain of each function in F?

ANSWER:

X (in this exampie,(X is the set of real numbers.)

.1

t--

swl

Is the function in F?

ANSWER:

No.

t

'V_
n general, weican dviiiie an operation in F 'which is somewhat like

division. Thus IA .f 'and g are in (-sand g is not the zero

f(x)function, then there is'a function h defined by h(x),
g(X)

for, each x in k such that g(x), 0 O.

Is h necessar1.14 in F? Why?
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ANSWER:

No'Athe dqmain of h may. nót be all of''X,. since the Omain of h

cannot.6nTain any real number x fok which g(x). .0.

Is'this operation of division closed im ,f?

iNSWER: '

No.

The 'epeiaeions of adaition,and multib-lication Of fünctions Which we

have defined in this unit shOuld not be confUsed with the opekation'

....of composition of functlions which we. defined in Unit I. Let 1.114.00114-

1
Bider each of these ,three operbtions on the set of all functions from

the real numbers to the real numbers.

Let f(x). -2x + 1, for each real number X,

and g(x) x2, for eaCh real number

(1i) f + g:

(b) f g: 3C14--4.

(c) f o g: x

(d) g o f: x

7.

9 1414'eAh real number. x,

, for each real numl2er x,

for each real number x,

for eadereal number x.

ANSWER:

' x' + 2x + 1, (b) 2x3 A2, (c) 2x2 4- 1, (d) 2x + 1)2.

There may be some confusibn concerning the three functions which

serve as identity°elements lor these three opefationa These'are the
_

functfons f; and h defined av folywa,:

415.



..`

4-

4 f(x) ".*4.

(b ) mult6plication4 g(x)

(c ) cocalxvation: h(x) =

ale .11

for,each real number -x,

am each real nuiber

:for each real timber

ANSWER:

a
'(a) 0,

(b)

(tO

:

`

N , /

When we speak of the,idenfity lusieslp od the set of real numbers we,

usually_mean the function which is the identity eiement,for copposi-

tiOn of T4nction4; i.e. , the funcApn h defined by:- h(x) ='n,

for each real'.number x.

Afso'recall
-
function f

'

thap the a'ymboa f."1 is used to denote the inverse of a

with respect to the oReratien lof.functions.

ANWE

composition.

. 4.

The inverse of f with respect to addition is denoted by -f. In

general, f does not have an inverse with pespect to, multiplication.

When f does hAve an inverse with respeCT to multiPlication it is .

sometimes denoted by ,l/f.

.Let us recall'the definition. 61 isomorphiem given in Unit III. If

G1 is a group,under an operation "*" and G2 is a group unper
. N

operatton "On then GI is isomorptiic to ,G2 if there is a function

4 with the following three,properties:,
r .

(a) 4. is a function from GI .

(b) i is a(n). . function, -and
1 .

(c). 4 (j * b) = , for All elements a, b in
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l
""4

0.

ANSWER:

(a)
o -11

to;

(b} reversiblZ'

"(c) 0(af/o' 0(b).

I.
MO. WM" fel

a

II

Me rail lhe fulictIon 4 'an isomorphism from G1 onto.
t
C2.

-

SuppoSe 1(1 and K2 are fields. (We denote the two o .rat ons'A
...i

K1 and in
r1(.2

by "+" ,and ".7-1.). 144,10-ran. 1-

, -4; 0.0'02.tillin,si 4

Ki is a reversible function 05 Trail. Ki i onto 12 suc thtt

'tor all -e1mt a,..b. in KI, and

- for all elements a; b cfn 1 .

Ab(pWER:

4.(a + b)

0(41 b) oi(Of 4(b).

T,T.e4eT ------
Now, let X be the set fO, 1) 'and let F be the set of all func-

titans from to the set of -real, numbers. Let - 0 be 4(he 'functlsonX

defined by

06) f(1), for each element.

What is the domain of 0?

ANSWER:

F.
4.

is a funetion, from F . to

4.

t"

I It

S.

4

A

477

e .



'Let I be the i;J1 1oiin defined by:.
'.4.

fir(0) ).

Wha t,.

uppoap k is a real number. fdFin a unct
...

n f in F such that

(0 k.
..

I
4

4.I
e

&..

ANSWER:, -o
Amy function f such thitt f(1) . k; , f(65 Can.be iny real

011r
numbec and f(l) k, If you said only 411 it"-,'your answor

is- not complete .

4L

What is the range of the function 0?

"

-
ANSWER:.

The sat of all real numters .

iho

f and g are functions f , what f5(f ; g)?

.t
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ANStiER:
,

f g)( ) or f(1) 15. 15(0'2

What is Ô(f) + 0(0i

ANSW,ER:

1(1) + g(1).
4.

Does 6(f + .7 6tf) + for all elements

ANSWER:

Yes.

7,

and g

.We have shooWn that 4 is a function from F onto the set of real-'

numbers such that

0(f + g) 0(f) kg), for all elements f, g in F.

Similarly, we-can shOw tha

6(f g) 6(f) 95(g), for all' elmçRt f, g tn F.

,

What else Woulet.we need to show about 6 to be able to conclude that
--

,6 is an isomorphism from F ontd R?
4

ANSWER:

That 6 is reversible.

4L 'N

Consider the functions f ,and g in F 'definedloy: f(0)

f(1) 5; g(0) . .3, g 5.

-
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ss,

. ,

What area."., ofitf) ond ois(g)?

ANSWER:

We

.6(g) ... 5.

-.r
ANSWER:

f 0 g but OM
.

where

tione defined in the'-precidine

eerie

;

and

Owe.

tire the. funek

A funCtion frOm one algebi'VC aRstem to anothet whieh priserves 'the

operations but which may t be reversible is often callId a homo-.
mornhism. The function above is'a homomorphism from F onto R.

; I. ',

Return now t000ur ot fial asjImPXion that X is a get and. F As

ths algebraic,sys of all f notions.jrom X. to.the set of real
numbers. Let x e element of,,X. Let 0 be the functionvae-
fined by .

*

4(f) .(( 0 ). foE.each element f in. F.

*hat is. the' main 9 -07
ieA.:A,

a .., i
.

ANSWER:

F.

func tion. ?from F to
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AN4WER:

the.wellof

no"

ruimbera.

I.
de

Wange of the set of alI.real numbetsts

FR: ./
.

Yes. If k is a'retl number, there is a funtlthi f in4 F such

. that f( 0) k;.; then OW k.'

1

If. . f $ 4Ce elements of F,: whattis + g)4?

a

ANSWER:

4(f + g) (f + g)(x0) f(,s0) + g(x0

6(f) + f(x0) + g(x0)-

Does 06(f + "i 6(f) + 6(g) fo

-ANSWER:

Yes'.

I .

46(1 g) 4(1) '6(g) for all elements I and g in
F.

all elementS f and g in F?

.4

ThOs 6 is a(n) -from

-

onto R.

.
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ANSWER:

tomomorphisa.

Is there'-rr coniii&onsion
. , .

What is IA?.
*

,

ANVERt -

4
. Yes .. cantaina onry one lament.

ae. p'-

4

t.

r".

.

which will ensure that i6 is reversible?

.4

pEFINITIoN 12.2: A fpctton k in F 45 called a co
..

... .. a . . , «

if its ranAe4consists.tot- single element-. .

is 4 constant qunc. ion wi 6 range 'ia}
2, A f. , ..
fUnction .with .range , { b } what iS the'i range of

'-of f -.411r ;
.

ANSWER:

(a + bi; {a bl, {a

.

ant function

4 ,

and g /is a conaanf A
.-

f +-g of f - §.
.

0-

Is the dk K of all constant %actions closed under addition, aub-

- traction, rict Maltipiication?: V
s
-

ANSWk.R :

Yes...

i ',','.',1L saw that prop":;.I Mdiv does not hold in in gF, i'e r l If f1 a la

.a non74erto constant function in F dpes f have,a tultipA7.cative.

wersie in PT )4. f

y.4
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4

ANSWERS

Yea.

r
If f is a non=zero cs?Airrt'funCttn in F ?ith .rangv ,{413 .then

. a 0 0 dnd the tilulttOlicatfVe inverse, g of f is defined by:

g(x) = 1 a., for each x

.

'The set _of non-zero &Instant functions in f is closed under divi-
.- /

sioa. ' Ld't xo be an elnMent of X. Let 41-. be. the 'function defined

by

for each 1 in K.

The docain of i is

ANSWERt
, .

K,

a.

[Note thZt the futLion is defined just as we ired ale func!--
, Tnk 0 previously excepr-that the.dpmain of 0 as F nnd the da-.
main of. is, K.

r
What is the range of

ANSWERI

The set of all.real numbers.

t.r :1 7
4

a
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Does gf 8) 40)

ANSWP:

tea 4 p

-4
.

.for alleelements f_ an4 g. Lu K2

.

_ ..
_, . .... --- ... e. omt ..4 +1. d. .. S 41. d S S S Se. S S

% .
1

IN

ii) . 'I 4? () '.44) lor,all elements f aiad g in 'K.

Suppose f 4;nd g. a functions::in- Ki at f(xci) .., obto), If

is any elameut.of X, thin f(x) * f(x0) agd g(x) 8(s0).
Why?

ANSWER:

f and, g are constant

- 44g), does f 07

'ANSWER:

Yes.

4

We conclude the' 44. is.a(n).'

.1"

function from K onto R. which

preserves the operations, Therefore 4i i a(n)

R.

ANSWER:

reversible; isom$!rphism.

frOM K onto

S.s ... . os

A special case in our discussion vihich is of Tarticular interest is

that in which X * R (the set of real.numbers), In this case a
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for.

. r

' function in F -.has domain X. . - and rani . L
....-- . .

.

. to
4. ,.

k
4
1

'ANSWER:f V
a bubatt of R.

es

#

,L

Let I add ,g4 be fuoctions defined by

f (x) 3x2, ach real %saber x,

g(x) 71.4Z+ 1, lor 'each real numbe;\ x..

Then for each real number x,

.#
r (f vs) (x) ,,____, and

If a. g(z) --
ig"

ANSWER:

3x2 + + 1; .3)i2:141i. k 3x2

If, x and x for each real number x, then

ANSWER: A

1; 50; -5.

ana 1j

0 -

POLYNOMIAL FUNCTIONS /

A real polynomial function is a special kind of funeiion from tge

real numbers t4 the real numbers.: _Me simplest polynomial funetions

are the constant .furietions. Every constant fuUction from the set of
,

real numbers to the,set of real numbers is a polynomtal. funetkon.
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Let f be, the function defined by f(x)

x; f ls a constant polynomial-function.

What the domain of. f?

SWER:

The set of real riumbers.

441 -

At

it
a

*5.

a

for each realimber

What is the range of f?

A.

- ,

ANSWEII:

The set

4How many elements can the range of locontan polynomial fUnctAn

-111contats:

ANSWER:

Only one,

The identity function-on .R is a polynomisl functiOn. The range of

the identity poAmomial fun'ction is

AN'SWER:_

.the set of "tea numbers.

44"

We have seen that the set F consisting of all funct1ons f such

that the domain of t is the setmof real numbers an4 the range of
0

1 is a .subsei of the set of real numbers is c4osed under addition,
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4L1 .

subtraction, and. Multiplication, but not under divlsiol? Are the
book

constant IdblynomialJunctions and the identity polynomial funttion

in F?

V.
1.

ANSWO:

Yes.

1r

. .

Every real polynnijFtion can be obtained from the identity

function and theptStant functions by a finite number of additions

'and multiplications?: Consider.the function-f defined by f(x) m

-5x2, for each real number x. f is a pialynomial function. Ii can

be obtained by multiplying the square of the unction and the

4

constant functiori g% defined by .

-AW6WER:

.identity; g(x) m -5, fox eich, real number x.

Note: Did you forget to inClude the phrase "for each re'ai number
6 7'

x"? Remember that.to define the fundtion g by the rule "g(x)

-5" we must:also specify the domain cif the function --- in this

the set of numbers.

d.
1 44

4

DEFINITION-12.3: If is a real riumbei and n is a non-negative .

integer, and if f(x). ax n , for each real number x, then f is

case

cakled a modomial function.
"ks

Every monomial function is a polynomial° function.

The function_ g, defined by g(x) 2x3 +-3x2 - 5x -4-'2, for each

,real numW x, can be 'obtained by four monomial functions.
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ANSWER:

adding.
ow.

.: .
.4. .,

-Every polynomial funetion ir,eirler a monnmi4 function or-tiltsum 411141C,..

ii;linite number of 40kom1..a1 functions. We now give a-preciee
.

.

tion of polynongar function.' A.

. ..

.
...

DEAINITION 12.4: A rital poIynombil functinn'is4fUndtion .1. whose
4)

, -dgmain yand t:1r which there is a non-negative integer .n and',
JO!

I
..

, 'n
.a aft' enke (ao,'a, .a2, ..., an). of' .' such that-1(x) ..,anx +

. .

a 0--.440 ... + all( + ao, for each reill nUMber x.

<h.11

ANSWER:. *

the setof real numbers; real:numbers.

I.

The.rale f(x) + 3X-1 + 5 is not of the kind given.in De-
.

finition72.4 because -2 and -1,are not

ANSWER:

non-negative integers.

8imilirly1 .suct: rules as f(x) - X7 are excluded.

Is the set of polynomial. funct4ons closed under addition? sub-:

tr4tiOn? __110multiplication? , division? .

1/4.

ANSWER:

yes; yes; yes; no.

na-

,
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The polynomial functions from a subsystem of the system F of all

fune.tions from R to R..

In this uniewe have 'been concerned almost exclusively with functions

frees a pet X to the get of real numbers. The algebra of such fUnc-
.

tions has been built up on the basis of the field properties of the

real numbers.. We could 0 back and obtain a parallel develoOment by

replacing the system of real numbers with an arbitrary field; e,g.,

the fIeld of rational numbers, the field of complex numbirs, the

field '1/3: Xhe field. 1/5, etc. Thus if 'K- isny field we could

conc*ern Ourselves with, functicos from a set X tO K. We will not

repeat_ the details.of such a development here but we will use later
Nr44..

some of the ideas presented here for:fields other than the real.num-
T

ber system.

REVIEW ITEMS

1. Let F be the-set of all functions from a set X to the real

numbers. If h f + g, then h(x) f(x) + g(x) ; or each

element :x. in, X.'

(a) 1 + an,element Of what set?.

(b) f(x)..+0/(x) is an element of What sea?

(c) x is.an element of.what set?

(d) h(x). is an element of.What,set7

ANSWER:

F.

Set of real numbers.
11'

X:

Set of real numbers.
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4

2. Let f and g be funciions, defined by
S.

f(x) 2x2 + 3, foreach real number a,

g(x) /X1 +.1; for eal:ch real number a.

(a) f f4; 4

(b) .f g:

(c)' f - 2

(d) f : 2 -.."4 (f o is ehe compos e of

a.

ANSWER:

with

lw ..Le ' F be the set of all funct ons from the set of complex num-.c
A,

bers to the set of real nu#ers.. Let f be.defined by
. g

_ f(x) =
I li

/

for Aach real number
,

x.
i

. , .
I

Does have a mvltiplicative inverse in F? Itxplaft.

14.

ANSWER:
.

No, if g is 'a mu14plic4tive inverse fOr.,f, then g(x)' ..-

for each complex numher x. This is impossible because 1ilx1 ha%
.

no meaning when .x. = 0..

, 4. Prove thaeproperty Mc is valid in the system F of 41 func-

tions from a set X to the real numbers. qive a reason for each
5

step in your proof.$

- _ ___ _ cci

1.1
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ANSWEA:

We mest prove that if and g ire functions in F. then

g f.

f g: f(X)' g(x):, for each real numbpr x.

(2) g f: x g(x)' f(x), eoreach real number x.

.(3) f(x) g(x) g(x) f(x), for each real number 'x.

(4). Theref re f ..g g f.
%

(I) 'By definition of multiplicat on in -F..

(2), By definition of multiplication in F.

(3) By-property M for real numbers
.c

4.

5. Let 1, be thq set of all functions 4100the set of positive'in-

tegers to the set of real numbers.- Let 16 be the function fiom

to the re l numbers definetr,by

6: f 1.(2), fot: each element 1 in F.

(a) What is the domain of 44

(b)' What is the range of 47

(c) Let f be defined by

f(x) . x2, .for each positive integer x.

'What is gf) in this'case?

'(d) If f and, g. are elements of F, what is 4(f +-07_,

(e) Is 0 (f + g) the same as 4(f ) + 0(g)?

110

ANSWER:

(a) F.

(b) The set of real numbers.

(c) 4(f) . f(2) 27 4.

(d) 0(f + g) (f + g)(2) f(2) + g 2 .

(e) Yes: 0( ) + 46(g) - ff(;) + g(2).
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6. Refer to theypreceding item. Give different functions f and

suchthat ,m 6(g).

ANWSER:

There are many possible correct answers. For,example:

f: x ---. x2, for each positive integer

g: x 2x, fbr each positive integer x.

In thiS tase, 4,(f)

,0 4.

f(2)22. 0(g) g(2) 2 2

.7. What must be true about a set X if every function from IX to

the set of 'real. numbers is a.Constant function?

ANSWER:

X iias only,one element.

8. The domain of A real po1yn9mial function is , and the range. #

is .

ANSWER:

The eet of real numbers; a subset of the sei of real numbers.

Note: To be correct, your second answer must contain the phrase "a

subset of".
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XIII. POLYNOMIALS

-POLYNONIALS

In the definition Orreal nolynomialation given in.the preceding

unit we have requited that the Oman of such a function. be theset

.of reil nuibers. Therefore a real.polynomiaa functiop f defined by,

f(x) ax +a
r1
x + + irfor eacheal number x,

n n-
is completely,dWtermined by.the "algabraic,expres?ion':'

* a'a + a x
n-1 +.... + aia.+-410, in the wariabll x.

11-11 .

DEFINITION 13.1r A real polynomial is an algebraic eipression of the
n .n-1 '

form anx + a x 4, alx + at', where x is a variable,
n-1 *

is.a nohnegative integer, and (as, al, ..., a
n
) is a sequence of

*-
. real nuibers.

Mbre generally, ws could.define a "polynomial over ' .for any field

K by requiring that- gip, a
n

be.elements of K. In the be-
. .

ginning we,will state all eur results for real polynomials. You may

observe however-thetothese'results are dependent upon the 'field Pro
-

perties and can be res ated for an arbitrary field K. tater in nig'

,unit we will be concern d with polynomials over fields different from

the.field of real'aumbers.

Theexpressions which we 4011 polynomia4a are often 'calfid "pelynomi-
. t

als,in one vari;able" to distinguish them from similar expressions

aXwhich involve' two or:More variables (e.g., x2 2xy y2 4

would be called la "polynomial in the two yarlables x and y").
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iable.

We will be concerned, in.this uniteonly. with polynomials in one v'alr.)1"

?

Which of the following expressions are polynomials? \

'(s) .2x.+

(b) )k.4 - 3x2 + 2x - 1

(c) 1

(d) 1/x

(e) 'x2 + l/x

4

ANSWER:

(a), (b), (c),... .... . - -

NOte that any realwnumber may be expressed in the form.given in*Defin

ition therefore.a pOlynomial. Such a polynomial is call-

- ed a cons polynomial.

Let us examine SoMe definitions which are commonly given for the word

polynomial.
0

Example.l: One weIl-known.highachool text (the "Modern Mathematics
.

Edition") defines polynomial in the following way: "Expressions

which have one term are called monomials. Expfessions whith have two

or more terms are called golynomials." ThN definition depenais upon

the meaning of the word term which is define4 as follows: 1,A,n exprep-

sion which either is a nualber or results in a number when the varil

able or variables in the expression are replaced by numbers is called
.

a term. $or example, Sax is an expression having one term while

10a + 4 is an expresSion having t14 terms: 10a and. 4."

Consider the following questions that might be asked:

1. "We + 4." Is an expression.which "resulte in a number when the

iiariable a is replaced by a number. Is ita term according to the
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'above definition? Do you think Lie authers int-ended that 10a

ehleuld be called * terma

2. In the expression 10a +,A, 10 is a number. Is it a.term ac-

cardine to the itven definition?

3. In the definitien of Bolynomial what is the meaging ofithe word

"haVe"? According to the definition of tere4 '5, a, and x aep

each terts, Does the expression. 5ax "have" the term 5, or

or 'x?

4. fir; a ttrm according to the definition?' If we assume that V

the word "nuiber" in the definitions refers to "Teal number", note

that /W does not seem to fit the definition of term since it does
e
not 'resu " in a number when is replaced by -1, for example'.

On the other Nand. /i does seeM to fit the definition.

We will 'iaake no ittempt to an4Wei the ahove questions'.

Example 2: he Bill State Curriculum materials define polynomial

. function in much the same way that we have in Unit XII. Then the

term polynomial is used 6 mean polynomial function. Of particular

importance in the development given in these materials is the follow-

ing theorem, which i: s stared but not proved:

"Theotem 7.1 (The 'Uniqueness of Repiesentation' Thee/pm for Polyno-

mials). :hro OolynoMial functions are identical if and only if their.

coefficient.sets are identical, that is; if and only,ifthe firstkco-

efficient of One is equal ty the first coefficient of the other,

etc."1

The statemen,pis made that this theorem 1.a obvious, but very diffi-
.

4?
cult to prove-: One mfght take exception ;o the statement that the

,

theorem is "obvious". The t 1 411-em is true for polynomials 'over a

field Th an infinite number f elements (any one of'the number 11

-Brumfiel; Eicholz,-and Shanks, Algehra II. Addiseikwes
. ing Co. Inc., Readings Maesachusetts,12,

ey Publish-
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.
fiklds, for example) and a. proof is'given later in this unit; How-

ever, the theorem is not true for polynomials over,a field with only

a finite number of elements (ithe.fields 1/2, 1/3,. 1/5, for example).

9f courtie,..in the Ball Si/ate m1terials Only polynomials overthe'num-

'

.ber field4 are 'considered.

Example 3: The S.M.S.C. tex deTines polynomialwas follows: "By a

polynomial in x we we'an an ecpression ich is a sum of terms of

the form. 4
bx, cx2, dx3,

AS, b, c, d, ... being numbers.'

This is essentially ihe definition that we have given.

In the definition of polynomial we have iiven no attempt is made Og

define the'word "variable" or,the phrase "algebraste expreseion":
so 8 '4

Near the en0,of this, unit we wiAl testate the definition of polynoml-

al so that these terms do not appear. for the.present it is, mufti-
.

cient to think of x as simply a symboeupon which, we can perform

certain elementary algebraiooperations. We do emphasize ehat a vari-
..,

able is not a real number, net eVen an "unknown"'one. Most of thé''

properties of a variableiwhich we need are 4ntained in definitions

which'we will state. presen4y. In Eonneotion with the-fdregoing re- '

marks the student is urged.to read Thapter 2 of A Concrete Approach

to Abstract Algebra by W. W. Sawyer.3

Whatever ineaning is attached to the word "Variable" it is essentia

for our purposes that a polynomial be completely determined by its

coefficients., More precisely we willlassume'as part of our defini-
.

tion arpolynomial:

2 School Mathematics Study Group, Intermediate blisihematics. Yale,
UnOrersity Press', 1961, pp. 86-87.

3'Sawyer, W4 W. A Concrete Apieroach to Abstract Algebra.. San Fran-
. ,

cisco: Freeman, .1 59.
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-
DEFINITION 13.2: The polynomial anx

n
+ an_en

1
+ + aix + ao%

w,th a
n

0 0, is the. same as the polynomial:

m-1
b
m
x
m

bm_
1
x + .. + biz + bio, with b '0 0, if and only if

m
. ,

n ,.. m and a() 1)0, al a. bl, ..., a . b
n

.

n
A

DEFINITION 13.3: In the polynomial a x
n

-+ a ic
n-1 +.... + apc + ao,

n n-1

the real nuMbers a6, al, ..., an fliie called coeffitients of the'

polynomial: If an 0 0; then an is called the 1:ading coeffici-
.

ent, and the,polynomial is aaid to be of degree .11.-

A

The. polynomial 3x2',- 2 + 1 has'leading.coefficient and, degree

q.

The polynomial 5 bas leading coefficient 4and degree

ANSWER:

5; O.

.The degree of a non-zero polynopia

A

an element of the set o .....

ANSWER:

non-negative integers.

The number,zero ig Called the zerb polynomial. It is a constant poly-

nomial. We'do not assign any degree to the zero polynomial. Be tare-

.

ful to note that this.does not mean that the zero polynomial has de-

gree zero. It has.no:degree at all:
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rat

iithat iu the degree of each o1.

(a) 4 4- 3

(b) 3

(c) x3 --3x2 + 2x -

(d)

6NSWER:.-

1(a) -1

(b) 0.

..(c) a.

he-folLowing po ynomials?.

(

(d) has no degree

\

z1

I.

What'ia the'degree of_a hon-zeto constant-Polynomial?

ANSWER:'

zero

DEFINITION 13.4 : The expreesions anx an_lx , alx, ao, in
Q-1the polynomial a xn + a

n-1
x + apt +.a0 are monomials:andn--

Otte called terms of the polynomial..

Pol.ytomials are equal if,they have the same non-zero terms (terms

with non-zero coefficientb). In writing a non-zero-polynomial we

often omit the zero terms.

Consider the polynomial, x5 + 3x3 x2 + 2.

(i) What Athe degree of the polynomial?

(ii) What is thd leading coefficient"?

(iii ) Is 2 a coeffitient?

(iv) 4, 3 3 a coefficient?
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(v) Lx2 is a of the feolynoial.

ANSWER:

(i) -5

(ii) 1

(iii) yes

(iv) no

(v) term,

ALGEBRA OF POLYNOMIALS

..
Addit =,1 and kultiplIcation of polynomials are defined just as if

'the vent le x were.a real.pumber, using the properties of addi-

tion and ultiplication of real numbers. To make this clearer, let

us suppose flat- the...moment that, x is a real number (not a variable)

and consider.tha sum

-

_

(42 + 3x + 5) + (4x2,+ x +

What preperties of the real number system tell us that

(2x2 + 3x + 5) + (4x2 + x + 2) (42 + 4x2) + (3x + x) + (5 +'2)?

ANSOER:.

A
a

and A
c

, or associative and commutative pro erties for addition.

.,baing the property for real numbers we have (2x2 + 4x2) +

(3x + x) + (5 + 2) . , (2 + 4)x2 + (3 + 1)x + 5 + 2 6x2 + 4x + 7.

ANSWER;

dpatributive Mroperty Mid is also used torelace x by 1 x,1

I.
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Now consider the product

(2x2 + 3x + 5) *. (4X24 X 2).

By the . property lor real,numbire we have .(2x2' + 3x + ,5) (4 T,..2,

+ x + 21 (2.x?'+ 3x + 5) 4x2 4 (2x2 +
46
3x + 5) x + (22c2 + 3x +

:15) 2.

ANSWER:

distributive (Property 'Aa is also implicttly used040

Again using the distributive property we see that the preceding ex

pression can be written .

(2x2 4x2 + 3x - 142 + 5 4x2) + (22 x lx x + 5 x)

(ti2... 2.4 3X 2 + 5 2).

Digt,: using the properties for real numbers we get. 8x4-4-.12x3 +

20x2- +,2x3 + 3X2 + 5x + 4x2 + 6x + 10.

/ ANSWER: tr

Mand M. (and A implicitly)
a a

..r

,

Now we use properties for real numbers to 101: 8x4 + (12x3 +

2x3) + (20x2 + 3x2 + 4x2) + (5x + 6x) + 10.

ANSWER:

A
a

and A
c

.
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Finally Property for..rial numbers gives us 8x4 + (12 + 2)x3 +

(20 + 3 4- 4)x2 + (5 + 6)x + 10 d 8x4 + 14x3 + 27x2,+ + 10..

4

ANSWER:

0.1 1Mo .1.1! b1171; ff.

,
You May be poke Accustomed to writing the abo itiplication in

the following form.

'2x2 + 3i +

4k2 + x + 2

820 + 12x3 + 202

2x3 + 3x2 + 5x

4x2 + 6X + 10

Ilex'. + 140 + 27x2 + llx + 10
o

ln'this form 8x4

k

+ 12x3 + 20x2 represents what.'product?

ss.ss.....

(2x2 + 3x + 5) 4x2 .

wEme

Similarly 2x + 3x.2 -+ 5x represents eL2 + 3x + (5) x, and.'

42 + 6x + 10 represents (2x2 + 3x + 5) 2.. These are the pro7

ducts obtained above after the first application of the distributive
4

property. In adding these products we add the coefficients of like.

poWers of x. Here-again the distributive property is used. Note

that when we multiply? in general,

(a x +
-1

x + + apt' + a0) (b xm +.bx + + blx,+
n m

b0),

o get the.coefficient of x we add the coefficients .0f4,13. terms..
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, r rt.s;.11x).(bx ) gai b x such th1%. r s

.n+mThus the coefficient of x
x.= .

ANSWER:

b
n m

+w.1The coefficient of x
p. 0;

s the aum of the coefficipnts 0. ..

(a x
n

) . (b x
m-1

.4 iii
oin+m-1 -sm..'

d (a x
n-1

) . (b
mx )n pa-1 n m-1 n-.1

a b xn+m-1 ; i.e , the.coe4ficient is .n-1 m

ANSWER;

AA) + a.
n mr1 a-mi

. - . .. ---------
What is the'coefficient tf x

n 412- 2
?

*AgiWER:

a b + a b + a bn m-2 n-1 m-1 n-2

...... 4

rtf-ur-3What.is the coe 4nt of x -

! IN, AND

,M111.

ANSWER:

b + an m-3
+ a b + a b

n-1 m-2 n-2 m-1, n-3 m

The abgve discussion of the situation when x is a real number
. ..

4,

leads us to make..the following detinitions Eor po1yro±mil1 4 (dhere we
,

.

now mum mace, more that x is A variablt):
,
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DEFINITION 13.5: Let a nxn + a
1
xn-,1 + + apt + ap and bx +n-

. t-1
+ bixj+ be be po1ynoMi419.- Then

n
11-1(a en +

-1
x + 4- tot + .+.(b .x

n
.+ b ,xn n TV-1

ANSWER:

(a

1 .. (al +

- - - _

DEFINITION 13.6: Let. a xn + an-len- +
1

n .

,

b - x1 m- + ... + bix + bp. be polynomials,
se- ,,.

,. i>ix + ap) . (b xM +.b x + .'.. +ta marl
41ex+oir 1 .

-t- ( ) .)1:11111-2 + ... + .Ca
,.

r

Os

-%

ANSWER:

a b + a b ;
n 1

bOx + (ap +1,0)).

."4R

+

then

11,0

a b' +
.n m-2 n lbm-1

+ an-2 apbp.

and b mxm- +,

a xn-1
n-1

n+m
:(a b )xurn

Noww.l.mo

v I(
Although the ssuiption that x .is a real number led us to deffhe

aaltion And multipliciation of pnlynbmialS as in Definitions 13.5 and

13.6, when we prove things about these opecations for polynomials we

do not assume thAt x is a real number but work directly
4
'from Defin-

itions 13.5 ant 13.6.

Find the product .

A (2x4 4 2 x3 - 3x2 + 1 x - 1)(24 - 3x + 1).

ANSWER:

4x6 2x5" 2.103? 13X3 gIC2 4' fix;
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a, Find thnproduco

(2x1 - 3,w2 + 2x + 1) (fix2 7 V; 5).

--
ANSWER: .

+ (-2.67 3)i)K4 +"(id + + 'bri)z3 1 (15 7 2 3 +

110 45.

S.

%
'

To pre:me-that the comdiutative prbparty holds tor addition df poly-
,

c

1.
nOmials you must show that %anx + an_ix

11
+ aim + ao) +

2 +

b x +Th 1x. + bp) (b xri + b
1

X11-1 + +
n n-1 n-

blx + bo) + (a
nx

+a x + +-apt + 40).
n-I

Writiout a proof.of thia and, in your proof, point out whtra

commutative tawlifor addition of.real siumbera ia usa -and where the

definition of addition of polynomials ii used.

AN,SWERt

(Jane n-I
x + 4- aix + ao) .+ (b

n
x + bn x

+7b0) (a +b )xn + b ')
"' (a1

°1)x

(io +.bd) by definition.

r

, a .

(2) (b xn +)b .311"1: 4:, ..... -4blx + bo} 4 (a x*+ a Xn- ..,. +
n. n-A.

six 4 ao) 4. (6 4 a )0 + (b + a lxn-1 + ... + (bi 4..al)x +
11"4 n-1 . ,

(bo ao) by definition.

(3),. an 4. bn =' bn + an,
n-1 +.bn-1

bn.:1 + an_1, + b 1

r b1 + al, ao + 1)0

ok real numbers.
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(4) Therefore (a
n

+ b
n
)x + (a + b )1(

n-1 n-1 + + b1)* +

(410 + b0) . tbn + an)xn + (bn_l +.a)xn-1 .+ (b1 + 01)x +

Lbo+ao). 0

(5) Therefore (a x
n

41 a n-lx

n -1
+ %Ix + at)) + (b

n
xn + b xnaa4

' n
+ .. + 1,1x + b0) (b x

n
+ b

-
+i.. 4. b1x + 110) +

n p

n-lxn
-1

+ + afx. + *0),

The associative property.fpr addition of-polynomials can be prOvad

-leimila4.151:1. The Properties .A
id

and A
in

hold Eor

.The additive iaentity is , The additive inVerse of tbe.poly-.

noMpal 3x6 4x + x is; ,

ANSWER:

the zero po ynomial; 3x6 + 4k3 2x2, + x +,1.

-TbePropertiesNand N. ',hold for polyáomia1s.
a c.'

(3x3 + x2 + 2) + (x2.- 3) + 2x2 - I.

+ 1) + 2m2 - 1)

(pt +0) . (3*4 *2 4- 2) + (2x + 1)(x2 3)

The above illustptes the yalidity-orPioperty for polynbmial
4

ANSWERt
0

bx" + 7x3 + 2x2 - 23c- 1.

tributive property:

6x4 7x3 - '2x - t; the dis-
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f

,What is the multiplicative iainitity for.polynomials?
. v

ANSWERt

The polynoidal

The fact that we have defined.addition and multiplication of

nomials as if the variable x were a real number acconts for:tha-

feCt4khat.so many of:the prOperties of addition end multiPlicatir

401 teal numbers carry over to these operations for polyOmials.

What do you know about-the degree of the product of a polYnomial o.f

degree n and a polynomial of degree m? .

.ANSWER:

The degree is n + m.

Nli wir

If P(x). is a' non-zere-polydomial, what is true about' t e degree of'

(x2 +. 2) P(x)?

ANSWER:

'The degree is greater than or equal to 2.

'Note: Your answer is incorrect if you said "greater than 2". For

oxAmord, if 2(x) 1, then (x2 + 2) x2 + 2, and has

degre\2.)

tgx) is a polynomial.of degtee 3 and P(x) is. a polynomial

egree 2, 'what is the degree of C)(x) P(x)? 4'

SO6 POWNOMIALS
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e ANSWER :

5

If Q(x) is a polynomial of degree 3 and P(x) ,is a non-iero

constant polynomial, what is the degree of Q(X) P(x)?
1

ANSWER#

3

What is the degree of the Constant. polynomial 1?

-

ANSWER:

0

A0141. -

If Q(x) is a poiyuomial of degree greater than 0, is ther .ny

polynomial P(x) such that Q(x) P(x) 1? Why?

ANSWER:

No. If P(x)
a

is the zero polynomial, then Q(x) ) 0: .If .

-P(x) is-non-zero then Q(X) P(x) hae 'degree greater than 0,

but 1 has degree 0.

The preceding illustrates the failure of Property

als.

# -

for pOlynomi-

ANWER:

to'
111.*
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Which of the following 'polynomials have-multiplicati;e. nvereet thate-

ire polynomials?

(i) x 1

(b) x3 -

(c) 5.,:

.(d) -3

-ANWER:

(c) and (d).

, In gónoral;:what polynomials have multiplicati e inverses that-are

-po1ynomia1a1 0

.ANSWER:

The non-zero co.da'tant polynomials.

If P(X) and Q(x) lre.ni;n-zero Bolynomials is i ossible that

?Os) Q(x)

ANSWER:

4.

1
No, if P(x) axn -I-+a an- VS

n n-1

, and Q(x)

then 'a nbmxn +In is a non-zero term of P(x) Q(x

Esix + with

m-1bxm+b ix + + blx + b04 with b
m

.11 0,
14^

.State the cancellation propertY for multiplleation of,polynomials.
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ANSWER:

If P(x), M(x), and N(x) are 'polynomials suCh that 12(x) M(x)..

P(x5 N(x), and if P(x) 0 0, then iM(x) a'N (x),

Prove the cab.cellation proPertyfor Wult plicatiOn of teal polynomi-

ale uiing tfia:factlhat if P(x) and Q(x) are non-ziro .polynomi-

als; then P(x) Q(x) 0 O. (You.need not list as reasons the
. .

field properties of the real numbers that you use,) you feel

that your proof is oomplete, skip the next it*2.. If, 5/ go to the

,suggeation beldW.

IL
Suggestion'

P(x) N(

Go back to

ceeding.

Suppose that M(x) 0 N(x) and-consider P(x) M(x)

x).' Can you show that this polynomial esnnot be OZ

your proof. Make correciions'or additions before pxor,

PROOF: The cancellation

.0, then

P(x)

law may be,stated as follows: If P(x)

P(x) v(x) N(x)

LetLes.suppose that 'MN): 0 N(x) and show that this

contralction. If M(x) 0 N(x), then M(x) N(x)

polynomial. Since P(x) 0 0, F(x)[M(x) - N(x)] 0 0. .Thus

P(x) M(x) -.P(x) N(x) '0 O. ThereFfore P(x) M( x) 0 F(x)

N(x), a contradiction'of the hypothesis.

MR.

leads to a

is tip non-zero

We see that for the algebra of.polynomials the field postulates
-

, , and , hold, while postulate

fails to hold:

0

1
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ANSWER:

Aa, Ac, Aid,
n a'

M M mocp4 M.

AV'

What subsystem of the real numbers do you know in which all the Pro-

pertiee Aa, Ac, Aid, Ain, Ma, Mc, Mid, .s40,-D hold, in.which Min

.fails tp hold* but in which.the cancellation law for multipilicat on

holds?

ANSWER:

.The syetam of integers.

I

DEFINITION 13.7: An algebraic system which is cloSed under two bi-.

nary operations* addition and muTplicatiop, and'in which .the pro-

periies'A
a !

A A'Ain ,M' 14 ,M, ILiand the cancellation
' c a c

'property for multiplication arje valid is calaed an integral domain.

Which of the 'following yistems arc inegral domains?

(a) real nuMbers

(b). rational numbers

(0' integers

(d) even ihtegera

(e) positive ink& s

(f) polynomials

ANSWER:.

(a), (b), (c), (f)!11%.emember that the cancellation law holds in any

g
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What basic propertiee of au integral domain'do. examples (d) .edd
.

. -.

60 of the previous item fail to haver.

I 1 " - - - - ..$ --- , - - -....: :::.-_ _ - --- , - _:

-ANSWER:

(d) Property I- Mid ah ls. 7

(e) Proferties. Aid and 4e6 .fliak
.

,
' 7

Deo systems above which are integral domain4 but are net fields are

the system of and.the system of

ANSWER:

integers, polynokials.

DIVISION THEOREM FOR POLYNOMIALS, FACTORING 7

. .

46- . .

We cotll.see that there are other striking SiMilarities etween:the

% systems 'of integers and polynomials. We have seen that lieCause Pro-

p rty M
in .

failS to hofd in the system af.integers exact division

ii not always pookble. We did, however, introduce_tor the integers
-

division with remainder. In .the diviSion tkrem for integers what

conditions on the remainder r were required (when a is .divided

by `t)r

. ANSWER:

r < Ibi. Note that-the answers

are not correct. Take care to state

"0 < r < I I " at "0 < r < b"

your wswers precisely.
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State the diiision theorem for integere Completely.

4
ApSWER:

If eacii of a an -b is an integer 'and b .0 0, then there sta

integers q anci r such that a q b r end ,0 < r < tbl.

There is a sim ilar division theorem ior polynomials. Let us illus-.

trate with an example. Suppose we-divide the polynomial x3 + 3x2
A

2x.+ I by- x2 - 2x + 2.. Using long division 'We have,

1.

5

2,4 + 2

x3 - 2x2 1-'2x

5x2 - 4x + 1

5x2 - 10X + 10

fix - 9

Thus weibget.a quotient ana remaindenv .

ANSWER:

x + 5, 6x -

We can express the result of the above division in the following way:

x3 + 3x2. - 2x + 1 (x 4 5) 4x2 2x + 2) + (6x - 9)

In the.division theorem for integeys the remainder is always less
,

4t0an'the Sbsolute 14:due of thedivisor. In the previous example

does it makeOsense to Bey that

6x - 9 < lx2 - 2x + 21? Why? ,

de, 41.

512 POLYNOMIALS
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ANSWER:

No. Ws hive not assumed that polynomials are ordered. .Therefore
-
absolute veils, has no maanini for polynomials and it does.not make

sense to.talk about one pelynomisl.being less than another (unless

of courie the polynomials happen to be conatant, 1.e., real numbers).

pe) .There is,4.owever, a relationship between 6x 9 and x2 - 2x + 2

Which is important in the given divIsion process.Wbet is it?'
e

ANSWER1

The revinder 9 has degree less than the gree of the .divisor

x2 - 2x +.2,

The condition O. t .1b1 is replaced, for polynomiale, by the

condition ihat the temSinder it either tero.or has degree .the

0

degree of the divisor.

IINSWER:

less than.

f the remainder ii not zero its degree must & what.ekInd of nymber?

ANSWER..

Non-negative integer.

Why cannot the condition be stated simply: the degree of the remain-
.

der is less than the degree of the dirsor?
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ANSWER:a

Oacauss.ths comical' may be the zero po.1yaoial and it has no

gree.

We now give A formal statehent of the division theorem for polynomi-

a.THBOREM- 3.1: If P(x) and N(x) Axe polynomials and N(x) 4

then there are unique polYnomiali- q(x) and R(x) such that P(x)

Q(x) N(x) R(x) ,where R(x) is either-the zero polynomial or

is a ta-zeropolynomial whose degree is less than the degtee of

We call P(x) the dividend, N(x) the divisor, 14(x) the quotient,

. and R(x) the remainder.

Why is the equation x3 + 3x2 - 2x + 1 (x2. - 2x + 2) +
. ,

(5x2 - 4x + 1) not a correct application of the division theotem.

(dividing x3 + 3.x2 2x.+ 1 by x2 - 2x + 2)?

ANSWEK:

The remainder 5x2 - 4x +.1 has to

degree of the divisior x2 -4 2x + 2.

,wro

less than) the

In looking for a proof o Theorem 13.14 let us analyze the process

involved in dividing x3 + 3x2 - 2x + 1 by x2 - 2x + 2. The first

step in the process of long division is

x.

x2,. - 2x + 2 1 + 3x2-- 2x + 1

`x3 - 22 + 2x

514 POLYNOMIALS
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I.

.\-We obtAin the polynomial x3 - 2x2 + 2x bymultip Ong the. divisor

x2 - Zx + 2, by the-first term of the quotient,

.:rhe first term of the quotient, x, is eVOsen so that what will be

true?

..... ..
ANSWER:

So.that when we subtract x (x4 - 2x + 2) liom tfie sipidene x3 +

1(2 - 2x +' 1 the terms of highest degree eancel. Thie yields a re-

mAinder, 5x2 - 4x + 1, of degree lower than the degree of the.divi-

dend.

Thus we have

(x3 + 3x2 - 2x + 1 )- x

or \equittalently

N.... x3. +.3x2 Zx + 1 is (x2

2x + 2)* 5 - x + 1

2x + 2) + (5x2 + 1).

-
Thi division process is not\tomplete because

ANSWER:

The degree of the remainder,

gree of the divisor.
2k

4x + 1, is aca less than the di-

4r
Hence we repeat the process using 5x2 - 4x + 1 as the new diVidend.

This process is continued until we get a remainder which or

ANSWER: '

1110 I

is zero or has deg ee less than the degree of the divisor, x2 - 2k +

2.
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We can indicate the division in the efamp ',shown as follows:

x3 + 3142 - + 1 is x (x4 - 2x + 2) + (5x2

5x2 4x + 1 lo (x2 - 2x + 2)

ANSWER:

5; 6x -

MN,

9

Therefore x3 + 32 - '2x + 1 x (-
. 2) + (6'S + 9),

2 2x. + 2) .4. 5 .

(r+ 5)(x2 - 2x + 2) + 6x + 9).

This is *of -the form given in. Theorem.13.1 because 6x - fit has degree

less than the degree of `x2 + 2.

s.
The idea used in this example can be used to Construct a proof of the
existence part of theolem 13.1. We obserive first of all that if
P(x) U. or if P(X) has degree less than the degree of N(X),

then we can choose Q(x) and. R(x) 21, and the con-

ditions.74 the theorem, are fulfilled (look back at Theorem 13.1). ,

N
ANSWER:

Q(x) . -R(x) F(x).

Consider now the
to the degree,of
monomial cxk4 su

what happens?

ANSW

case where P(x) has degree greater than or eq
N(x). In the division procesi we first look for a

ch that when we subtract ock. N(x) from P(X)

The terms of highest de ree cancel.
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a.

. Suppose Pal soxn. + s
44

...7..+ a x a , ao #
..n-1 n . -.

.

my-1
(

.

14(x) box
m

+.bix + .
.

.. .1.-b
m

x + b ,. bp 0 0, and n > m.
-1 . m

.

What can wa choose for' and k so that P(x) - cx
k

N(x) ..icas.'no

and

'term of dagree n?

ANSWER:

Choose

N(x)

from

I

xn"in

bc,
n-at

box
la

' k
us theAterM of cx

acpc
n

. When we% eubtrac x
n

N(x)
bp

POO, this term cancels.

We -get P(x) Ilk N(x) + R1(i) where 11(x) is 0 or has
, . ....0

degree lee* than- n. We can repeat the.process with R1(x) -lnlaace
.

I . f r

of P(x). If the process if reyeated successively, eventually we get
...

a reiainder which is 0 or which has degree less than the degree of
0 .

,

NCO .

1 This last step can be made rigoroUs by:using Mathematical Apduction.

We will dot do thitekhere, 311prove.the uniqutness part of.

.the theorem'. However, we'will illustrate the process with another

:example.
$ . I.

6 Let 12(x) 3x3 2x 2 +.3x + 5 and ."N(x) 2x + 1. Then

3_ , , ,
- (3x3. -

-

, + 3x +
r?

5Y - yikL(2x + 1) 1"

. . 1 3 ., . .

.
i' 3x3 -iie2 + 3x + 5. ixL(2x + 1) + (-2x2 + 3x 415)

,

3-x+ 5

.Then -2.3[2 4. 3x +

ANSWER:

..4x 4 5.

. (2x 1)

4.

4

c-

Sis
4.
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Finslly 4x 4- 5 i/Ni

ANSWii':.

1; 3,

(2x + 1) + .

Co éXing the rabove we obtain

s I.

3x - 1%2 + 3x +
1c
2(2x + 1) + (-2x + 3* + 5)2 2

42(2x + 1) +'(-x)(2x +fl) + 4x 41 52

lx,2(2x +,1) + (-x)(2x tel) + 2(4 +

.Note how this division appears in the usual long division form:

(312)x2 - +

2x+. t3x3 (1/2),(2.* 3x + 5

3x3 + (3/2)x2

S. 72X2,-+ 3x + 5.

-2x2 -

4x +.5

3-

--IA: the ecivation P(x) Q(x) N(x) + R(x), olitained frop-e6;

diviaion.theorem if .R(x) happens to be the,zero io1ynami4,- then

0(x) LK exactly divisible by N(x). W;.say that N(x) and Q(x).
,

are factors pf P,(x), for we'hiwe. P(x)' Q(16 : N(i). We will

see -that factoring'of polynagials ip similar, in many respects:, to.,
. . .

factoring of integers which we have already discussed.

In studying the fact ization of integers we saw.that thE integers 1

and -I are factors of ev;ty integer. This is due to the feet that 1

+ -3

s

and-lhave.which ere integers.
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ANSWER:.

.multipPicative.invers s.

Ustause.1 and -1 have::Multiplicative inver

call them - of the aystem of'integers.
.

ANSWER:

units,

which are integers we

DEFINITION 0.8: In any integral domain the elements which have mul-

tiplicative inverses tn the integyli domain are called unitsb-

Field Property tells us.that every non-zero element of\a field

ham a multiplicativi inverse.

ANSWER:

H.

What are the units-of a field?

ANSWER:

All the non-zero elements of the field.

In the system of,polynomiaIs the only e mments which have multiplica-
.

;Ave inverses are

53 7
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a

ANSWER:

The nun-zero constant polynomials.

The non-zsro.constant polynomials are the. ;..of the aystem of poly-

nomials.

ANSWER:

unitm.

411. 111.

In ihe integral domain of polypomials, a unit is a,factor Af every

. polynomial. Thus we could write. x - 2 2 (x/2-1) :Or x

L/3. -,(3x - 6).

The first axamOle illustrates 'that 2 is a factor of x -.2 and the

aecond example illustrates. that 1/3 is a factor of x - 2. In

fact, if %c is.a unit, i.e., IF-non-zero cpbstiint polyngmial, and

P(z) is any polynomial we can write P(x) c [1/c P(x))

Since c is a polynomial and' l/c P(x) 'is a Polynomial,- c is

fact6r of P(x). In discussing factorizailon of polynomials we.will

be paAicuIarly nterested in factorizations in which tike-factora are

not units.
7

What0a true about the degree d a non-zero polynomial .if it is not a

unit? r

ANSWER:

The degree is greater than zero.

Which of the foladwing polynomials a e units?

(ai

(b) .x
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2x2 4 3

(d) 0

(e) .71

I. ;

ANSWER:

(0). and (e). ,The polynoa.ials x, 2x? + 3, and, 0 do not have

multiplicative inverses which are polyncm . /I has inverse lai

and -1 has inverse

A

p.

DEFINITION 13.9:' -6 nwzeropolynomiai is gaid to be factorable if

it can be written as a product of factors which arenot'units. (Soma

books use the term reducible instead of,factorable.)'

What 14 true abdui the degree of.eny factora1,1 polynomial? Why?

... . .....
ANSWER. .

1
The d gree,is greater than onebeciuse the degree of any factor

which is not a Unit must be.at least.one. .

s a.constant polynomial factorable?

ANSWER:
*

No,iit cannot-be written as a product of non-constant polynomials.

DEFINITION 1340: A polynomial is ca led 4rreducible if'it is,non-

constant aasi

.The:irreducible polynomials are the analogues of the in the sys-

tem of integers: -40- n .; 4.

I.

9
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ANSWER:

prime numbers..

The non-zero-constant polynomials are the analogues of the integers

1 and -1 blecause the non-zero constant polynpmials are the: of

the system of-polynomials while 1 and'-1 are the

of .integers.

. .

ANSWER:

units; uZ1111...

of-the system

- I. 7

CoMposite integerg ate the analogues.of the polYnomials.

ANSWER:

factorable.

I,A the system of filtegerp.We knothat: '1 and are neither

prime nor composite. The analogue of thig atatement for polynomials
1

is: the polynomials are neither nor .

ANSWER: I,

non-zero'constant; irreducible; factorable.

I t polypomial 4x - 'factorable?If
ANSAR:

t

No. It cannot be written as- a product of-fact rs which are not

$22 POLYNdMIALS
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4.

units. Pft the.factorikation 4(14 -'1), the factor A is a unit,

Is th 1Polynumial 5 irreducible?....... ...
ANSWER:

Nb. Irreducible polynomials are n-constant, by definition.

The set of integers

whichhavi anY elementsin.common.' These
(I) _the set 104.--

(2) the set of, units' (1, -1),

(.3) the set of primes, and),

'(4) the set oe composites.

- ..........

...

. 0.11 we In.

canbe separated into four subeets, no two of

are:

The set of polynomials can similarly be separated into four subsets

nd two of which have any elements in common. These are:

4.

'Vet ... .. Ma: mid'e00..me

ANSWER:

1) The set
.

(2) The.set of units the non-zero constardpolynomials.

(3) The eet of Weducible polynomials.

(4) The set "of. faciorable polynomials,

Indicate to which of these .fnur sets each of the following real poly-,

nomials belongs by placing nne of the numbers (1), (2), (3), or (4)

iv each of the blank spaces.

4



(a) x2 - 4

00 -3

(C) 23C + 1

M.
l(U) 31--5

,

.0. 0/. 11.

ANSWER:

(a) '4, (b) 2, (c) 3, (d) 1, (e) 3.

1n-order to be irreducible i polynomiai must have degree gr er than

and cannot be written as a product of polynomials e ch of which

has degrUe greater than

ANSWER:

zero; zero.

lifhich a th

ducible?

(a) 2x + 2

e following polynomials Sre factorable and w iCh are irre

(0). x2

(c) 2x +.3

(d) 3

ANSWER:

(a) irreducfble

. (b) fafforable

(c) irreducible.

(d) constant therefore,neither factorable nor Arreducible----
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-lf a nOn-constant polynomial P(x) is net irraduc bIa then it ..can

bsfactored, P(x) 8. Q(x) . N(x), ln sUch a way,that Q(x) ad
N(x) ore11. -conatint amd'have degreee then the.dagree of Ptlek

0'
)

:
,

ANSWER:

less.

,

Consider the polynomial P(x)

follows:

P(x) 2(x vo)(. 4. /171).

In thi acterizationi 2 is a unit
A

are polynomials with leading coefficient .

P(m) can be factored as

and 'x.- /Fa and x + aTi

ANSWER:

irieducible; one.

-4-

For integers We Idirned th t each non-zero integer. .n which is not

a unit.has a unique stand d factorization of the form n- c h pi

p2 p . where c i,1 a unit and each of pi, p2, pk are

positive.primes. Can yOu guess an analogue of this statement for

polynomials? (Hint: trake,-as analogue of positive prime, irreduci-
4'

ble polynomial whoseleadihs coefficient is one. You must also de-
,

cide what is the analogue of ;_non-zeio integer n ,which is not a

unit.") Write your answer as a complete statement paralleling the

stafement giveh for Antegers.

54 3
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ANSWER:

THEOREM 13.;-2: Each non-Constant polynomial x) has a unique

standard factorization of the fogm P(x) a c 111(x).

where c is, a unit and, each of Pi(x), P2(x), ...Pk(x),
.k

is an irreducible p lynomial wilkise leading coefficient is one.'

_

DEFINITION 13.11: A polynomfal whose lea4ing'coefficient is one is

called a monic polynomial.

In Theorem 13.2 the polynomials 131(x), P2(x), A.. P (x) are irre-
,

ducible monic polynomials..

Find th andard factoriza on fot each of tht following-poynomi-

als:

(1) 2x + 4x + 2

(ii) x2 3 - 1

(iii) _x2

(iv) 74

(v) x3* 4- I

ANSWER:

(i) 2 ( x + I)(x + 1)

)(in 1/3(x + 4/1)4x ii)
(i11) (-1)(x)(x)
(iv) -4 is a unit; theiefore it has no standard factoriztion

(v) (1)(x + 1)(x2 x + 1)

4.

No

In tFyin pi-bye Theorem 13.2 iet us first see if we an prove the

following we er statement:

'

".
(A). Each non-constant polynonlia P(x) can be written in the form ,

rt ;

P(x) a Qi,(x) Q2(x) ...
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a

'where each of Q 2 Q2(x.), Q(x) on.irreducible poltynomial

. If P(m) is itself. irreducible Olen statement (A) is.trivially.

true by taking. Ql(m) 10'(x) and-

ducible Twhat muet he true? .

is 110t irre- .

I
AN SWEI

.P(x) is factorable; i.e., P(x) MU) N

"N(x) have degrees leai than the degree of P

x)

x)

e M(x) and

C.

If 'Km) M(z) . N(x),:then either' M(x) and N(x) .ire irreduci-

ble or can be fettered As products of polynomials of still.lower da-..

Brae. . Thie process con becogtinued until P(O is fattored as a

product of irreddcible factors.

The argUment just outlined tante made rigorous ,by 'sing mathematical

, .

induction. The idea is to euppose that statement (A) is not true.

Then there will be some polynomial P(x) of leas degree for.which
..'

it fails. State why this is true and t#Pto give a complete proof

' of statement (A).

If you feel you WW1! given a complete proof of statement (A), go to

page 528. If not goto the next item below.

Suggestion: If we assume that statement (A) ix false then there)s

a non7empty set S. of natural numbers consisting of llthoie numbers

. which are degrees of polynomials for whith statement (A) fails..

.The well-ordering property of the matufll nuMbers tells us there is a

least number k in S. Let P(X) 'beta polynomial of degree k:

for which statement (A) -fails. Then P(x) le not irreducible.

Go back to your proof. Make additions or correcteons. Then if you
:think you have given a complete proof, go toHon page 528. f not

(4 go to the next item..

54 5
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.SuggeWtion: We can write. P(x) ... M(x) N(x) where .M(x) and
/ .

N(x). have'degrees.less'then k. Biz:tee k is the least degree pf a.

polynemtal fat which statement (A) fails we- conclude that state-

ment, (A)- holds for M(x) .-and .N(x)-
.A. .

iel
.Oo beck to you proof. Make additions or corrections, then go on to

the next item..

Your proof may differ in some respects from e one given and till

be correct. However you should check carefUlly the followi things:

(1) Did you use the well-,orderine principle as a reason for thg,

- existence of, a polynomial P(x) 'of,least degree for which statement

(A) fails?
44'4

(2) Did.you show explijitly how we arrive at a contradiction of'ihe

assumption that statement .(A) is false?'

Go back'to your proof. Complete it if You haire hot done so. Then

check your proof wttii the.one given below. .

EfROOF: Suppose statement (A) is not irue. Let S be4e *et

-.of natural numbers which are degrees ef polynomials 0110 fail.to

hive the property given in statement (A). Then S has a least mem-

ber k, ,by the well7ordeOng property., Let P(x) .be a polynomtal

of degree k which fails to have the property given in statement

(A). P(x) is not irreducib . So. P(x) e M(x) N(x) where

M(x) and lN(c) have degre less than:k. Therefere M(x) and

N(x) an be written in le forms:

M(xY QI(X) Q2(x) .. Qt(x), r > 1, 'and N(x) - Qi(x) QI(X)

s 1, where each of Q4-1.242, 92(x), Qr(x), 41(x),

((x), , Q(x) is irreducible. But then

P(x) - Qi(x) Q2(x) Q (x) QI(x) Q(x) =. Q'OcY,

which is of the f 4p given in statement (A). Therefore P(x) hfas

the'property given. n statement (A).. This is a contradiction, be- !

528 POLYNOMIALS
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'cause P(x) was ch4seti above not to have that property. .1herefore

ouvassuaption. that stat;ient (A) is false leade to a contradAc-
.

tion. So statement (A) is true.

Hav4tg proved statement (A), let us continue the iroo

13.2 -
,

If Qi(x) is a polynomial with lexding coefficient a what is th

leading coxff cieneof liai

f Theorkm

ANSWER:

The leading coefficient es one; i.e., l/ai Qi(x) is monic.

/Consider the factIlization:

P(x) (2x2 + 3)(3x - 1)( -2x + 2).

Write P(x) in thejorm 7

POO al(x) P2(x)

where c is a.unit, and Pl(x), P2(x ), P3d are monic irreducible

. polynomials.

Ara.

ANSWER:

i(x) -12(x2 + 3/2)(x - 1 .(x -' 1).

Suppose P(x) Q1(x) 92(x) ... Q1k(x), .where Q1(x) ha,leading

coefficient al, Q2(x) has leading coefficient a2, etc. What can

We choose for c,
A

P1(x); P2(x)0 'P
k
lx) so that c is a unit,

each P (x). is a monic irreducible polynodial., and Pi ) cPi(x)i -,
_

P2(x). ...1 P
kOW A .

4
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Ff

Choose c al,. 42 ak, Pl(x) 1/al (11(x), c(lx)

Q2(x), P4k)
iak Qic(x)

1/a2

/.

We have therefOre shown that every non-cbruqunt polynomial P(x) has

a factorization of 'the form P(x) 'cP1(x),. P2(x)

where c ja.a.unit and each of P1(x),. .P2(x), Pk(x) is a

manic irreducible polynomial.

,r-
Does this complete the proof of.Theorem 13.22 Explain.

,.

ANSWial

No. To complete the Proof we must show tOkt factorization of a

non-constant polynomial in the required form ik unique.

4 a
Show that the factorization of a polynomial in the foria given by _

statement <A) is not unique by showing two factorizations of:the

/

'polynomial x2I 1 as a product of irredudible factors.

ANSWER:
V

:per:example,. a4.2 1 (x + 1)(x - 1) and. x2 - 1 (2x + 2).

X1/2 x 1/2). ThiS does dot contradict Theorem 13.2 because idthe

second factor

-

atton the factors are not manic.,

4
We w113 Pot prove the uraqueness part of Theorem 13.2 here. A proof.

mao..:ee found in Birkhoff and MacLane: A Survey, of Modern ebra,

New York: MacMillan, 1960, pp. 76-72.1

.4..4,
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REMAINDER AND FACTOR THEOREMS

/4- .

Uaing the diviaion theorem we can prove'an important result for poly- .

, .

'aomdals: First, we illustrate the r4sult with an example. Consider'

:the polynomial X1 3x24 4x + 2. Let Us divide this polynomial by

x 7 2 to get a quotient and remainder, as in the division theorem.
-

Since the divisor x - 2- 'ham degree one we -know that the remairoier

must be ti polynomial.

ANSWER:

constant

:you may check, using long division or otherwide,'that we have
-

x,3 3x2 + 4x + 2 (x2 - x + 2) (x - 2) + 6;

i.e., the quotient is x2 - x + 2 and e remainder ia 6.

Now let us subititute 2 in plate of x Oin the polyaum al
. .* .

xl 3x2 + Ox + 2. We obtain 21 - 3 (2'3.) 4- 4 2 + 2 ./ 6

The remainder that we get upon dividing x1 3x2 + 4s + 2 by x - 2

is just the number that we get when we substitute 2 in place of

in the dividend. We shall see.that this- is not a coincidence.fl
As a matterof notation, if P(x) is a polynomial and c is a real

number, then P(c) will denote tbe number that we obtaih if we sub- .

,seitute 6 in place of x 'in .the polAomial P(x). There is a wai
. _

of looking at this which makes it consistent with the functional no-

tation that we have tised. previously. We know that each polynomial

Y(x) determines akpolynomiS function. Call this functiOh P.

Then P(c), as defined above, is precisely the same at it was'dm-
.

fined using functional notation;.i.e., P(c) .is the number whicti is

paired with c by the function P.

4
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.
Nawg. let P(x) ),be a polynomlalird let c be a real number. By the

divimibn theorem, applied to P(x) and x*- c, there are polynosi-

Ael-m Q(k) end R(x) 'Web that P(z) 4 Q(x) ) + R(x),

where, in thla ease, R(x) must be _-- .

ANSWER: -

a constant polynomial .e., a real number.

We alaphaui,se that R(x) is 4 constaiirdiv writing kl(a) '4 r. If-we

euktitt c idpIace of x in that foregoing equa.tion,

ANSWE

P(e) Q(c) r 0 + r r.

We have peeved the foljowing theorem:
4 .

THEOREM 13.3: (Remainder Theorem) 4e P(x) is.a (real) olynomial

and c iu a rea,1 numbe4, then the remainder, r. dpon di ion of

P(x) hy x - c ;is a constant polynomial, and. r F(c),

Let P(x) 4 x20 _ 3x14 7x3 2.. If we divide P(x) by X -

'the Remainder Theorem tells us that the remainder is P(1)
I

3( 14 "' 7(j)3 4' 2 4. -7. Note that the Remainder4theorem does not

te hat the quotient is..

Without, actually divfding find the remuindgr obtained in 'each of the

following divisions.

(t). x" 3x5 + x' - 2' by x + 1.

, x' + 3x4 + I. by x VI.

#
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.

(ii) 19.

-- ---- , - -
DEFINITION .13.12: .I P(g) ia polynomial and c Fs a real nut"-

ber such tnat P(c) 0, then c 'is calle0 a root of.the polyno-
.

mial P(x).

From the Remainder Theorem V6 see-that a real number

polynomial P(x). if and only if

is a root of

ANSWER:

the temainder uPoft'division of Plx) by x c is zero.

0------ - --- - , - --
.Thir.vgives all the followirig theorem.

THEOREff 13.4: (FACtor Theorem) If F(x) i a non-constant (real

polynomial and c is'a real number, then c is a root of P(x) if

arid only if x - c is a .bf P (t).

ANSWER:

factor

+4.

'c

The Factor Theorem gives us one answer to the siktion: Why dO we

- study factoring in' algebra? For yxample, if we know that t4e poly-

nomial P(x) x3 + x2 -'2* - 2 can be-factored thuslyi P(x)

- + /-2-)(x,+ 1), we know i diately that the roots of

1)60 :,are

11 "

AWSWER:

a, -VT and -1.



The, FacteY.,Theorem can be used Ani.an aid in teetering 4:po

For examekle if (x) :x?" - 32 ." 25; it4is cleSr that

'iv a ront P(x). Hutice we know ..that is a factor of P(x).

JiNSWER:'

2, - 2, In fact xs - 32

~.r ....

d

- 2)(x" + 2x 41- 4x? 8x + 16). .

-
L. Using the' Factor Theorem find a "for of degree one of each of the

following polynomials.:

(a) X4 4: X3 4- X2 - 1

(b) x10 310

(C) 30"4: j
7

ANSAR:

(a) x + 1
(b) x - -3 .or x + 3

x + 2.

If n is an odd po
n

(-c)

ANSWER:

-c

tive intelger and c is a real number then

Therefore s a roat of-the polynomial

a.



ANSilER:

. 'n.

I.

Th oves.that if n As an odd positive integer and c is.a real

.number, then ia,a factor of x. + c
n

.

ANSW 'R:

If. n

ANSWER:

2c°

an even positive Integer then

I

n + .

We conclude that if n Ja. an even pos tive integer and c s'a real.

number then xl c is not a factor of -31111* c
n

unless

ANSWNR:

c 0.

Use the Factor. Theorem to prove thatif n iHan odd Positive inte-
n n-1 "n-2

ger-then x + 1 is a factor of x + x + x + ..41+ x + 1.

ANS ER:

if n is* odd, t

n - 1, n - 3,

(-on (- (- on . + (-1) + 1 -1 + 1 - 1 + 1 ...

+ 1 ' O.

4.4

n n - 4; ...,, 1 ire odd, while

od!, '2 are even. So --
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I.

n A 1 n=2 ,Therefore -I is a rootof, x + x. + x + ... + x + I. and bY
, .

the Factor TheureM, this polynomial 'has % x -1), x + 1 as a

factor, *

"44c

If n is an even positive integer what ts the remainder obtained

when we 4 vide an + x + x
n-2

+ 4- x + 1 by
n-1

ANSWER:

The remainder is (-1)n + (-1)1171 + (-

1 - 1 + 1 - 1 + I + 1 1.

-2
) + (-I + 1

Therefore x. + 1 Is not a factor of an + 0-1 + Xn-2

if n is an.even positive intqxer.

la x 1 a factor of x
n

+ x
n-1

+ + x + 1 if h is an even

positive integer? if n is an odd positive integer?

+.3( + I

,ANSWER:

no, no.

4
Suppose c As a root of a polynomial P(x). By the hictor Theorem'

x c is aiac.to at P(x); i.e7-N(x) (x - c)4(x). If P(x)
.

has degree h what is the degree of Q(x)?

e

ANSWER:
1

n - I.
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Abse are the P(x) and af. Q(x) related?

4146

ANSWE.11:

Evely:root of .Q(x) js a,root of P (x).. Every root-o
. P(k) dif-

feremt. frot c. is a root of Q(x).

I)

Prove that if d 0. c and d is irroot of P(x) then d ,is a

-toot of Q x

----- 7 ........ 7 . . . ... ... ..
ANSWER:

If d is a root of' P(x), then P(4) 0. WHence (d - c, Q(d)

0. If d è, then d c 0 0 and so 4(d) 0;1 i.e., d

is a root of Q(x).

P(x). (x c) Q(x) and Q(x),.k. has k distinct roots, how

:many roots does P(x) have?

ANSWER:

Eit,her k roots or k 1 roots. If c is a root of Q(x) then

P(x) has the saMe roOts as Q(x). If c is-noi a root ot Q(x)

then P(x) hfpone more root than

Let P(x) be a polvnomia,I degree 1, say P(x) ax +.-b, a

0, WhAt are the roots of, P(x)7

There is only one root,f )1/a.

ANSWER:

537



. The .ollowing.importint theorem can be proved uaing the Factor Theo-

k rem.
'

THEORE7 11.5: If P(x) is a polynomial of degree n >

'P(x) frias at most. toOts.

then

In ender to prove Theo ea 13.5 by induction, it is sufficient to show

twothings:

(1) The thecirem is t for polynomials of degree n

(2) .

.......... --

ANSWER:

if the theorem is true for polynomials of degree k (some petlitive

integer), then At is also true fbr polynomials.of. degree k + 1.

-

We have already shown at the theorem is.truelor pol)iiiomials of de-

,

'gree 1. Assume that it is true for plynomials of dere k

and.let P(x) _be a polynomiakof degree'At +.1.. Complete the Orocif.

ANSWER:

If c is a root of' P(x) then; by the Factor Theorem, t(x)
.

(x - c) Q(x)..

a

at Most'

Q(x) .has degree k. Hy.the assumption, Q(x) has

roots. P(x) has either the saryeroots sm Q(x) or.one

root more than Q(x). So P(x) has. at moSt k 1 roots.

RATIONAL AND OMPLEX FOIANOMIALS

Thtsti ur discussion of polynomials, the basic underlying sys-

n that of the real cumbers. We have assumed that the co-
,.

efficients of a polynomial are real numbers. Th4s assUmption, how-

ever,.is not necessary. We'can carry out a similar discussion for
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,pollynem whoss ,eoefficienta are restricted to raiiena numbers;

or we can allow.the coefficients 0 be arbitrary omplex n bers.

generally,AUe can develop the preceding.noti na for pollynomiali

'who e the basic derlying eytitem is taken to 'be any field.

Since the rati al nu e are themselves real numbere 46 the real

numbera are complex numbers,.the polynomials with rational coeffi- '

:cients fora a subsystem of thesystem of polynomials With real,

ficients, and each of these As a subsystem of the system of poly

elm with Complex coefficients. It is often very important that the

system with which weere working be plearlyspecified. For exemple,

consider the question: Is the polynomial) x'.2 7 2 factorable?

If we sre working with the wyetem of'real polynomials, the answer ia

; but tf we are working with She syst6m Rif rational polmomialap,'

answer is .

a

ANSWER: .

yes;

no.

4.

Mus x2 - 2 (x 17)(x + il), and x and x + a are

k7r-eal polynomials but are not rational polynomialse -14 tiay that e

2. is factorable over the'real numbers but is not.fa orahie over ge_

ational numbers. 'When4tudents are given problems in factoring of

polynomials.it should always be made TI.ear from what system the cbef-

ficitots may be takeni,

Is x./.+ 1 factoraA over the rational nuMbers? , the real num-

bers7 the omplex numbers
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ANSWER:

no; no; yea.

Factor4Ae polynomial x4 - 4 as a prodUct of. irreducible factor8

(a) over the rational.numbers

(b) over the real numbers

(c) over the complex numbers

ANSWER;

(a) 4ic --2) (x2 + 2)

-(b). (X - 17) (X 4' /I) (.2C2 4.

(C) /7) IC .4' /I) W 4i)

4444

When we say that 14111ynomial,ia irresistible we must spec the joys-

tem with wh1 we arp working. Thus we gay that x2 - 2 is. iiredu-

cibls Over btu le not irreducible over.th

ANSWER:

. rational numbers; reAl numbers, or complex numIers.

Conaider the7polynomia1. 6x2 7 7x+ 2. We can easily find its raots

by fmicrOring or by uaing. the 'guadratic formula, However,.let.us Iodic

j
at another way of finding information_about, 4 poSsible rational

,

4 ,
-rnots of the polYnomial. SOPose uiv is non-zero ratiOnaliroot

. -...

of the polynomial wriEten as a fraction of integoirs in.lowest terms!

ThenJ r .

.60*

7(u/v) + 2

Adv + 2

'6u2 7uv +aCit

0



6u2,- luv -2v2

-u(6u2, - 7v).. +2v2

ci we -conclude that u is a divisor of
"

AySWER:

u and 'are relatively prime because u v is in loweSt terms.
Therefore u And v2 are relatively prime. Since u a factor
of 2v2, u must be a factor of 2.

Ithat ire -the possible value;lcii

ANSWER:*

I, -I, 2, -2.

4

Haw

. .... .. ....
From 6u2 - 7uv + 2v2 0 we ,c.er.Lalsa.wrir

6u2\i. v(7u -2 ).

In a -manner similar to the above we conclude that v is 'a factor of

ANSWER:

6. a

Recall that if ii/v is in loweSt terms a:en v is positive! What

are the possible vslues for. v7

541



ANSWER:

1, 2, 3, And, b.

401.

From the above information we can conclude thatjthe only .possible ra-

tional ropts of the polynomial 63E2 - 7S:+ 2
ire

ANSWER:
:.i

1. -i, .1/2,-1/2, 1/3, -1/3, 1/6, _'kI6, 2, -2, 2/31 -2/3. A

IT we substithte.each- of these numbers in Place Of
.

in.,the polyno.,

mial we find that- the toots are 2/3 aril 1/2. r....A

1.

Consider the following problem:- Find all-rational roots, if therm'

are any, of the polynomial 3i5 - .411.x?-+ x - 2. If u/v is-a
%-

rational root written al\fraction in lowest term then

3(u/v)s -.2(u/v)" 3(u/v)2 + u/v - 2 =.0

3u5 41141, 3u2u3 uo - 2v5 0

(1114 - 2u3v - 3uv3

As in the reviouS ekSmple we see that u is a d visor of 2. Hence

the only p ible values for u are * .

ANSWER:

1, -1, 2, -2.

A

What Ire the,poSsible valueS.for y?
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ANSVElli

1 and 3. . Since 3u m ,v(2u4 + 3u - uv3 + 20), v is a divi-
m

sor of 3. v '110.p-omit ve becauae u/y is in lowest terMsr. Ihere-
.

fore v must be either 1 or I.

-

What are the only possible rational roots of

2?

ANSWER:

1, -1, 2, -2, 1/3 -1/3, 2/3, -2/3.

Substitution:of these numbers Id place of' x, shows thin 2/3 is the

only rational root.

_ - - -- - _
°

, . r

Assume that P(x) a x
n
+ a

n-1
x
n

+ ,.. + apt + ao is a polynd-
' n

mial with integer coefficients and that a 0 0, ao 0\014.. Sup-
, n

pose u/v is a rational rOot of P(x) written as a 6action in low-

est terms. then

a
n
(u/v)0 + a

n-1
(u/v)

n-1
+ al(u/v).+ ao

u + a u
n-1

v + + a1uv
n-1

+ aov
n-1

n-1 n-2 'n-1
-u(a u + a

n-1
u v + + a/v asv

Reasoning as'in the previous examples we see that u ia a factor of

-ao. Show that v is h factor Of an.

ANSWER:

From a 4-u a u
n-

l

1
v + ....+ 8uv

n-1
or.+'an

n-1 1
we Ipt

n

-v(a. u
n-1

n-1
+ a1uv

n-2
+a u

Since

1/4

u/v is in lowest terms, u and v are relitively'prime."
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Herice an,

of a .

'n

4i44 ^1P.

nd v ,are relatiValy.prime. Therefore. V. is a divieor
f,

-'We have proved the,following theo4m.

-,,tHelmm 13.6: 'If P(x) a in + a
1
xn-1 + + aix ao is a

polynomlal with integer coefficients, a # 0, ao # 0, and ifn
'ti/v is'ar'rational root of P(x) written asIlraction in lowest terms,

then u is a divisor Of . a and v i a divisor of a.
n

.Find all the-ralltonal roots, if anyo.of th polynomial 3x5 + x4

3x2 4 2x'+ 1.

ANSWER:

-1/3. If rational root written ag,a fraction'in lowest

'termirthen u is a divisOr'of, 1 and. is a divisor oi 3. 'Hence_
.0',

the only possible rational roots are 1, -1 i./3, 71/3. Subgtitution

Of theae nrbers in place-sof x shows that -1/3' is the only ra-.
1 ,

, ,tional root.

llow that the polynomial

ANSWER:
e.

2x24 x 16 A + 1 has no rational

$

If ii/v is a rational root writtenaas a fraction in lowest termg

then u is:a divisor of 1. and v is a divisor of 1. Hence the,

only.possible rational roots are 1- and -1. Substitution of each ,

of these in'place of x shows that neither.is a root.
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oft

Gime an eXamp e of a non-constant real polynomia

roote.

4ANSWE

e \,
--

which-las no real

1

course there are manpother correct 'answerq..

Every non-constant

is

complex

TlikOktm

constin
.-

.complex

real polynomial; and in fact every non-conktant

pOlynomlal..does hive a'root in the 'field of cdmplex numbers.
%.2

a connequence: -of tha-feilowigg thebrelq.
A

13.7: (Fundament* Theorem of Algebra)

po/ynomialmlth c6mpleic nOmber cteffic

number c such that P(c) 0; i.e.,

the field f complex numbers.
r

The proof'df tilAs theorem is.too dflflcult te.be given,here.*

. .

If .P(X) is g non-constant polynomfal with'Fomplex number cdeffi-
.

cients Ihen the Fundamental Theorim of Algebra te111,Us that P(x)-

. him a root c. TheFactor Theorem tells ui that" P(x) has' au

a faetor.
i

If 1460, is,g hon4

ents then there is a'-

(x), has wroot in

4

Show phat:-x - (1 +

- 21.

S.

is a facitor of the polynomial x3+ (1 - i)x

.*

. 1c.

C.

* A.proormay be fOupd in HiLle: Amalytic Fumcti.dn Theory, V
is :-New Votke-..,(ann, 1959, pp. 207-208'. ( J

:3
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ANSWER:

(1 + 010 + (1 - 1)( + i) 21 + 31 +312 + 13 -

1 + 31 - *;.1 + 1 21 Oa '

Therefore> 1 + 1 is a root of. x3 + (I -Mx 21 and -by ONe Fat-

tor,Thaorem, - (1 + 1} is a factor.

- 21 °a

-- T ----
x 2 a f ctor of the 'complex polynomial' x4j- + 42 + ox -

.20 + zi? .4

.

, ANSWER:

Yes; 24. - 1(2)2 + (2 + I) 2 - 20 + 21

16 - 41 + 4 +'21 = 20 +k21 O.

Foot and x - is a k actor.

I

If P(x) 1r.reducIb1e ove the field f CoMolex numbers what ia,

trne.about its degree?

- 1.

c4 0
ANSWER:

It hew degree 1. If P(.03fikaa degree.gyeatAr than 1, then P(x)
,

x = c) Q(§) where c, is a root of P(x) and Q(x) is a non-

conetant polynomial. I

S.

V. fit,e that 1. complex polYnoMial P(X) of degree n 1 is 'alwaysL

, factorable over the complex nuMbers ea A proauct:

P(x)

where the degree of each' P1(x),
1 pp
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ANSWER':

prug..

41.1

What are the (complex) roots of x2 7 435 + 5?

ANSWER i

24t and 2-i.

a.

Fivd. factota of x2 - 4x + 5 which.are irreducible over .the comp lex
numbers; / .. . 0

ANSWER:'

sx - (2 + i) and -

X

The complex conjugate of Z + I is

ANSWER:

2 - I.

Aasume 'that P(x) ax +. n_rx + ... + al) is a real polynomin4
al and that c ,,ia a root of P(x) from the field of complex nuakberm a

Then P(c). . 0. Let c be the; complex conjugate4f c.
/ 0

-..

P(
«.

a

SWER:

(c) 4. an-I, c) 1 + + alc t.aoi
n.

n

t,

111.,10 (15
(a

.541

e

4.:



ThruR 11.5 permits us tO rewrite this as follows:

P(c)

ANSWER:

n n-1
a nc + an-lc + ale + ao . .

r
MINNOW .

ei a al al, Jac) a/i. Why?
, ne: ,-n

------ 47'
ANSWL:R:

d A ..., al, iig ar real numbers.
n n-

41Therefore P(C-)\ 'la a nen + a -1cn ,+ .. + ale +
w..

Using Theorem 11.4 we can rewrite this:

.
"eR(e) P

.
Finally, a rapsatad use of th-orent 11.3'permi.ts us to write

Ela e +
n n-i

P Thati POe

+ alc.+ ao P(c)
12.

- e
46.
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ANSWER:-

P(c) 'iv U.

Therefore 0(c.) u 0 and

*mit am

THEORP-M 13.8: If f(x) is a rea l polynomial and c is A complex
- .

nUmber which is a root of P(x), then c is d1ao a root-tf.13(x).

If you know that v2 - 31 is a root of real polynomial P(x),

what is a second root?

^
ls a root -of 'P(x). We state this re-

ANSW

2 + 31 . ,

.

111/4.
I

If c is a real' root of a real plyoiuia l .P en g an4

'Illeorem 13.8 has ,no content.. Rowe er, if c ifiQuit real, then c #4

c. In this case the Factor Theorem te ls. us that P(x) haa the' fac-
.

tors and

ANSWER:

x - c
at

x c .

4

* (I '

'Therefore P(x) has -,as factor
f

' ft.. (X c) (X '- c) al X'
N

Wbat

f

_
is true attput. the numbers cs.-4- c and c c ?

, -

-1 - --- -
.110

4

. ,

,f



4

*IA

ANSWER:

They are real luMb ret ,

Let P(x) be A reapolynamial-of degree gra t r than two. Thorew

13.7 tells us that ' .

ANSWER:

P(x) has a root in the field of comple3c numbers.

a.

Let c

P(x)

be a root of
)
P(x). /f c id a real nuiber then

.

'(x q(-9.
?

If c is not.a rearnumber, then

P(x) _I (x/ + + c c) 11(x).

own

4.

In'either case, (Axi is a real polynomial whose degree is greater

than - A

ANSitIER: .
i.

I.0:

. . - .; _ -- ... .. L

i

e
.

What can.we cOnclude about the degree of a real polynomial which la
...

irreducible over thefield of,seal numbers?
a

-----

ANSWER:

44-The degree muit bt 1 or 2.

\

*ki

AAR
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'wry*

vIvery dial polynomial with degree greater than 2 is pot

the real numbers.

ANSWER:

irreducible.

.

Aireal polynomial P(x) of degree

product

P(x) P (x) P2(x)
k
(x)

is always factorable es a

t of k( i n) -factara where eicb Of ), P2 (t) ' Pk (x) s a

polynobial of dedtea.

ANSWER:.

pne.or twp.

sm.

POLYNOMIAL§ OVER OTHER FIELDS

MatbeMatioians often find mt convenient to Cogader polynomials over

fields other than the fields of ratioael numbers,,real *umbers, and

complex number.s. We hare learned previOusly that the swstio-m' I/2 of

integers modulo 2 iS a'field. .Recall that Ihis.field contains only

two elements, 0 'wand 1.. Addition arid Multiplication iegis field

are defined -as follows:

(a) 0

0

+ 0

+ 1

+ 0

0

- 1

I I

1 + I. 0

(b) 0 .0 0

0 1 0

-^0 a. 0

1 - 1 1

^ The domain of any polynomial. function Oyer 1/2 is

A

69

)1"

e

.



ANSWER:

1/2, Or (0 ,

-
:

The range of any polynomial func.tion.ver 1/2

ANSWER:

A subset of .10. Therefore the range muv+t, be either 101or (1)

Or -(0, ii.. Note that_the amswers- I12V and 1 0, 1)" are not'
..;:4

correct._

How many. fueltion
,1 ,

lynomfallunctions or not)'are there with do.-

emsin (0, 1) . aqiii range (0)? List Chem,

." ANSWER:

Only one; the function E f(0, 0), .(1, 0)1. or F:

--- - ......... ..... ... -
th a a polynomial function?

ANSWER::
.

Yes, it is the zero polynomiil function., Any constant function fr9m
-

1/2 to 1/2 is a polynomiaa function.

tut -
How many- functions (polynomial functions or

main q.CLI 11 anerange el)? Lst them.

not) are there with do7-

t
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k.2

ANSWER:

Only one; the function C 1), (1,, 1) , or C:

If I

ARO

thls.a polynomial futletion?.

.°

ANSWER:

Yem, a constant poiynbmial function.,

.

Liatthe ordered4paits. in the polynom al functions, P and .Qi- de-
. . _

termined by the polynomials P(x) x and
,

I/2).

----
ANSWER:.

P i(0, 0), (1,%1)1

Q Mg. 1), cl,'

014

Q(X) Ak,x +.1 (over

Ari there an Junptions othef than Q with domain 0, 1) and

inge (0, If If so, list thnm.

ANSWER:,

There are n8ne.

-

^5.

We conclude that over the field 172 there are exactly polyno-

mial functions. '

553
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ANSWER:

four; the functions

IL

P, and Q described above.

\

List all the polynomia over I 2 -clegpqe 2.

ANSWER: ,

x21

(ii)
x2 4,

(iii) x2 + x

(iv) x 2 + x + .

Which polynomial. oV,Iir 2 of degree 1 determines the zero poiynomi

41 funtion?

ANSWER:

x2 x.

-
lbw

Find al.1 the:roota in 1/2 of the followingpolynomia1s over 1/2.

(a) X4

(b) x" + x2 + x

(c), x" + X2 4-.1

ANSWERI.

(a) 0 and 1; 03 + 02 0 0 0, 13 4., 12 1 4- 1 b

(b) 1;, 0 + 02 + 0 + 1

1+ - 0

(c) --no roots; 0 4. 02 1 10 0 a 4. 1 1 0,

, 1,4 4, 12 4. .

^
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Add the. polkoomlils -X3 + x2 + 1 and x2 .+ x + 1, over. 1/2. (Fia..

call that the exPonenti on x are non-negative-intege4ra, not ele-

Mentw.of the field 142.. Hence the exponents 2 and -3 are permit -

61)

ANSWER:
1101

. (x3 + x2r + .1) + X2 4' X + 1) 1,4 X3 .4- (1 + 1)x2 + + (1 + 1)

x3 + x. Remember that .1 + 1 0 19 1/2.
4

MN!, s. --

By1u1tp1icition show pt. (x + 1)(x + 1

.tion of xi +,,x2 +.x +42

x +. 1)

ANSWE

('.+ 1)(x +.1) + ( 1. + 1) x + 1 i + f.
(x + 1)(x + 1)(x + 1). - (x2 + i)(x +---1)- - x3 +

O. ONO MM. .
a a factorize-

tr.

We,,tknow that if 'c is a root of,a polynomial P(x), then le- c 19
.

factor. In thls case P(x) can be factored by dividing PW. ,by

X - c, using long division. However, in the division process we .

must be careful to remember that We are working with the field 1/2.

Let us illustrate.

Let P

ANSWER:

Yes.

X4 U24 X 1. Is a root of P(x)?

.We d vide P(x) by x - 1.

A

WA,

A
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1

x 4-_,E2 -ft x +

x4 - x3

P*)

+ x3 +

(1)

Then we can factor P(x) as fpllows:

x2 + x + 1 = (x-1').(x3. + x

- 1. the same as x + 3.7

AV'

ANSWER:
4

Yes. In I/Z -1 = -1 is the additive inverse of 1.)
ft

- Therefore we could also write

x4 + x2 + x + 1 = (x+1)(x3 + x2 + 1).

Factpr the' polynomial x" + x3 + x2 + 1 as a product of a polynomial
of olree .1 and a poIynodlia1 0 degree 3 (over .1/2).

ANSWER:

1 is a root of + x3 + + 1, So-"re- 1 s a factor. 4 Divid-
.

ing, we obtain
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X 3 + + 1

x4 +..x3 + x2 + 1.

x4

() (4)._

Q + 0 +

x

(t)

0 +\x + 1

x 1

(7) (4')

0 + 0

VP

Hence x + x 3 + x 2 + 1 x ()C 3 + X 1)
4

r

\r2.

+ x3 + x2 + 1 (x + 1) (x + x +

The satem I/3 bf inte*gets modulo 3 ia.a field. i/3 .0, 1,. 2).

lollowing are the-addit4rth and multiplication tables-for

P N
.

There are three .constant funcaonw 'from In tb 4. '.ust them.

ANSWER:ic.%

(0,, 03;

.1.

(1, c)); (2, 0)} G
, (1,

((0, 2)j P, (2, 2)); . or

F:. 0 "-* 0 0 H: 2G: 1 0 -

1 0 or

0 22 1

1,), (2% 1)), .and



As.

Are these functions polynomial functiona over 1/3?
.

i
ANSWER:

. ./ Yea ' they aWsonstant po1ynoia1 functions.

List thei'Aordered pairs in the function determined by the politiomial
2x2 + ,x +

4

Ai%

ANSWER:

(0,,1), (1,:. 1),
43P

kr)

'Write in factored form a iolynomial er 1/3 of dagreq 3...which has
0, 1, and 2 as roots.

ANSWER:

(x 0)(x - 1)(x - 2) x(x +.2)(x + 1)
2x(x + 1)(x + 2) isa1socxrrect.

. qs. 4 4

oti

Write the x(x + 2)(x + 1) in the form'. ak3 + bx2 +1/4tx +
A .4

d.

ANSWER:

x(x + 2)(x + )
3 + 0X X2 4, 2 X + 0

What is the polynomialfunction over
mial x3 + 2x?

3.
at

4,8

*de.termi*ned bylthe .
4.
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ANSWER:

The zero po.lynocaial function.

P

F.ind all the roots in 1/3 of the polynoinial x4 + 2x + 2x.
4 _ ------

. ,

JulSpWER:

0 and 2.

04 + 2(0)3
1+ 2 13

+ 2 - 2 3

+ 2

+ 2

+ 2 .2

0 P-
1 .=

0 +
1.+ 2

+ 0
+ 2

+ 1

si

, 2

p
01- 0

la

Suppdse the potynomial x3 -0 x2 + 2x + 1 is factorable over 1/3.

' Then itcan befactored as a product of two factors, one of whh has
degxee and the other has degree

ANS

two

one.

PP.

a-
.

ID'Oes the poljrnomial + x2 + 2x + 1 have
,s root in .1/3?

ANSWER:

No,

ea.

err

Can we conclude that x3 + x2 + 2x + 1 ts irreducible over I/3?

Explain.

a

559
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VLNSWER:

ies. 'If Ic/ + )(2 +.2x 'II- I were Lictor4h1e over .1/3 it would )ave

-a factor of degree 1 and woule.therefore have a root 4n 113.
%

t.
List all the potynomials of de ree over 1 3 which have 2A As
one term.

ANSWER:

I
x' + 2x + I.

x' + 2x + 2

+ 2x

'2x2

2;2- 4- 2

).
Using long "divi on, de the polynomital x2 ÷ y 45;7: 2x + 1

.

(over 113), , /

ANSWER:

.3x +. 1

4."

1 .

Note tha is the co fficlent

is thoxi io tive,/ inverse of

,0

Follt;(4g arc the( addition

.. 560 P.M', ZM1ALS
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Additidh

MIEN
110E11
EMI
EIS

List the

1
ordexed pairs in the polYnodial function. P. determined by,

s the polynomiq 5 + 3X4 + 2 o*er 1/5.

r

SuItiplicatfon

0

ANSWER:.

(1, 1), (2, 2
. r .

(3, 3) (4, 4)1.

-f

AA

' List ihe ordered pairs in the polynomial, function Q determined by:

the polynomial 3x4 4: x + 2 over 1/5.'

ANSWER:

((0, 2), (1, 1), (2, 2, (3, 3 ) (4, 4)).

TherefOre P and 'Q are the. same funciion. We have shown that,

over the. field 1/5, .d.ifferent polynomials do not alwayl determine

different polynomial functions.

Find 911 the roots in 1/5

1157

of the pólynomial x + x3 +e=4x + 4 9ver

'ANSWER:

1 and 4.

t- -

11.
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7

Divide the polynomial\%,+ 2x3 + 4x2 + 2 by 2x + 1. fn dividing

remember that you are wO'rking with 1/5..
uII

,*

he first step in the process is given as fo,11o4s:

. t' 3x3.

2x + 1 \. 1 x4 + 2x3 +i4X2 + 2

+ 3x3

-x3 + 4x2

Note that thecoefffclent of x3 im the quotient is 3 'because .

ANSWyi.:

3.is the- mu1tip1iCratii.re 4nyerse of 2 in 1/5, (4.2 3 1 in 1/5.

Complits

ANSWER:.'.

4- 2

/x + I 1 x4 4- .2x3 +04x2 4- 2

1 x4 4_ 3X3

1./a
,

562 P1LYN941ALS.
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1

x3 + 4x2,

4*3 2X2

() ()

0 + 2x2

,2x2 A x

(-)

-4 + 2.

4X +

O

*
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Le that -x3 .(-1) x3-' 4x/ because 4 is th a tivm In-

verse of 4. Similarly -x 4x.

r.

Is the quotient 3x3 + 2x2 + x + 2 of the previous division irre- ;

ducible over 1/5? If not, find a factor of degree 1.

ANSWER:

NO; x - 4 + 1 er 1/5, x - 4 and x + I are the Smme

polynomial.

We should remark here that, in general, the probrem of finding the

roots or the irreducible factors of ajmlynomial over a field is very

difficult: If the field is finite and does not hilive too many ele-
.

ments le can find the roots of 4 polynomial over.the field ty sub-,

sNituting each elJtent of the field in place of x in the polynomi-

al;

If) K .is any field then ,each polynopial P(x) crier K determines

a unique polynomiir'function P 'over, K. Thut the Polynomial P(x)

x2 + f slyer 1/3 determines what polynomial function?

401ANSWER:

{(0, 2), (Is 0), (2, 0)1, br

Pi 0 2

,1 11.
2 ---÷ 0

4.1

We can define a fun tion 4 as follows:

0: P(x) P, for adh polynomial P(x) over

";

a

116
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al
Here P is the polynomia1 funetion determined by the pOlynomial

P(x). P(x) is an element of the set

the set

while P is an e.Ipment of

4

ANSWER:

of polynomials oifer K -

of polynomial fynètions4 over K.

The domain of 0 -is

ANSWER:

the set of polynomials. over

ta- ,

t.Since. every polynomial fuact n Over Fc. ia. determined by, some tpoly-.
,

nomial over K, the range of ,95 'is A.
1

ANSWER:.
)

the set*oi all_polynomial functions over

".%

Get K be the fi d 1/2 and let P(x) x2 + 1, Q(x) x + 1.

Find the polynomial functiois P and Q determined by tl4e polynomi-

als .P(x) and Q(x).

ANSWtR:

1 ---. 0

Q 0 1

1 0

_
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Under the funtion 0, P(x) and Q(k)

'ANSWER:

0.

Is th4;f.unct

ANSWER:

on $ reversible?

-

NO, P(x) 0. Q(X) but P. Q. Thus (P(x),- P) and '(Q(x), Q)

are distinct 'ordered pair'S in the funCtion $-:with Ole same second

member.'

We see that over

sarily determine
,

. the-f.ieIds 1/3

finite number of

the fioqld 1/2, -d tinct poiydomials do notmeces-

distipgt:Walyrkz. Oncticips:. The same-ittue for

and 1/5 andind4d for. everY'field With onl)ka

elements. ,

In 'working with polYnomiale overt the fields of rational numbers, real

numbers, or.00sppplex numbers, there is no great reason for making a

distinction betweenpOlypomials and Polynomiallunctions. This is

du.to the tollowing theorem..

TfiEOREM 13.9: Over the.fields of ra ional numbers, real numbers,, and

comOlex numbers. P(x) and .Qx) are differentpotynomials then'

they detexmine different polynomial functions.

Let us constr real polynomials. Let $ he the.set of all ordered

pairs of the farm, (P(x).C.P), such that P(x) .is A real polynomial-
.

'and P is the unique. real polynomial fanction determined by P(x).

$ is a fUnctfon. whai can you coi4ude from Theorem 13.9 about the

funeeiton $?
t

%.

1
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-

ANSWER:

6. is a reversible function.
6

Therefore the'function. 0 defined bY P(x)

mapping from the set onto the se

AkSWiR:

of real...polynomials

. of real polYnomial functions.

eq. ,

.
- ---

is a one-to-one
e Ai

P(x) and Q(x) are reill p6liAomials an8 P,

/ 1 qi
ts

-(10c, (L. :then P(x) Q(x) . add P(x) Q(x)

-ANSWER:

,p

N P Q

and

,

a,

Therefore 6 Ar a(n) .from ple system of real polynomials :Onto

the sysrem .0 real polynOmial functions.

-ANSWER:

isomorphisq

3.

Because of th ove isom6rphism many books

iween polynoMials polyaomial funcilions.

State curriculum materialkdefine.polynomial

and call-the polynomial functions'themselves

566 POI-YNOMIALS
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Course where one conV.ders only polynomials oker then4mber iieys.
,

it is perhaps best not.to makp a distinctirncjbetw n polynomials 40

olynomial functiona.
. .

You should be direful to note, Weever, that for P tynomials over

many,fields (such as ..1/2 and 1/5, Eor exapple). here is no isoipor- Nkh,

phisp as described above.

Let us try to prove Theorem 13.9 for the Xleld of

If P(x) and Q(x) are rational polyncimials Ai
. . -

same po1yfibmial4functionthen for every rat

rationS1 numbers..

Eti determine the

iodal number C.,

ANStffR:

P(c) Q(c)

This implies that every rations

p

. ANSWER:

P(x) 2- Q(x).

eP(f) .Q(x3,' why does .this contradict Theorem

4

'7

ANSWER:

If, P(x) 0 Q(x!), then P(x) Q(x) is a non-zero polynomial. If

'cigree lc, Theorem 13.5 says that it cannot have mo re than k

distinct roots. So it cannot haye every rational number as a ro-st:

YOC may observe that the above fit-Coof works equally well f, instead

'of the rational field, we use any field with an infinite ndtberof
0 .

' 567



elements.

Let us .asskuse now Chat K is r fie d and that L ,is a.field con-

tatnin K as a suhfield. For hamPle, we could take L to be

field ol complex numbers and ' K to be theut1e14 of real iiumbers, or

rational numbers." If c is .an element of L .then it may or 'May net .

be true that there is a non-zero polynomitl over K Which has c as
a rbot. We make the following definitions.,

,

DEFINITION 13. 13: Let K b subfiekd of a f Ieid L, and let
be an element -of L. Then c s said to be algebraic ovtsr lc if

there is a non-zero' polynomial over K which has c as a...root. If

c is not algebraic over K ehen 'it is said tc7N transcendental,

over K.

-
I:et us illustrate this definition witil ecamples.

Find a non-zero polynomial over the' field ;of rational numbrs which

has /72-. as a 'root,

ANSWER:

2e.g., x

Thus we say that 71, is algebraic or transcendental) over the

field of rational numbers.

ANSWZR:

algebraic

It can be proved that there is no non-zero rational polynomial which

has the numb,er a # root. Therefore `-ir."-is oveL. the field of'
rat dnal numbers.

5(38' POLYNOMIALS
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ANSWPR:
.

trdnacendental.

,
'Is the complex number -A. 'algebraic oyer the field of real numbers?

<-

ANSWER:

.r-

Yes; t. is a root of%the non-zero real polynomial x2

-Is thejecoMplex number

b q?

algebraié os;er the field of rat onal num-

.ANSW Rs

Yes; Ix2 1 is also a rational polynomial. So x2 1

zero rational polynomial having i as a root.

non-

Consider tbe complex numbers;

...(a) .-21

(b) -IT A

(04

.(d). 1 ct

(1) Wch of these numbers are algebraic over the field of real num-

bets?

(2) Which of these numbers are algebraic over the field of ratIonal

numbers?

'ANSWER:

(1) (a), 41), (c):

1(2) (a), (b), (d).
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a

'
a

to

"IF

Let c be a complex nuaer.. Find a real polynoMialwchich hps

root.

ANSWER:

e.g., (x c)(x - c

and c c are real numbers.

I I -c-)x + c C". Recall that c + c

1

Ve conclude ehat every complex number 48 over the field of

ieal numbers.

ANSWER:

algebrAic

-

Suppose K is- a subf eld of a field L and c is an element o

Let P(x) and Q(z) be distinct polynomials 'over K. and assume

that' P(c)' Q(c), Find a non-zero polynomial over K which has

c as a isibt.

, ANSWER:

P(x) Q(x) is a non-iello polynomial because P(x) and Q(x) are

distinct. Moreover, c is a roof of P(x) Q(x) because P(c)

g(c) gm, D.

*war

P

Refer to the preceding item. Is c transcendental over K?

ANSWER:

No.

V al
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A

can conclude that if c"' is trapscendektsal over K, then P(c) 4
- ,

..(1(e), '-iwhenetivr. y(31) an4 are astinc? polynOmials; Thus , if

e- cn + a En7 1 + 1.4 +611/C.4" a°
n-in

. .
b c

m
+ bl .c

mrl
+!

". m and ap b0,an 0 0, 'b Iv ehen i ,

m

bn.
n

+ blc + bp

This shows that if c is transcendental .over a f is 14 K,.ithen c

, has' f he: basiE property that was required of the "yariabl " x in
-

'Definition 13.2. The cifinition of pOlYnomial given in dinition

13.1 can be made logically precise by apecifying that x le an ale-

'ment which jranaCendfetal over K; i.e., 3C. a an element 41.a
8

field containing. K aa a subfit/diwith the prch?erty that (ap,

..., a ) 'ia a sequance of elements frogs sech ihat

b 1 ,

a x + a1 x_ + + aix + a°
n n-

an 0. It can be proved,

that if IC 4 arty field there does

as a subfield and wbich contains an

REVIEW ITEMS

0, thIn a0 d ; al

. 1
thOugh we shall not do so here,

exlat ;:containing K

element tratscenden.tal over K.

1. If a polynomial has a multiplicative ifterse which is a polynotal-

al then it is Lined a

`i%/%1SWER:

unit.

. If a'polynomial

%

a unit it has degree .

1.

tis
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ANSWER:.

zero-.

I

Alr

-

3. Cive the leading c oefficient

-polynomials.

(a) 3x5 - 2x + 1

(p) x - .

to o

'60

and degree of each of the

.

S (

4 ANSWEk: .
y

Leadtnk Coeffix. ent pegree

(a) 3 a 5

s-77-
071- 1 I

,

(c) has none has none

(d) 13 o ,
,

-1.

4. A polynomial which is irreducible over the fieN ofc,complex num-
,

leers must have degree while a polynomial which is irreducible

over the field of real numbed Must have degree

8

ANSWER:

ofie

one or two.

!
5. Does every constant polynomial have-degree zero?

ANSWER:

No. The zerg' ynomial'is a constant polynomial but it has no de-
.
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/
. greet ,

-

4

6. Which Of- the Q...1..lowing polynomials

over the real numbers,s(3):Pactorable
./ #4,

(4k 4x:2/+ 4 .t

(*)f -17

(c)'

(d).. 2x + 1

ANSWER:

(i) (b):
;

(2) (a) and (d)

".(3) (j).

a.*

40.

.4.4

4

are -(11 unitsk3) irrpductble

over the rk,numbers? ,

-
4 .

.

7. .(a) List the defining properties of an integral domain.C.-'

(b) Which pf these AopertieS, if any, does the system ot all real

polypomials with zero constant term poss.eeb?

ANSWER:
i

(a) Pip inttgral domain is a.set with/two 'closed binary operations

(additAon.and multiPlIcation) wita properties.: Aa, h,c,. Aid, Aih m ,

M
c' /id!

and the cancellhtion prOperties for multiplication.

(b) This system possesses all these properties except Mid.

0

#8. Suppose 3 - 2i is a root of a real polynomial.

.factor of degree 2 of the polynomial..

Find a real
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!

.. \ .

/

px + 13, Since- ,3,:'4I.',.-1s,a.root,
,'I'l- .

At, ro . Hiince x Z f3 ,,. ..2:IIA, ati'd X'.-

13 20)(x -0:13.4 20) -

. '

#
'1

IT-has degree 7 and Qex) has degree 5, hat is .the. de-

pKsy + clkx)?

A 7 11

3 - 21 3 + 2F is Ids& .

4 2 ecowp1fator.
7 6x 13 is a real factor.

P to a polytiotikal of degree m .an'd Q(x) is a polyndmi-
,

4

degree n- the degree af P(x) "Q is

.ANSWER:

m ti.
1 -J

4.

ANSWER:

4
a

11. Igilvp(x) has degree 7 and Q(x)1(has degreg what can you say

about the degree of P(x) + Q(x)?

ANSWER:

If P(x). + Q(x) 0 0, tkien P(x) +'Q(x) Nis degree lees than or

equal to 1. If' P(x) + Q.(x) 0, Rtlien P(x) + Q(x) hasItio 'etegteel,

,

12% If P(xl . has degref in, Q(x) has degree n, and m-> n,

then, P(x) +\/(x) Juts degree
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4

'r ANSWER:

.13. f P(X) and Q(1ix) each have degree n thep what can ou say.

abou the degree of P(x) +, Q(x)? t
4tee

ANSWER: -

,

iV
. If. P(x) + q(x) 0 0, then the degree of ' P(x) + Q(x) is less than

If P(x) + Q(x) m ,O, then P(x) + Q(x) has no
a

or equal:, to h.

',degree.

-

14. Let P(x.), 32c'.3 - 2x2 + N1+.1 and li(x) x + 2.. Then -""---*

P(x) -. (3x1 + 1)N(x) + (16x - 1). Is ft true that if we di-
. . .-

vide P(x4: b 'N using.the Division Theorem for polynomials. that
. 4

the quotient 1 - 8x4 1 and the remainderis 16x - 1? Ex-

. plain;
'

ANSWER:

No. 'The remainder obtained by applying the Division Theoreth must .

either be zero or hale degree Jess than the degree Of 1N(x). In the

given example
4 Se

N(X):

%L..]

165.- 1 does not have Aree less than the 6'gree of

15.. Suppose F(x) and (x) are non...zero pol;nomials and '13(x)

has degree .greater than or equal.to the degree of N(x). In dividing .

.P(4) by N(x) using long division the first step is to look ,for a

Monomial cx
k

such that .

L
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ANSW4.:

ex,

/
v,.)r

0".`

The ,

- I by

*a 7 . --- S. -

has degdeliess than th degree of P

p.

)

t

'step in the divisiOn P(x) x - 2x3 + 3 2 + x

x2.+ 2
P

e
.

x2 +.42- -;4 - 2X3 + 3x2
c-

- 1

..
This give4 the fo lowing representation. for

.Y7e4 .+
.

2x2
.

,
, (

, 2x + x4 +.$
; 4 f

).(+ 2X3 4j.c.§X2 4. X 17;

1

ritTRMI

6

;

ANSWER:

x? (x (-2x + + x
.:V7

_

17. Ca .f;,:tial irreducible polynmmial h4ve degree 0?

+ 4.w

ANSWEAC

No0 ;definition, 4QkOreducible polynomial is non-constant.

.

18. :to the Stanard Factorizatioh Theorems for integurs and folyno-
- H

mialdwhat polynpmials are the analogueti of tht posttiv, prime inte-
1

Ap-1. 4 4686

*J'.c
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ANSWER:

The irreducibiLpoitynomials With leading.coefficient

mdnie polynomiale).. (

-

If
S.

$
Ope (irreducible

ar

19. Find the standard fac rizatibn or each of the tollow ng 17oly-

nomials over the rational,numbers..

(al, -x3 + x

(b)' (1/2)(x". ) + x + 1/2

(c)'

(d) - .4

ANSWER:'

(a) (=l)x(x ,.- 1)(x 1)

(b) (1/2)(x 4:1)(x + 1)

(c) 3 is.a unit; t*refore

(d) 2(x2 - 2')

f

it has no.standard factorizaVon

20. Suppose ',P(x)" Q1(x) (12(x).., CZk(x), wheye eaeh of (21(x),

Qk(x) is/4ireducib1e s'Denow the leading coeffivignt of

Q1(x) by' c1-, .the leading coefficient of Q2(x) by c2, e'tc.

What is the standard factorization of P(X)1, ,

ANSWER:

Let

a

C 1C2 . Then P(x) c 1 Q (x
Cl C 2

J.

21. Without actually dividing,find the remainder obtained in each of

the f011owing div,isions;
3 _

Ca) N6 + 2.'0 -..1. by x - IS.

(b) x,37 - '2x1 +.4 by x + 1. .

595
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ANSWER:

. (a) 34

7/0

Mb.

22. Using. the 'factor theorem. find 4 \factor of degree one of each of
- the following liplynoinials.

(a) x17,.+ 217. *

)(C) + x +

ANSWER:

(a) .x + 2
(h) .x +.1

R

*

:I- ' n23. :Is x t 1- sa factoroOf x + x + + x 4 11 if n

is aa.even positive int.eger? .\If n is an odd positive inte-.
ger?

ANSWER:

No.

Yes.

-----
24. If P(x) (x c)Q(i), how are the roots of P(x)- and Q(x)

related?

tANSWER:

Each root of Q(x) is a root of t P(x). ch root of P(x), except
possibly for c, is a root of Q(x).

v

5.78' POLYilOMIALS

6 -

000



w25. If ?(x) is a polynnm161 which h4slievery positive int,ege! as

root; what can you say aboat P(x)? Explarn.

4

ANSWER: --
?(x) iw O. 'By Theoit-em1.-3.5, if -11(A) 0 0 and hai degree n tt

cannot have:more than n distinct, roots.

, A

r

, I

'4
:-67 Give the standard factorization Of. the.polynamial- 27,

.Ce) 'over"thirrational ntimbers (b) over the real ;tumbers,-aad: (c)

\flover the complex numbers.

---

ANSWER: I

(a) 3(x2 3)(x2 + 3).,

(b) 3(x - ii)(r + ii)(x2 + 3) :.
,

(c) 3(x - /3)(x.+ 45)(x - 151)(x + 51).

4
_ 1-

27. What theorem can be utied to deduce that every complex numbe has ,

.- an n
th

root for every.posiiiye integer. n? Explain. (An n
th

NI ,root.of a complex'number 1 pie a CoMpiek numi;??\ b, such that b ww
1 .

' a.)
J.

ANSIER:

.11

& A
Theorem 13.7,rthe FUndamentaliTheorem of A.W6ra: This theorem says

that every complex polynomial has a root in the field of complex num-
-

hers. If a is a complex numger an& n. fiNa/poaitive integer then
. _

xhe polynomial xn - e has a root, whiCh is an, n
th

root of a.'
I

, .

,. .

28. Find all the ratite in 1/5 of the polynomia x + x + 2, over

.1/5.

If

59 7

57-9 .



ANSWER:

2 ia the only.roat.

0 a

R

, ...s

>:- 294. Factor,ihe polytv 1 i4 + x + 2' 'll er .1/5 in the form
. .

(x-4---1)Q(X).. ..

N.. 'ANSWER:*
,.. ii

.

. '11

: "
Dividing:. x4. 4- X +

.,
bit

3...('4#

u9ing longedivision, we get

+ 4., 2
(X + 3)(x3-+ 2x 4 4x + 4). .

.

r, \
#

Or

t
'VD. C..-

, The'polynomtal x3 + 2x2 + 4x + 44 over I/5 'has no root int.
I/5. 'Can we conciude thz!t it is ereducible over 1/5? Explain,-

'

ANS

Yes; if
-

a product

If el had

x3 + 2x2 +.4x + 4 -were factorablei it could,bejact6red as

of a polynomia/Pof degree 2 and a polynomial of degree 1.
,

actor Of degree 1, if would have a root..

31. Write down all polynomIils over 1/3 which have degree 3 and

which have the terms 2x2 + x.
,

L ANSWER:

x3 + 2x2 ")(

x3 + 2x2 + x + 1

2x3 + 2x2 +2x
2x3 + 2x2 + x + 1

2)(3 + .2x2.+ + 2

a

32. Vnd the polynomial function deterMined by each of the palynomi-

As al; th.c' +. 2x + 2 and 3 + 2x2 + x + 2 over 1/3.
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ANSWER;,
.

4

- Each polynomial determines the polynomial uncttfd P defined by:.

P: 0

, k

do-

:

1 0

2-3-2
r

a

11.

33. qbe prnOmial x2 oyer 3' has no root in 1/5..

Can we conclude that it is irreducible ov r 1/5? Explain .

ANSWER:

No. Since it has no roots in 1/5, it can not have any factors of

degree 1. However it does factor into factors off:levee 2:

,

4,x x2'.4. 4 (31(2..i. 4)(2 2 +.1

34. Factor the polynomial x3 + 3x2 + 4x

tors over 1/5.

ANSWER:

(x + 1)(x + 4)(x + 3). Note

and ,x + x - 2, over 1/5. to

into-irreducible fdf-

that x + 1 4, . X + 4 x

4F.

Ar

35. Let. 0 be the function defined by P(x) P, ,for each

'rational polynomial P(20'4 wherle P is ihe'rational polynomial

. funetiOn determined by P(x).

0 is a function from the set onto'the set Is

iatiMorphism?
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4.

de ANSWER:

`- of rationAl polynomialir

.of ratinnal polynomial functions

Yes.(

2 .

36. Which of the following compi,ex'nuMbersA

fleldelk 'rational numbers?7

(a) 2 .

(b) Y

(c), r

(d) 21

(e) 1T1.)

ANSWER: ,

(a), (13),.d), (f).

11,

tre algebraic.over the.

37. %Let a 4.'bi (a and_b real numbers) be a ccplex number.

Find a real polynomial which has c as d root.

ANSWER:

(x, - co) (x. is X2 - 2ax + a2 + b2.

38. If there a complex number Wh ch is transcendental over the field

of real numbers?

or

ANSWER:

No; eVery complex number is a root of some quadratlic real polynomial.
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XIV. EQUIVALLNCE16ATIONS ANDAGROUPS
der.

140PiRTIES OF,RELATIONS
I

In Unit we defined;the CarteSian product of Jimm-etapty sets X and
, C

Y, written X x Y,...-"Co be ,he.set of. all'ordered yairs (k, y) such

that x is an elemene'of X and y is an.element of Y.
. .

A no0 -empty subset of X x Y we have called a kftween X and

Y.

"c/INSWER:

'. relation

.

. .

If S is a non-empt
,

z.set,. a non-empty subset pf S ?( S 'is'a rela-

tion between S ,-end S. This is the situation above wbere X anM .

1

y are the s al e pet S. In this'case we,usually say Irelation in S"

instead of "r lation between S and S." Thus a relation in a set
4'

-7------

S is a non-empty' se4 R where each element of R is an ordered

pair (x, y) with x and y elements of S. When R is a rein-
. .

tion and (x, y) is an-ordered pair in R we will often write

"x1R y" and say "x is R-related to y".

DEFINITION 14.1: If R is a relation in a set S. then. R is re-
"'

flexive ih S if and only,if (a, a) is antekement of .R for every
fir

. .. -/ .

element a in S.

Note that the refl'exive property'is not a property o 'R alone, but

of -R an'd the set S.

601. 583



41

To 'show that ae,binary relation R in a set i . is reflexive in S,

'you must show that for each a S.

ANSWER:

(5, ti) is in R.'
k

,

- A V

N.' To stiow that a. binary relation R in a set S is not reflexive in
.

tofind tiny one a in S for which

414-+v

41.

ANSWER: 4'

(a,16) is not in, R.

=.

2, 3,

and R ,{(1, 1), (2, 2), (2, 0, (3, 3), (4, 1), (4, 4)

fitIs true ritat _(xv x) is in R for every x in S?

Therefore R Or Is not) reflexive in

ANSWER:

Yes

is

. Let, S 2,. 3,

and R 11U, 1), (2,6), (2, 3), (4,4)1

Is it true that (x, x) is in R for every

4
'Therefore R or'.1.not) reflexive in

.*

,
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0.

*

ANSWER:

No, 3 i in S. but (1, 3) is not in R.

is not'

Let S 2, 3} .

and R ((I, 1), (2, 1), (3 1),.

Is R refleXive in S? If not, why?

a

4
ANSWER:

Nn; ,2 is in 2) is not in R.

Let S be the set of all real numbers, and let R be the set of All
,

'ordered pairs of positive numbers (a, 11), such thqt a ... *lb. Is

ir reflexive in S? If no.t, why'?

ANSWER:

No; for examplel-m-3 is in S, but (-3, -3) is not in R.

If, in the example above, S were the aee of all nositi,ve numbers,

,would R be reflexive in S?
.f .

ANSWER:

Yes.

4.

Let S fa, b, c, A binary relation R in S would have to

contain at least j-elements in order to be reflexive.

I
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t-.

ANSWER:

_four (although it could contain more).,

,¶

Let S be the jet of all lAnes in a plane, and .R bt the set of all

A5
.ie

rdered-pairs m) such that Z and m Are lines and is

perpendicular to R refleiive relatio'n' inm. 11 S?

ANSWER: r
No ( a line is iot perpendicular.to tself).

1

17

DEFINITION 14.2: A relation R in abet S symmetric if and

only if whenever an ordered pair (a, b) .is in R, 5he ordered pa

(b, a) is also in RI (or, if a Feb, then b R a).

t.
Let S (a, b, c)

an R ((a, b), (b, (b, c), c,'b }

Is g symmetric? If not, why?

ANSWER:,

Yes,

Let s 11, 2, a, 13)

and R {(1, a) 1), (1, b))

Is R symmetric? If not, why?

.10

ANSWER:

No; (1, b), is in IR, but (b, 1) is not in R.
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Let 2,_34 4)

'and R ((3,-3)}

Is R symmeitric? If not, why?

Is R reflexive in S? If not,f,wby?

ANSWER:.

Yes,.

No; 1, 2,.and 4 are in S but (1,

in R. 4e

Given a relitigp R a set S:

, 2), and (4, 4 ) are not

To'decide if R is reflexive, you must-check that for eVe?

(x, x), is in . (e

;
lo decide if R is symmetric, you must check that for every

in is in R.

ANSWER:

S; R

R; (yi x

- -- -

Let S be thb set, of all'plane angles in geometry,.and lpi R'

the set of all ordered pairs of angles (A, B) such that angle A.

is supplementary to angle B. Is R a symmetric relation in 5?

ANSWER:

Yes.

4
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'DEFINITION 14;3: Arelation R 111 a set S is.said to be-transi'

aim! if,and only if it satisfies the coriditIon: whenever (x, y) is

.in R and (Y, z) is in RI then (x, Z) 'is also in R. (or, t

x R y and y R a, then x R z).

Let S (1, 2, 3, '4)

and R ((1, 2), (2, 3) 4)).-

Why ,is not transitive?

oit

ANSWER: 1
s.4

The ofdered. pair 0 2) rand 2,,3) are in' Rt' but ( , 3) is

not in R. (Take x 1, y .. 2, z m 3 in Definition 14.1)0.

Or, the ordered pairs (2, 3) and ( , 4) are in R but (2, LI,

is not in. R. Take x P. 2, y - 3, .. '4 in Definition.
.

14.3).: ' i--, /

P

Let S (a, b,

and R ((a, b), (b, a), .(a, a))

ls R transitive? If'hot, why?

"14

ANSWER:

No. You may think that R is transitive because of the order in

which wg,have listed the elements in, R. Since .(b, a).. and (a, b)

are 'in R, and (b, b) is; not in R0 .then R is noi transitive.

Let S (4, 1(9; 19)

R {(4, 7), (7, 9)1 (4,

Is R transitive?. If not, why?

(7, 4
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I.

ANSWER.:

ko: for example, (7, 4) and (4, are in R, -but (7,

not.

7%

Let S be the set ofo all lines in a'plarie and let R be the rail--
7 t

lion in S consisting of all orterecf.pairs,"(X, m) tiihere / is
4. ,. .

either the same line as m or 2, is parallel to m, Is R a tran-

sitive telation? .

ANS WER :

Yes. Recall that'if 9., m, and n 'are line4: and If 9. lia parallel
a

to m and m is parallel to 41, then either t th the same as n

or

. .

.

2. is.paral-lel to n.

Let S 'fa,

and R ((a, a), (ar.b),' , 'd-51,
Is R tran.sitiv? If not, why?

ANSWER:
4

Yes.

a.

\

Let S be the set of integers 4nd 'R be the set of all ordereli

pair A, y), such tilat x ig in S, Iand t x y

(1) IR (-I, -4) in R?

(2) Is (-4, 0) in ,R?

(3) Is (-1, 0) ..1.r2

(4) Is. (0,-3). in 'R,?

-(5) 3)- is R?

(g) Is' R. transiii've? If not, why?

Bur
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(5) No,

No; for example,: , 0) is in' R. and (4.3) is in R, but
-7

(-4, 3) is not in R.

'If you had difficUlty with the preceding item it is pbssible Oat you

have forgotten that in order for a relation .R to'bi trgnsitive,-the

condition that whenever (x, y) and (v, z) are in R thee OK. 2)

ie in R must hold in all cases...In the breceding example there are

lots.of tases where this is true; e.g., (-I, -4) and (-4-, 0) are

in R and (-1, 0) is also in R. However, if this condition fails

tn any one case then R is not transitive, Another way of saying

this i that trt;naitivttyels a projerty of the,whole relation It and

not-"of any particular thrde ordered pairs in' R.

Let S be the set of naiural nteliers fl, 2, 3, ... and R be the

, sat of all,irdered pairs. (x, y) such that x is in S, y is in

S, and. x y is an even natural number. Some oFthe ordered pairs

in R would be:

i(I, 2), (2, 45, (1, 4), (4, 6), 3),

R transitive? If not, why?.

ANSWER:

No; for example, (I, 4) and

not,

1-.

are in R, but (I, 3) is
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Let,S be the set of all lines in a plane, dui' R 'be the set of all'

ordefid pairs (2, m) such tbat 2 la in S, m 'is in, S, aria

Z I na. j R a transitive relation?

ANSWER:

, No.

if

.
tm the pimp4e above, is

ANSWER:

Yes.

a symmetric'relatio0

Let S be tae set.of ail ieal numbers, and x R y if and only if-

x < y.

. -

Is R a transitive relation?

ANSWER:

Yes.

-

Is R a symmetric relation?

ANSWER:

No.

DEFINITION 14.4: relation R in a set S. is said to be antisym-

metric if and only if it satisfies the condition: whenever (a, 6)

is in R, then la, a) is not in R (Cfr, if a R b, then not

b R.a).

ac9 591



If R. is antisymmetric, then a R a is not true for'any element As

that is, -(a, a) is not in R fok any element a. For if we take

a b in Definition.14.4 we haJe the statemenc: .if i (a,'s) is in.

R then (a, a) is not in- R. Clearly' (a, a) cannot be in R.'

if R is not symmetric, is it antisymmetric?

ANSWER:

Nqx necessarily. (See the next items.

Let $ be the set of ill real numbers and R be ihe set of all .0r-e

deked paiis (x, y) such that x is in S, y is in S, and x >

4

Y

Is antisymmatrit If not, wh ?

S.

410iSWER:

.No; (x, x) is in R for each x in, S. Notp that4f R is an-
,

tiuymmetric it must, be true.that If (a, b) is in R, then (b, a)

is not in 42 for every ordered pair (a, b). Antisymmetruig a pro-

perty of R and not of a paiticular pair (a, b). in R.)

Is R symMett:ic? If not, why?

4

Iv ANSWER: -

No; for example (4, 3) is in R, but (3, 4) is not in R.

Thus the above relation is neither symmetric nor antisymmetric.
f.

'Let S be the set of all real numbers and R be the set of.:11 or-
,

dered pairs (x, y) liuCh that x is in S, y is in ,S,,and x, y.
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Is R. aymmetric?

Is R -aetisymWetriOr,

ANSWER:

No.

Yes.
Iot

solo

Let S be the vet of all human beingi, and let R be-.the set of all

,prdered pairs (a, b) of httman being4 such that ,a is thejatber Of'

b .

.R ernmetrieirs

Is R antisyiznetricTl

ANSWER:

No.

Yes.

Let 'S* ia,

Liat-all the non-empty subsets of S.

ANSWER:

{a}, {b}, Ia., b)."-

doe

Let S (a6 I)} and R be the setof all iirdered pairs {A, S)

of sets sudi .that A is,a non4e2pty iubset,of. S. Ibus the elements

of R are ordered pairs whose firstind sOcond members are sets.

List the ordered palra of sets that belongito R.
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4te

4.f

ANSiiEg:

R {({a}, (a, b})," ({b} , {a, b} Aa, b}, (a, 5})): R is.a

set wtth three elements. Each of these elements is an-ordered pair

of sets; e.g., 4,0), {a: b}).

9. i

ANSWER:

symmetric? If not, why?

No; for example, (fa}, a, bl) is

not in R.

, but ({a,, (10)

Is R agtis etric? If not, why?

'ANSWER:

No; the ordered pair .6a, b), b ) is in

41;

ffit

WINITION 14.5: If S is any non-empty set, we define a relation

ln s to bt an eqUivalence relation in S if and mnly if it isire-

flexive in S, symmetfic,, and transitive,:

;t should be noted that the refletive proper y depends on the given

set S, and a relation R is reflexive in S if and only if the

ordered pair (a, a) is'in R for every a in S, whereas.the .

symmetric and transitive properties depend only on/the elements in

6 R.

\
,,..

Let S be the se of all plane triangles, and R be the set ofall

ordered pairs (x, y) suchthat x is in S. y is in. S, and the

triangle .x. iw-similar to the triangle y. Ai R an equivalence
-

relation? Ii.'not.. why?
.

594 EQUIVALENCERELATNS AND GROM

It



.4

deNSWER:

Yes; R is reflexive, symmetric._ and transitive.

Let S {a, b c}

Snd R 4(a, (a, b).; (b, a), (b, b )}

,

Is R an equivalence relation. in S?. If not,why?

ANSWER: ,

No; R is not reflexive in S since c is in S but (c, c)

'not in R.

.1..
. -

In the setTpf real numbers, the.sentence "If x - 2y = 7.,. then'

7 7 x - 2;1' iril an illustratiOn of the property.of the rela-

tion "is equal to".

ANSWER:

symmetric-
, _z

dab,

In the set of real numbers, the sentence "If 3x = a and a = 4y, -

reL-then 3x = 4y" is an illustratipn of the property oi

la-tion "is equal to".

ANSWER:

\/

tnansitive

DEFINI,TION 14.6; A relation in a set S is an order relationif and

only if.it is antisyuunetric and transitiVe.

6 1 3
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Let S .be.he eet oe Positive integers and. R be ,the's,et.of all or-

*tiered pairs (a, b); of positive integers such that -a is a divisor

of b 'and a 0 b. -

41, .

Ira .R antisymmetrV? If not, why?

ANSWER:

.Yes.

110

Is R trans ive? If not, why?.

ANSWER:

Yes. .

.c

Is R an order relation?

S.

ANSWER::

,Yis. 4*

--Let T (a, b, c) end-let S be the set of all non-empty subsets

of T. List the elements of S.

ANS-WER:

S i{al, b}, ia, bl, {a, c }, {10, c), {a, b, c ))

Let R be the relatian in S (above) such that the orderea,pair

(SI, S2) is in R if and only:if. Si

and SI 0 S2.

and, S2 aie ig S, SI c S2,
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an order relation? If not, why?

-:-

.ANSWERt

Yes,.

Would ke still be-an order relation if we removed the restriction

si in the'eialiple aSove? If ndt, Cohy?

'ANSWER:

No; R would no longer bi antisYmmetrie.
wif

3
Let S be rbe set. of all real numbers and let R be theqbet of all

. .

ordered pairs (x, y) of real nuMbers'sUch that x's y.
4

Is R an order relation? If not, why?

ANSWER:

Is R an equivalence rel.litraii7--IT-idt,

ANSWER:

No; R is not symmetric (or reflexive in S).

r , r

C4n an order relation be an .equ4valence relation? If not, why?

a

aft%



ANSWER:

No; kn order relition.can neither be symmet c nor reflexive in S.

hence cannot be an equivalence relation.

To decide if R is transitive, you must cheek that for every .

,ANSWERi,

(x; y) and (y, z) in R, (x, z) ik in

To decide If R is antiSymmetric, you must check that for every .

-

ANSWER:

(x, y) in R, (y, x) is pot in R.

To decide if

see if R is

is an equivalence telatiOn 5/ou must check to

ANSWER:

reflexive in S; symmetric, and transitive.

To decide if R is an order relation, you must check to see i

is and

a.

ANSWER: it

antisymtetric

transitive
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In Unit IV we assUmed that there wailan "Orderiatioe'forthe set

. of real numbers.. We denoted this relation by "<"... We assuMed four '

.pcflatesfOr-thisrelation, 02, 03, 04.
, .

011 /f a and b are real nu4bers then one,-and only one, of the

followtng is true, a < b, .a b, bl"<, a.

From. 01 ii,e'can co;clude'that e order relation fpr the set of real.-'

neMbers (reflgxive. .symm tric, transitive,' antisyMmetric).

ANSWER;

antisymmetric

INF

Q2.-If a, b, are real nuipers such that a < b and- 'b < c then

a < c,

. Postulate 02 tells us that the order relation for the set of real

gib

neabep is

LANSWER:

-transitive.

We see that "the order relation for the set of real numbers satisfies

the eoftokition of Definition 14.6.

EQUIVALENCE RELATIONS AND EXXIVALENCE CLAS,SES.

'A relation ia a set S is called an Ivivalence relation in if

what three properties are atisfed?
-4

.

401
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ANSWER:

If the'relmtion is-reflexive in Si' symmetric, and deasitive.

sure to include "rifflexive in

.10

)

4

7

if R is a relatiOn in a set .S, then R is eflexive in S Oro-
.

vided that .

SWER:

(a, a), is in R for everylielemenea n s,

r-

, 3

4.rilation R is symmetric provided thet

ANSWER:

4f (a, b) is an ordered pair in R then (b,. a) is also in R.

Let R be the relation in the set I of integerS-consisting of all

IX-7 ordered (m, n) such that m and n have the same remainder

when dkvided by two. Is R an eghivalence relation_ in IT Test and

explain each of the, three required propeities.

104
AMER;

Yes. The pais (a, m) is in R for .every m 'in I, so R is re-

flexive in 1. If (m, n) is in R, then m and n hAve he same.

iemainder when divided by two; hence (n, m) is in R, ahd we con-

elude that R is symmetric. The relation is transitive, because if

(m,.n) and' (n, p) are in R., the-n m ahd p have the same A-

mainder when'divided by two, I.e., .(m, p) is in. R.
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Note,that the above relation R partitions ;hi iet of,intageis tnto
4

two nonoverlappirsubsets. What are the nonce usually givento

these'two eubsets? .`

ANSWER:

The. set .0 Of odd integers (correspolid4mg-to redainder 1) ond he
. -

set E of eVen integers (correspOnding to remainder 16)..,

PEFINITION 14.7: A set (A,. B, C, ..,) of subsets of i set S is

partition of S if the following conditions are satisfied:
s *

(1) Eoch element of the set S is au element of one of the sets

A,.B, C,

(2)..Nlielement of S is ow.element of, rwo or =ore of the sets A,

B, C, . Thus eech integer is in eithet the set 0 of odd inte-

gers. or the,set .E ,of ;ven integers and no integer ia in both 0
a

E. SO, E) is' a partition,of the set of,integers..

." .

Let S be the set 161 real numbers, A the set of positive ea; num-
.

bers, the set of negative real'numit3ers, and C '(0). Is (A,

B 6 a Pau tion of .S? If no't why not?

1-

ANSWER:

Yes, lt is a partition of S.

41

Let S be the set of integers, A. the set of prime integers, and p

the set of composite integers.
. Is (A,.13) a partition of S? If 4

ti
not, why not? .

ANS4lER:

No. Theinteger 0, 1, and -I are not in

s

/
or in B.

601



Let S be a bet aad let (A, B, C, ... 'be a partition pf S. De-
.

fine a relation k in. S such that if a and b areleents,
4, ,

I
'

then (a, b) Is
s

in R provided that a and b are in the same

set of the partition, i'.e., if :a *and b are both in A, or are .

. ,....-1
,

both in B, or are both n , etc. We say that R is the relation
. 4

in S determined by the partition {A, B, C, ..}.

For examiple,

(2,,6, ana C

(I, 2,C4, 4; 5,411, A, (1* 3, 4 , B

(5}, R caniains 14 ordered pairs. List them.

ANSWER:
A , .11

k 7 to, 1), ,(1, 3), (I, 4), (3, 1), (3, t3); (3, 4), (4, 1) , (4,

(4, 4), (2, 2), (2, 6), (6, 2), (6, 6), 5 , 5) }

/
_

'Let S be a set, let [A, B, C, ..%} be a partition of. S,. and

'let g- be the relation in S detlrmined by the partition.. Show

that R is'an equivlence relatfd. Test and ekplain each'of the

three refluired properties.

an.

ANSWER:

If a is in S, then (a, a) is in R, because a is in some set

of 41e partition And obviously a is in the same set'of the parti-

tion as a. So g is reflexive.in S. If (ad(b) oolig in' Rt then

a and k ae in the same set of the partition;,hence (b, a) iS in

R. Theie re R is symmetric. If .(a, ba and (b, c) are in R,

then :A and bd are in the same set of the partition and b and c .

ire inthe same set of the partition. Since each element of S lies

in exactly one.set of the partition, a. and c must lie in the same

set (tfie one containing. b). Ilience; (a, c) ia in R. Therefore R

6 '

M

a
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,Sila eee that'svery partition of a set S determines in equ valence

relation in the set S.

4r4'

Suppose every set in M partition,of S. has exactly one .element.

'Whatja the equivalence relation in S determiried by the partition?:

rt

ANSWER:

The equaliiy relation in S. If a. and b are in the same set of

< the partition then a b; gime each set contains only 'one ele-

latent.

T

If R isian equivalence relatioh ip a Set; S then . R deiermines.a

partit on of S. .If a .and b are elementa-of S then a and b

aie in the Same set of the partition if and duly if (a, b) is in
'

the rejatien 12- Mere formally, for each eletaent>a in S we de-

fine a subset As of p .4iputonsistkof all.elements b .suCh'that

b) is in R.

An element a will be.in the subaet Aa becaCse the equivalencef

/relation R is

IANSWER:

reflexive in S.

AP .

The symmetric property,of R tent us.that- f b is in h
a'

then:.
.

ANSWER:

ia IP Ab '

114
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Using t e transitive property of. R we tan show that if the aets
-

Aa and Ab haVe.any element in common then they are the same

For seppose an element d is.in both Aa 'and Ab. Theg the ordered

pairs and in *R.

-"

c

ANSWER:.

.(a, c) andi (b..c)

By the symmetric

'property

ANSWER.:

(a, b)

property

is.i6 R.

b).

..... grge

then by 4:he transitive

.(
,L

S.

TO stiow that Ab C A", we assuMe

of Ab apd prove that a is also

. pair (b, d) is an element pf R
-14

that d is Un arbitrary element.

an element of A . The ordered
a

because-

(i\in Ab..

e have shown that p, b) is.in

R' we conclude,that

R. By the transitive property of

ANSWER:

(a, d) is in R.
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de

Hence 0 .1e in A. Therefore AbC: As,. Similarly

that As C: Tngether.these,implk. that Aa Ab

that tio element of. S _is in two different subsets of

SinCe iVery element of S is in exactly one of these

partition of S.

we can Show

We conCludg

tli`form A.

sets, we haSe

DEF1NITIO 14.8; Each of the subeets in the partition determined by

an equivalence Lelation is called au equivalence class of the rale-

w
Wee the phrase "haS the same remainder when divided by 3" describe

an equivalence relation.in the set of integers?

ANSWER:

Yes.

How many equivalence clasaes are determined by the above equivalence

relation?'

ANSWER:,

Three.

four elements'in the eAuivelence class A containing

A f..., -4., -1, 2, 5,

4.

List-failtelementa in each of the othertwo cIasses.

*
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ANSWER:

{.. -6, -3, 0, 4, 6, 9, ...1

-5,, 4,- 7., 10,

There is a spec

ad pair (a, b)

'(mod,3)", whith

ample, since 10

urder4d pair (

..
f

ial notation which is\used to indicate that %anlorderi.

le in .the xelationjustdeacribed. Jt id.. "a b

is read "a is coniment to b modulO 3". For -

and -5 each have remOddei 1 when divided by 3, the

10, -5) Ais it- çe'r4ation and we would wtitel____

-

hilt1WER:
V

10 -5 (mod 3r
i

We use similar notation when so me. other positive integer

place of 3. For exaiPlw, replacing 3 by 7, since 10

iomainder 3'when divided by'7 we would write .

ANSWER':

10 i 31 (mod 7)

We have

is used in

and 31 each have

6 -2 (mqd 6) because .

ANSWER:

16 and -2 have the saline remainder ,(4) when divided by 6.
/

.1n general, if m is a positive integer greater thaQ 1, then "a b.

(mod m)" weans. that the integers and. have the sartAe remain-

der'when divid by
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ANSWER:

a b m4

I f a is any intager gtFater than then conaruOce modulo'm .: an

equivalence relation on Ne set. of integers.

s,
In the 'examples that we have giv.en above er note .the following:
(a) 10 -5 (mod 3) and 10 - whieh is divisible by 3.

(b) 10 31 (mod 7) anst.' - .31 -21, which if: divisible by 7.
(c) 16 = -2 (nod 6) and 16 - (-2) 18, which ks divisible by
6-.

Each "of these examples illustrates the following theoremi

THEOREM 14.1a: If a and b are integers, m positive nte-

ger greater than I, and if a b (mod m), then a - b is div sible

by m.

Prove Theorem 14.1a. 4

ANSWER:

If a b -(abd-m) then a -and b have the same remainder whenidi-

vided by m; i.e., mq + r and b rap + r. Then a b

c

mq mp (g p)m.

State- he converse of Theorem 14.1a. Label it Theorem 14.1b.

1^^

\ANswER:

EpiliM 14.lb: If
ill
mod m).

e.gers and\.m is a positive in-

Eibeffer greater than l, apfl if .aa-b s divisible by na, then a

fo
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?rove Th orem 141b.

.If you feel that you have given- a comp te proo

If not, go to the next item below.

go, to the Ifl below.

i\
Suppose a mg + rr O. < r < m, and b 'a p + 4, 0 < s < m..

We have te,show that .

ANSWER::

a s-

7

This may be done by showing that r - s. is divisible by An. Go back

to.your proof. Make additions or corrections before proceedibg.

(\"-J. Then go to the next item.

ANSWER:

PROOF: Sulipose a rmq + r, 0 < r < m, and b mp + s, 0

< m. a - b m(4 - p) r s. So rs
If a - h is divisible by m then sik is r s. Since r and s

are non-negative integers less Ihar>sm, we have -m < r - s < m.

Therefore r s b, and r s. It follows that a = b Imod

Vit

THEOREM 14.2a: If a, b, and c are integers, m is a positive

'integer greater than 1, and if a=b(mod m), then a+cEb+ c

(mood m).

Prove Theorem 14.2a.
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ANSWER:

PROOF: If a E b (mod m)% then a - b is divisible by a, by The-

oeem 14.1a. Then, since (A + c) - (b + c) a .4- e -,b - c 1.4

a - b, (a + c) (b + c) ie-divisible by m. Ey Theorem 14.1b,

a +c=b+c(med m).

Write.the conVerse of Theorem 14.2a.

ANSWER:

If,,a, b, and c are integers
4

than 1, alei a+c=b+c(mod m), then sib(mod m).

in 4s a positive integer greater

4.

If the above statement is tru , prove it. If it is not true, give an

example to show it is falae.

ANSWER:

The 'statement is true.

PROOF: Sint; a + c Es + c .(mod m), we have a + c - b + ci

divisible by m. +c- (b + c) a+c-b-c a- b.

Therefore a - b is divisible by m and a = b (mod m). We have

used Theorems 14.1a and 14.1b.

Alternate'Proof:

a .1.eih+c(mod m) Hypothesis

a + c (-c) a + c + (mod m) Theorem 14.2a

a b (mod m)

Ws will call the converse of Theorem 14.2s Theorem 14.2b.
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THEOREM 14..2b: If a, b, and c are integgrs, m is posit ve

integer greater than 1, and if a+ C=b+c (mod m), theD

(moa m).

Prove the following theotem:

THEOREM 14.3: Ie a, b:and c are integers, if la is' a positive

integer greater than 1, and if a = b (mod m), then ac a bc (mod m).

ANSWER:

PROOF: a, b (mod.m) 4m40 a - b is divisible by m. Therefore

(a b)c is divisible by m. (a - b)c ac bc, so at = bc

(mod m). (Theorems 14.1a and 14.1b ).
4

Write the converse'of Theorem 14;3.

1111,

ANSWER:

If .a, Ti,.c are integers, 'in is i positive inteier greater.than /,

and if ./ac bc (mod m), then z a b (mod m).

If the abcitc!,aixfitement

prove it.

true, prqve it. it is not tfue, dis-

ANSWER:

The converse of Theorem 14.3 is not true. For example, 14 = 2 (mod

12) but 7 0 1 (mod 12).

We have shown that congruence has Troperties corresponding to the

following properties of equality of humbers.
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(1) If "a , then, a +.c b + c.

(2) If a + c b+e, then a c.

(3 ) I a b, then ac bc.

We shown that the cancellation propexty for multiplica ion ie

net 4 ways true, for congruences,:by demonstrating that 14 = 2 t(Zbd
4

12.) does got imply thgt 7 1 (mod 12). However, 1'4 = 2 (mod 3)

and 7 = 1 (mbd 3).. .In multiplication in.congruences we can cance/

-in some. cases '

Let us try to prove the cancellation property for multiplication and

wee Where we get stuck.

If .s..c :"."; bc (mod m), then m is a divisor of ac bc. Thus m is
.

-a 4visor. of (a - b)c. Uhat additional condition can we place on m

and c in order td, be able.to'Conclude tat if m iSua divisor of

(a - b)c, then' m is a divisor of a b?

ANSWER:

If m and c are relatively vrime,--we have the required conclusion.x

_

THEOREM 14.4: If a, b, and c are integers, m is 4 positive in-
.

teger greater than 1, and if m and c are relatively prime and

ac bc (mot m), then a b (mod m).

lf, a an d b are integers and a b 12; for what choices ofdr
m (m to be an integer great.sr than 1) 40 we have a b (mod m)?

ANSWER:

m 2, 3, '/;,

*IP
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What la . smallest positive value for b. (75 b4rd 9)?

' ANSWER:

3.

What is the largest negative value for b in 93 a b. mod 7)?

ANSWER:

-5.

17,e 4 (mod 13). For what integer values of c will 17 +c=4 +

(mod 13) hold?

,

ANSWER:6

All integer.lorlues of C.

V

What two .equivalence tlasses are formed by congruence modulo 2?

ANSWER:

Even integers and odd integers.

'Let us denoterthjequivalenca plasS of 'even integers by a and the.

equivalenee class of odd intrers by S. It Is possible to set u an

..arithmetic for these equivaAnce classes; e.g:, a + a a,

sumHof two even numbers ig-even.. Using your experience with ;he s
0

and progucts of odd and even integers, make the following addition

and muLtiplication tables for congruenceonodulo 2.

612 EQUIVALENCE RELATIONS AND GROUPS

v a

4



ANSWER':

9

Now form:.the iadition and multiplication tabliss for arithatettc- modulo

,i.e.,,_for-the:elementa Q and 1. '

411.

ANSWER:

I

e. Ma 40. .0. ___ __
0

1

Cofipare the addition and multiplication' tables for arithmetic moaulo

211.11th the correspondifig tables for the eqUivelence claissi modplo.2.

What qame do we give to thg relationship between the twov,Othmatics7
J--

.

:

ANSWER:

1aUorph M,

Congruence modulo 3 is an equivalence relatien in.the set Of. integers.

There are three equivalence classes, given as folloi;m:

613
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4 . -9, 6, -3, 0, 3, .69 9, ...1

II

V .. -0, -5', -2, .1, 4,, 7, 10,

Y. (..., -7, -4, -1: 2, 5, 8..14 ...)

Wo,cah form an artthettc from the classes {a', 0, y}. If we dd gny

two elements pl. a 1.1v get an element Of. a. Rence.we define z + a.

= .a. If we add any fliMent of a to anm..element Of 0 we get an 6.

e ement of

ANSWER:

,

Therefore we define +

ment cif' a by au7 element of

ANSWER:

Y.

Therefore We define y

Similarly,,- if we-multiply any e

we get an element of . .

aroceeding by analogy, complete the following,add tio; and multipli.J.

,cation tables:

0

/sir!
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Recail;that the addition and multiplicetion.tables or' 1/3

1424 are as follows:

A

0,

.A.Comparison of the two pairs oUtobles show hat the arithmetic of

the 'classes (a, 0, 0 'it is9morphic to the arithmetic I/3.. An ex-.

tension of this.would show that if is any positive integer great-

er than 1, then the arithmetic I/n it isomorphic to the arithmetic

of equivalence claises of .congruence modulo n.

In an ea lier-Unie (Unit i>we Mve introduced thernotion of a group.

:A non-empty set t, on-which there is defined a closed binary oiera-

tion "o" is .called a group with'respeCt to the okration ro if

the following ytoperties.sre satisfied:

4

633
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ANSWER:
't

i. If a, b,' c Are in G, then (a la b) o c a o (b o c).

(associattve-property) .

ii. There exists an element a of ,C such that. oa atoe
for all a in C. (identity propertyl.

If a is in C, there exists au element x in C such thatf

aox * Xoa * C. (iuverse property)

We denote x in ii by a-1.

YIN

/ If the operathion "o" -also satisfies the commutative properte,, the

group is called a .

.

ANSWER:

commutative group.

e

eeeef,

Commutative groups,are'sometfmes called Abelian groups in honer of a

famous Norwegian mathematician Niels Abel (1802-1829).

:. Examples oilcommutative groups abound in'the.real and.complitx-pumber

4 systems; I.e., there are many subsets of these number-systems which

:form groupi with respect to either ..thi addition operation.orthe:0111-..

tivaication operation. In each of the following a sut?set of the real

or complex.number system JAI given together with one "of the operations,

addition ahd multiplication: For.each, 'determine if,it is a groUp

and, if not, explain why. t

(a) the set of positive Integers --'.addlt,iou.

(b) the set of positive integers -- multiplication.

(C) the set of positive rational numbers -- mUltiplication..

(d) the set of complex ribmbers of form a! i, for all real numbers

a ..-- addifian.
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(e), the set-of complex number. Al, -1;

tion.
'1

1.
ANSWER:

(c), (q), and are groups. In eXample .(a) the.conditions ii

and iii ,oflhe definition'of group are net satisfied. In example.

(h)-.- the condition iii is pot satisfied.2

So.

IT n iS I positive integer greater than 1, thex the arithmetic lin

is a group under the AddiIirn operation.t If n Li a prime positive

, integer then thearithmetit I/n* (non-zero elements of I/n) is a
,

group under the multiplication-operation.

Another so&ree of examples of groups.are the sets of functions.from

a set X Onto X: 'Recall that if' f is a function frOm X onto,-
. 4

X, then X is both the and the of f..

AkSWER:

doeskin

range

\ ,

AlsO recall that if f and g are ,functions from X onto X, then

the compolate of f with g is the function f o g defined as .

follows: if x is in X and if x g(x) and g(x) -f4 f(g(x ))

then x
fOg,

. In other riotation, (f o g)(x)

ANSWER:

f(, (10):,

fimo

es635
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The operation '7o", called "compositiop7,-assigns each ordered.pair
. .

of functions fràm X onto X to ajunctIon. Hence it As a binary'

operation op kte met of functiona.from X onto X.

/n order to be'able to test theproPerties of,this. operation we need

to recall,the..definition of equality ,f functiohs.-. If f and g

are functions with domain then f g 'if and only 41 ,f(x)

g(x) for every x in X.

Is.compouition, an associative operation? We may anewer this

tamining the' 011owing statements.,

If f, g, wnd h are functions f,rom X onto X, ,theO by definition

((f a g)' o h)(x) f o g)(h(x)) " f(R(11((x))); and (f o(g o h))

question

(x)

ANSWER:

C4(g 0 h)(x))- - f(g(h(x))).

It

Thus f o g),o h)(x) tf o (g o'h))(x) for every x, in X. By
.

the d inition of equality of functions

(g o h).

We.will now see that if f ,and. g .are func4ons from X onto. X

then f o g is an onto function. To prove that f o g is onto we

must shouvthat if y is any element of X, 6en .

618 EQUIVALENCE RELATIONS AND'GROUPS
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ANSWER:

there is an element x .in X. such that f 0 .g(x)
4-

fox

It is helpful to cOnsider die problem with the following notation:

if A is an element of X. and, g(x) and if f(z) y, then

x -114 -L y.

If I And g are tuhCtions from A onto X, and y is a given

elebent of X, ,,explain why there must be elements x and z in X

se ind4cated'1n the ibove diagram.

ANSWER;

tecaume f is onto, there must be an element z in X such that

y. Then, because g is onto, there must be an element x in

X 'such that x z. Then x
fOg,

y.

This proves that f o g is onto.

How is the identity function I oh X defined?

ANSWER:

I(x) x, for each element xith X.

Is the identity function a function from X oAto X?

ANSWER:

Yes.

6,17
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Find (I y OW and (f. o I)(x), for x, an element of X' and f.

a ,funetion fro* X Onto X.

ANSWER: Ls_

(I 1 f)(x) I (f(x)) f(s) and f o r)(x) f(l(0) f(x).

fte

Therefore I o f 1 o I f, for each function f from X on-
.

to X.

Now let G be the iet of. functions from: X onto X which are.alsO

reversible. Recalnhat f is 'reversible if is a function.
G'

,ANSWER:

f 1

If U is a- reVersible .function, from onto. at are the do-

main nd range of f -It

ANSI,/

The domain oi 1 -1 Y.

The range of t- 1 is X.

---

If f is a reversible function from X onto X, then CI is a

reversible functiOn 1rolm..1 onto X, and f 0 f1 .f-1 o f

ANSWER:

I.
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24011

-A fUnction f fres . X. onto X. is:reversible if f doss not eRpel

tain'two ordered pairs with the same second member and different

firikt members. Hence-if xl" and 1(2 ereelements-pf--X and xi

m2. and.11' A -1-, yi, y2 then

AgSWER:

Y1 # 2

e

.

Assume that f and g arireveriible fUnctions from X .onto X

and that xl and x2 are elements of X euch that xl #

Suppose

and z2 L. y2. 'To.show that f o g .

is reversible, we must s aw that 371 # Y2? WhY.docs z1 # z2?

ANSWER:

Because g is reversible. X2 .ana xi -44 zi, X2 a- Z2,

imply that a1 # e2.

4 - --- ". ... . . ... . . ....

Since f is reversible, z2, and..z1 yi z2 y2,
f

it follows that yi y('2. This proves/that f o g is reversible.

We have shown that 'the ofperation. "0" is closed on the set G of
7

reversible functions frqm X onto X. FUrtherm9re the identity

function 1 is anidentity element for the operaticm "o"; and,if f.

is th G, then CI is in ,G and is an inverse of :f. with respect

_to the operation- "0" (i.e., f1 o f f o 1-1 I). This

proves that G is a .

-

639
621.



r

4

ANSWER:

group;

.We beye proved the foilOwing_theorems

-IHEOREM 14:5: If X l a- non-empty set and.G is the set Ot rever-
Sible.funCtions from X onto X, 'then C, together with the (*ear
4tion of composition of functions, is a.group.

We.now consider an example., Let X 'be the set (a,'b, cl, and ,Iet
G be the group of one-to-.one, or revers blis.-4anctions from: X onto, .

. ___ One of the elements Of .G .i.s_phe f Ction f defined by

.f:' a .1; c
-

elI.
List the remaining functions in this set. There ate 5 more.)

ANSWER;

fi I.: a a

b. b

l.
c

" f 2 t32. f
. ,

b c b 13 a-

C C-
."f2

1, b

b 15 c

c es a

Let.us desApate the given example f. 1

Using the zlotdtian given in the above answer, f2 Q f4
(Remember ft, is performed first.)

_ _
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ANSWER:

14 c b
f4 f2

f4 f2-_",

f2 o f4 fs

.e
The inverse o fs !la

4'.... - . .. _
ANSWER:

f6 since

C.

11111/11121111111111
111111111111111110 f 3

f 311111111111111211211 II+

fli 1111111111111111111111 f2

f5 11211171112111111111 f1

f6 111111111211111111. 15

The complete group table for G j.is given above.

Is G a commutative group?

ANSWER:

N9; e.g.,
0 12.

f2 a f4 f5 and f4 o f2 f6, so f2 a fL

641
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OTHER PROPERTIES'OF A GROUP

If F is tefield, the set of elements.in F form a cocinutative

group undet.:tUe operation of additTon Mild:the set of non-zero ele-

ments- form a commutative groUp'.under the operation of multiplication.

Many of the theorez that we -have obtained for fields require in-
4

their proofs Only roperties of a.group. The.kOofs, which we have

given,can often be altered slightly to yield proofs of theorems abouf

groups.

Assume that .G .is a group under an operation. "o"; .We will deliote

theidentity. element Of G by e and the inve,rse of an element a

of G by..a-1:

In the.following Ora7es you will bd asked to prove several sheorems

about G. Each of these theorems is related to theorems about

fields. In each case yew should try to identify the related field

theorems. There will usually be two such, one concerning addition in

a field and thF other concerning multiplicatiori in a field.

THEOREM 14.6: If a and b are elements of G such that a o b =

b, then a e.

One of the related field theoreMs is the following:

If a 'and b are elements of a field F such that 114 b = b,

then a 0;

What ia the other related field theorem?

ANSWER:

If a and b arePlements of- a field F, b 0 0, such that

a b, then a e.

4
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Prove Theorem 14.6:

ANSWER:

-Suppose sob
Then .(a o b) o b-1

a 41,(1do b-1)

a e

440

b b-1

b a b-1

a = e

4

Associative property.of
non

Ttoperty of b-.1,

Property of e

THEOREM 14.7: If a and b are elements of G and a o

then b = a-1, and a = b-14

State two field theorems which are related to Theorem 14..7.

ANSWER:

(1). 'If a and b are elements of a field F and a b 0,

then. 6 - -a.

(2). If. a and b are elemeets of a fieid F and ab 1, then

b = a-1. PP\

Prove Theórem 14

.ANSWER:

Suppose a o b

Theta o (a o b) a-1 o e

(a-1 o a) o b a-1 o e

e o b a- I e

a

ou need not g Via reasons in your proof'.

The proof that a = .b-1 is similar.
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THEOREM 14. : if a, b, and are in G and aob ao c,
then b c.

Prove lbeorma 14.8. You need not give reasons..

OR.

ANSWER:

Suppose a a b , a aye

o (a o b).e w a-to (a o'c)

1 4 a) o b (a-1 o a):o c,

e o b e o c

b

Then

__ ------ -

THEOREM 14:9: If a and b are elements of G there exists a

unique element x o C such ihat a a x

went y of G 'such that y o a b.

a
Write x and y . in terms of b and

b and a unique.ele-

ANS4114y

a , y

wr

-

Note,that x and y may not be the aame since we are not assuming

that the operation in G is commutative.

Prove that

and.---7- a a

if

b

a-1 o b 41r1C y b 95

You need pin give,reasons.
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AN WEA:

If x a o b,..ethen
ore(a-I 013)

-(aoaI ob
L: o b

. b

y b o a-I, then

9 a " (b a-I )o a
b o a-I a)

b o .e
b

--------
'Prove, that x .and y are unilue by showing that ..if."; a o x_ b

ind y 'a a b, than , x a-1 o b and y b a CI. You

)need flot give reasons.

ANsitEnt:

'Supix* e'o x and y a a , b.

Then a-I o (a o x) a-I o b
(a 0 a) o x o b

* c o x
a-1 o b

and _ o a _43 a-1
y a a a .1)

y o e
4 y b o a

Hence the only 'possibiliçy for
b ao;1

,1

1

and for v is

010

:e
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THEOREM 14.10:

b-I q a-I.

OSP that if G is not cOmautative t en in general to-I o i-I

and 6 ire ement& 0 G, then (a o b) -1

not the same as. a 1 o b-1. .

ProVe Theorem 14.10.

ANSWER:.

(6-1 0 (a b) b-1 0 (a-1 cr(e o b)

o (( o'417)0 b

6-1 0 (e o b)

b-I o b

By. Theorem 14.7, (a b)

REVIEW ITEMS.

Haw many equivalence c.lassei are determined-by the equlovalence)rele-

tition, congruence modulo' 17?

4

ANSWER:

Li t four elemlnts of the equivalence clang of cong uence modulo 17°

which contain the integer 10.



-Lei. S -2., .3-, 4, .:5)'; and let A. 4,

(2. 3). List all the ordered pairs in Ihe equivalence
.

S determined.by the partition

ANSWER:

(I, 1), (1,

(5. 5). (2,

4). (1.-5), (4, 1),

2), (2, ?), (3, 2),

la Ion on

{A

(4,

0,

13).

4),

3)...

(4,

0.

1),

.(

(5, 4).

Suppose a is en_integer and ale = 2 (mod.11). Tind a ppaitiVe in- .

teger . less than 11 suchlhat s" E b (mad 11).

).ANSWER:
1

b 10. Soluk4on:, a = 2 (mod 11)' implies a t m4 2 o4

(ioa 11), or a8 = 2a4 (mod 11). Bur ta4 E 2 (mod 11) ilseimplles

2 (mod 11). Thus a8.-: 4 .(mod 11). Pr.oceeding in this Way

we get all., 8 (Mod II), m16.',:16 (mod 11),. a20 =32 (mild 11). But
. .

-32 1 10 (mod 11). Therefore A 20, 10 (mod 11).

Prove: If a, b, c, 4 are integerv, n is a positive integer

greater than 1, and if, a : b (mod n) and c d %mod n), then

a + c b + d (mod n). GiVe reasons._ (Hint: 'Apply Theerem 14.2

ANSWER: s*

a b (mod n) ' Hypothesis
_

a :+ c b c n) . Theorem 14.2

d (mod n) .Hypothesis

b + c b + d (mod n) Theorem 14.2

a + c _ b + d (mod n) TransiIive property of conituence
modulo al
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a

1_ 411,0 And G ,b-e-thegroupof one-to-one function#

from X onto X. Describe the functions in C. and give the group

table-for C.

ANSWER:

(I; 0, where

1: a -1+ a I M b

b --- b -b 4

State two fitld thporems which are related Co Theorem 14. .-

ANSi4ER:*

(1) If
c.

(2) it a, b, and

a . c, that% b

...
and, c" are in F and a + b : a + c, %then

r

c.
are in FaId a #

N.

and if a

...... . . .......

104,

.c
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